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PREFACE 

• • 

TO THE FIFTH EDITION 

This new edition is substantially the same as the previous 
edition, but the opportunity has been taken to make certain 
small additions which, it is believed, will be of help to the# 
student. In the chapter on Systems of Conductors the star- 
delta transformation has been applied to direct-current 
circuits, the unbalanced Wheatstone’s Bridge network being 
taken as an illustrative example. 

The section dealing with the action of the direct- current 
motor has been extended in order to illustrate the effect of the 
housing of the armature conductors iu slots. The explanation 
\of the torque production of the polyphase induction motor 
has also been amplified in order to illustrate the effect of the 
variable power factor of the rotor circuit with changing con- 
ditions of load. The M.M.F. of a three-phase winding has also 
been considered in greater detail, since it is not immediately 
obvious that the method of treatment given in the chapter on 
Rotating Magnetic Fields is applicable to the wfhding of an 
actual machine. 

Other additions are of a minor nature, and there have been 
a few small corrections. 

H. COTTON. 

University College, 

NottincihjCm. 



PREFACE 

TO THE FIRST EDITION 

This textbook has been written with two main objects in 
view; first, to cover the ground of the more important 
examination syllabuses in Electrical Technology ; and second, 
to be sold at a price which is within the means of all students. 
These two aims are diametrically opposite, but it is hoped 
that both have been fulfilled through the elimination of the 
<more elementary portions of the subject, which should be 
thoroughly understood by students reaching this stage, and 
by the non-inclusion of half-tone blpckB, which, although 
undoubtedly attractive, are of no real educational value. 

Although the book is written primarily for examination 
purposes, the practical side has been kept in view, and it is 
hoped that it will appeal to practical engineers as well as to 
students.' 

r The fundamental principles of Electrical Technology, both 
direct and alternate working, are covered, as are also certain 
principles of design, but no detailed designs are worked out, as 
these are beyond the scope of the book. The mathematical 
knowledge required of the reader is, on the whole, elementary, 
except in the chapter on “ Electrical Oscillations,” in which 
differential equations are used of necessity. There is a large 
number of worked examples in the text, and most of the 
chapters have questions to be answered; these are mainly 
drawn from examination papers set by the London University 
and by the City and Guilds of London Instituve. 

The great majority of the diagrams have been specially 
drawn, but a few have been kindly lent by Messrs. Pitman, 
and others by various manufacturing firms. These are 
acknowledged in the text. 

H. COTTON. 

Ukiv*rsitt Coupon, 

Nottingham 
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INTRODUCTION 

1. Electrical Units. 

Unit Magnetic Pole is that which, when plaoed at a distance of 1 centimetre 
from a similar pole in air, is repelled with a force of 1 dyne. 

Unit Magnetic Field Strength. A magnetic field has unit strength when 
a unit magnetic pole situated in the field is acted on by a force of 1 dyne. 

Unit Current is that current which, when flowing in a conductor of unit 
length bent in the form of an arc of a circle of unit radius, produces a magnetic 
field of unit strength at the centre. The current so defined is the absolute 
unit. At one time this was considered too large, and one -tenth of this was 
taken as the practical unit. The practical unit is the ampere. 

The International Ampere is the unvarying current which, when passed 
through a specified solution of silver nitrate in water, deposits silver at the 
rate of 0*001118 of a gramme per second. The international ampere is 9 
equal to 0*99097 amperes and 0*99997 X lO' 1 absolute units. 

Unit Quantity of electricity passes across the cross section of a conductor 
when unit ourrent flows for unit time. The practical unit is the coulomb, 
this being the quantity which passes when 1 ampere flows for 1 second. 

Unit Potential Difference . The unit of potential difference (P.D.) exists 
between two points if unit work is done in transferring unit quantity from 
one to the other. If 1 erg of work is done when 1 absolute unit of current 
flows for 1 second, the P.D. between the two points is 1 absolute unit. This 
unit is too small for practical purposes, the practical unit, the volt, being 
equal to 10 s absolute units. The volt is also the P.D. required at the ends 
of a practical unit of resistance (see below) to produce a current of 1 ampere. 
The international volt is Ihe P.D. which, applied to a conductor of 1 inter- 
national unit of resistance (see below), produces a current of 1 international 
ampere. The international volt is equal to 1*00049 volte or 1*00049 X 10 s 
absolute units. 

Unit Resistance. A conductor has unit resistance (absolute) if an amount 
of energy equal to 1 erg per second is expended in sending 1 absolute unit of 
ourrent through it. This unit is very small, and the practical unit, the o^m, 
is equal to 10* absolute units. The international ohm is the resistance offered 
to an unvarying electric current by a column of mercury at f he temperature 
of melting ice, 14*4521 grammes in mass, of constant cross seotion, and of 
length 106*300 centimetres. The international olim is equal to 1*00052 ohms 
or 1*00052 X 10* absolute units. 

2. Work and Power. 

Power is the rate of doing, wor^. If a quantity Q of electricity is passed 
through a circuit against a P.D. of E, then the work done is equal to EQ. 
The power is therefore EQ/t . But Qjt is the current. Hence, power is equal 
to EL The absolute unit of power is the erg per second, and the practical 
unit is the watt. 

k watt =* 10 s X 10*“* ~ 10 7 absolute units. 

*= 10 T ergs per sec. 

■b 1 joule per sec. 

7ia° ,ahp 

■* 1,000 "watts. 


Also 1 watt «« 

1 kilowatt (kWl 
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From the relationship / » E/R, we hare 
Power W « E 1 

- E'/R 
« /■/? 

The unit of energy or work done lias been fixed by the Jloard of Trade 
as the energy supplied in 1 hour when tin* power in the circuit is 1 kW. 

Hence, energy = k\V r x hours 

— 1*34 X h.p. hours. 

It is to be remembered that when the temperature of a body is raised, the 
necessary heat entails the expenditure of an equivalent amount of energy. 
If the heat H is measured in gramme calories, ./ is the mechanical equivalent 
of heat, and the energy is measured in watt-seconds or joules; then 

J H » watt-seconds 

« (wntt-soconds x 10 T ) ergs. 

But J is numerically equal to 4-2 x 10 T 

4-2 x I0 f // — wattf*seconds X 10 7 

_ watt-seconds 

or II 

4*2 


3. Capacitance. 

The capacitance. C of a condenser i* defined as the quantity of electricity 
necessary ttf produce a P.D. ot 1 unit across its plates. 

C ~ ~ 

The practical unit is the farad. Now die coulomb is equal to J0' J absolute 
units, whilo the volt is equal to 10 8 absolute units. Hence, 

10“ l 

the farad =* 10' 9 absolute units. 

10" 

When the capacitance of a condenser is calculated from its dimensions the 
result is given in electrostatic units, the dimension of the electrostatic unit of 
capacitance being the cm. The absolute unit is an electromagnetic unit, and 
therefore, to convert from cm. unit to farads it is necessary to make use of the 
relationship between the electrostatic and electromagnetic units. It can. be 
shown that v 

Electromagnetic unit __ Eloctrostatia unit • 

of capacitance ~ of capacitance X (velocity of light) 9 

— Electrostatic unit X (3 X 10 l# )* 

Farads = Electromagnetic units X 10’ • 

Microfarads (/iF. *= Electromagnetic units X l6" # X 10" • 

* Electrostatic units x 10“ 14 X (9 X 10 1 * 

Electrostatic units « x 900,000 

Examplk. Deduce an expression for the capacitance per mile of a concentric 
oable having an inner conductor of diamfcter d, an outer conductor of inside 
diameter D t and a dielectric of S.I.C., /c. 
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Such a cable constitutes a cylindrical condenser, for which we have the 
well-known formula 


! jr electrostatic units per cm. length 

2'og e7 

2-64 x 12 x 6280 k , 

: 2 x «d®otrostatie units per xml 


2 64 X 12 x 5280 k . • .. . . 

0 — r-r X rr electrostatic units per mile 

* X «'d , lJ 

l°Gio - j 

2-64 x 12 x 5280 k 

2 x 2-3 x 900,000 X ; 7> ' Wr rall ° 

lop,. d 

■039 k __ 

/T ' f’ er m " H - 


4. Resistance of Conductors. 

The resistance of a conductor of lengt h l and uniform cross section a is 
given by the expression 


where p is a constant for any material at a constant temperature. Tfcia 
constant p is called the specific resistance or resistivity. The numerical value 
of p for a given conductor depends upon the units of l and a. If cm. units 
are used th« a 7i p is in ohms per centimetre cube t whereas if inch units are used 
p is in ohms per inch cube. The numerical value of either unit is so very 
small that it is usual to express the specific resistance in microhms per cm. 
cube or per inch cube. The following values are useful — - 


.Specific Resistance at 
t>0 c b\ or 15-6°C. 


Temperature 

Coefficient. 


Copper (annealed) 
Copper (hand drawn) . 
Silver (annealed) 
Aluminium 

Orman Silver (50%Cu, 
30%Ni, 20%Zn) 
Manganiu (84%Cu, I 
12%Mn, 4% Ni) . 
Kureka (60%Cu, ; 

40%Ni) 

Graphite 


Microhms 

Microhms 

Per ®C. at 

Per *F. at 

per cin. cube 

per in. cube. 

1*-6°C. 

60 *F. 

1-690 

•668 

•401 X 10“* 

*223 X 10"* 

1-781 

•681 • 

•401 „ 

•223 „ 

1-560 

•614 

•376 „ 

•209 ,. 

2-91 

1-146 

•38 „ 

•21 

• 

30 

11-8 

•04 „ 

•02 

44 

• 

17-3 

•00 

•00 „ 

49 

19-3 

*•00 

1 00 

3,000 * 

1,200 . 

-05 „ j 

i 

6 

u 
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The specific resistance of most conductors increases with increase in 
temperature, exceptions being one or two alloys which have a negligible 
temperature coefficient, and carbon which has a negative temperature 
coefficient, its specific resistance therefore decreasing* With an increase in 
temperature. For the range of temperature found in electrical machinery 
the law connecting resistance and temperature, t, can be reg&ded as linear. 

If R t =* resistance at t t ° 

R % = resistance at 

Then 72, a 72 x {1 + a{t t - 

where a is a constant called the temperature coefficient. Using this expression, 
the mean rise of temperature of a winding can be determined very 'accurately 
from resistance measurements made at the beginning and end of a run. 
If 72, and I2 t are the initial and final resistances, then 

ft — R 

Rise of temperature {t % - t x ) = — 


*6. Insulators. 

An insulator is a substance whose specific resistance is so very many times 
greater than that of a conductor, such as copper, that it can almost be 
regarded as a non-conductor. The most important property of an insulator 
is its disruptive or dielectric strength . This is a measure of its ability to resist 
breakdown under the application of a high voltage, and is usually expressed 
in kilovolts per mm. or per mil thickness. The numerical value of the 
dielectric strength is of little valuo unless the following additional data are 
specified — (a) shape of * the electrodes ; (6) duration of the application ; 

(c) frequency and wave form of the pressure if made with alternating voltage. 
It is necessavy to specify the shape of the electrodes, since this governs the 
distribution of the electrostatic field in the material, and the breakdown is 
obviously determined by the maximum and not the average value of the 
potential gradient. It is also desirable to specify the thickness of the test 
piece, because the breakdown voltage is not proportional to the thickness. 
The relationship between breakdown voltage E and thickness cab be expressed 
with fair accuracy by either 

E « A X A . .JBaur’s Law 

E - B + Ct 

where A , 7i, aifd C are constants for a given material. 

The specific resistance of practically all insulators decreases rapidly with 
increase of temperature. The ratio of the specific resistances at 20°C. to 
the values at 30 *C. for various insulators ranging from 1*0 to 2*0 for mica 
to 16*0 for yellow ^eeswax. 

If the temperature becomes so high that softening or oxidizing takes 
place, insulators usually become unfit for further use, for which reason it is 
necessary to limit the temperature rise of all insulated conductors. 

The properties of the more important irrudators are given in the table on 
page xiii. They can be roughly classified as hygroscopic or non-hygroscopic. 
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PART ONE— DIRECT .CURRENT 

CHAPTER I 

ELECTRO-MAGNETISM 

I. Production of Magnetic Fields by Electric Current. Whenever a 4 
current-carrying conductor is situated in a magnetic field and is 
arranged at right angles to the lines of force, a mechanical force acts 
on the conductor, the direction of this force being given by the well- 
known “left-hand” rule. The magnitude of the force is given by 
F s= BIl dypes 

where B = ilux density in lines per 
sq. cm. 

1 = current ip electromag- 
netic c.g.s. units or ab- 
ampercs. 

I = length of conductor in 
cm. 

If this conductor is moved in the 
field so as to cut a total flux of , 

0 lines of force, then work has to 

be done by (or against) this force Straight Conductor 
F, the work done being equal to 

w = 01 ergs. 

Now* consider a long straight conductor carrying current and 
influenced by no field other than that produced by the current. 
The lines of force of this fieldfare circles havftig their plane perpen- 
dicular to the conductor, and their centre at the conductor centre. 
Let H be the field strength at a distance r cm. from the centre, 
Then, if a unit north pole is placed at this distance, the force acting 
*on it will be H dynes tangential to a line of force, Fig. 1. Hence, 
if this unit north pole is moved once round the circle of radius r 
against this force H, the work done will be * 

to = H*X 2 nr ergi. 
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But 4n lines of force emanate radially from a unit pole, and, in one 
tour of a circular line of force of the conductor’s field, each of these 
4n lines will have cut the conductor once. 

V) = 01 = 4 nl ergs. 

2 7trH = 4nl 

H — dynei 



Fio. 2/* Magnetic Field External to a Straight 

CONDU CTO R 


If the wire is surrounded by a medium of magnetic permeability 
unity then B = II, and 



r 


If the current is expressed in amperes, then since this practical unit*' 
is one-tenth of the e.g.s. unit we have 
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This refers to the magnetic field external to the conductor. Let 
the conductor radius be a cm., then, if the current density is uniform 
over the cross qfytion, the current enclosed by an internal line of 
force of radius r(< a) will be 



and the field strength at a distance r from the axis will bo 


// 



2/r 
a 2 


Also 


B H = 


2Ir 


assuming the conductor has 
unit permeability. 

The flux density inside the con- 
ductor is thus a linear function 
of the distance r from the axis. 
J ust at the surface where 


we have 


r — a 

B =- H = — 
a 



Fig. 3. Circular Conductor 


The direction of the lines of 
force is given by the well- 
known corkscrew rule. 

Fig. 2 shows the variation of flux density with •distance for 
conductor of radius 1 cm. carrying a current of 1,000 amperes. 


2. Field due to a Circular Current. Fig. 3 shqjvs a circular con- 
ictor carrying current. Considering an element ds of conductor 
e field strength at a distance r is given by Laplace's law, viz. 


dH =: 


r.d*. 

r a 


Applying this to a point A distant x from the centre, the direction 
AO being perpendicular to the plane of the coil, we have for the 
field strength at A due to the element dS 


I.ds 

r* " 


along the direction AB. 
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Component of this along 


AO * ' * sin 0 


Component perpendicular to AO = 


I. da 
r 2 


• • 

008 0 


and acts along AD. Now if we take the diametrically' opposite 
elements da\ the perpendicular component will be equal in magni- 
tude to that due to da but will act along AF t these two components 
thus neutralizing one another. Hence, if we consider the whole 
circle as made up of pairs of. diametrically opposite elements* we see 
that the total perpendicular component will be zero. The total 
field strength at A is thus the sum of all the axial components. 


„ I sin 0 
H = 5 — X Ida 


I sin 0 
2nla 2 


or 


X 2na 
2nla 2 


At the centre of the circle 


(a 2 + x 2 )* 


* = 0. 

and r = a. 



If the current is expressed in amperes then 
H _ * 2nla 2 

(a 2 + x 2 )* 


a 


3. Field due Ao a Solenoid. Let the solenoid be of length l and 
radius a and let it be uniformly wound with N turns. Then there 
-v .ir will be N/l turns per unit 

length, and in an element of 
length dx y Fig. 4, there will 
be Ndx/l tum^ Now an ele- 
ment of length can be regarded 
& a coil such as that in .§ 
2, and therefore the field 
strength at the centre due to 
the element dx is 



E 

r 

JL_ 



n 


■»* t ' 


Fio. 4. Salt-induction or ▲ Solenoid 


dH = 2nl X~ X ^ain 0 
t l r* 1 

2 nljf sin* 6dx « 

~ al 
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x = a cot 0 

i& = - -Ar* • dO. 

sin 2 6 


dH = - 


2;r/2V sin 6 . dfl 


zx = j — / sin 0 . i 

• */j» - a 

2^/iv r t - 
«]_ 


4jr/2y cos a 
“ / 

If the solenoid is very long, the angle a is very small and cos tf 
approximates to unity. The expression then becomes 

„ ±nIN 

H ~ T~ 

This expression is of very great practical importance. If I is in 
amperes then 


4. Force Between Two Paral- 
lel Current-carrying Conductors. 
Two parallel conductors are 
shown in Fig. 5, and it will be 
clear that either conductor can 
be considered as being sit- 
uated in the field of the 
other. Thus conductor A is in 
a field of strength. 

21 

H = — due to conductor B. 

r • • 

Force acting on A # 

F = BIl — Ell in air 

= dynes, when I is 

f in o.g.s. units. 

An equal force acts on con- 
ductor R. If the currents are 
in the same direction the left* 
hand rule shows that the two 



Fig. 5. Mrohanioal Force between 
Parallel Conductors 
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forces produce attraction between the conductors, while if the 
ourrents are in opposite directions then the conductors repel 
one another. <■ 

Example. Two long parallel conductors, each carrying 500 amperes in the 
same direction, are spaced 6 in. apart. Calculate the force per foot run acting 
on each conductor. 


I = 500 amperes = 50 e.g.s. units. 
I = 12 x 2-54 cm. 
r = 6 ’X 2-54 cm.' 


/. F 


2 X 50 X 50 X 12 x 2-54 3 

SITTSJ dy ”“- 

= 10,000 dynes per foot run 
= 10*2 gm. weight, or 0*0225 lb. weight. 


5. The Magnetic Circuit. The path of the magnetic flux is spoken 
of as the magnetic circuit. Just as a flow cjf current in the electric 
circuit necessitates the presence of an electro motive force, E.M.F., 
so the production of. a magnetic flux requires the presence of a 
“ magneto-motive force,” M.M.F. Consider a uniform solenoid 
of length l cm., cross section a sq. cm., and having N turns. Then, 
if ‘it is carrying a current of 1 amperes, the field strength inside 
is given by 


U = 


4t r IN 
10 X l 


Calling the product of the current ind the number of turns the 
” ampere-turns,” AT, we have 


H = 


1-26 X AT .. 

= lines per sq. cm. 


If the solenoid is Abound on a magnetic substance of permeability fi, 
then the flux density or induction density in the core is given by 

B = fiH 

1*26 X AT.. 

ss r, luies per sq. cm. 

lip 

Hence the total magnetic flux through the core is given by 
= Ba lines of force 
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Now in the electric circuit the resistance of a conductor of 
length l, cross section a, and specific resistance p, is given by 

R = — ohms 
a 

= — ohms 
aa 


whore a, the reciprocal of p, is the specific conductivity. Hence, 
from Ohm’s Law, we have current • 

E.M.F. 

~~ l/aa 

Comparing these expressions for flux and current, we see that 
they are analogous, and we have » 

M.M.F. = 1-26 x AT 
Reluctance = — 

Cl/i 

The magnetic reluctance is analogous to resistance in the electric 
circuit, M.M.F. is analogous to E.M.F., anc\ flux is analogous to 
current. It is useful to bear this analogy in mind when making 
magnetic calculations, but it is not complete, for thb following 
reasons — 

(а) The eleetric current is a true “ flow ” but there is no flow in 
a magnetic flux, the word 44 flux ” being, therefore, misleading in 
this respect. 

(б) For a given temperature, the quantity a , or its reciprocal p 
in the expression for electrical resistance, is independent of the 
strength of the current, but the magnetic permeability ja is not 
independent of the total flux. 

(c) In the electric circuit energy is expended so long as the 
current flows, but in the magnetic circuit energy is expended only 
in creating the flux, and not in maintaining it. 

From the equation 

rr 1-2 6 AT 


we have, ampere-turns per cm. length, at, 


* 


at 


AT 

l 


" 1'26 . 


— -8H very approximately. 
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Example. An iron ring* 100 om. mean circumference, is made from round 
iron of cross section 10 sq. cm. ; its permeability is 500. If it is wound 
with 200 turns, what current will be required to produce a flux of 100,000 
lines T 1 ' 


B 


Flux 100,000 
cross section ~~ 10 


10,000 lines per sq. om. 


H = Bj/i = 10,000/500 = 20 
Ampere-turns per cm. length 
at = -SH = 16 


The length of the magnetic path is the circumference of the ring, 
and therefore 

AT a at x l 

= 16 X 100 = 1,600 

AT 1 600 

Current required = — = = 8 amperes. 



Magnetic Leakage 
is oalled the “ leakage' factor.’ 


6. Magnetic Leakage. Fig. 6 
shows a magnetized iron ring with 
a narrow air gap, and the flux which 
crosses the gap can be regarded as 
the “ useful ” flux. Some of the 
total flux produced does not cross 
the gap, but takes instead leakage 
paths, as shown by the dotted lines. 
For the purposes of calculation it is 
assumed that the iron carries the 
whole of the total flux throughout 
its entire length. The ratio 

Total flux 
• Useful flux 


Example. The iron ring in the first example has a saw out 2 mm. wide 
made in it. Find the ourrent required to produce the flux of 100,000 lines 
across the air gap, given that the leakage faotor is 1*3 and that the iron is 
such that when B =» c 13,000, ft =* 300. < 

The ampere-turns for* the gap and for the iron are, calculated 
1 separately. 
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Flux through gap — 100,000 lines 


100 000 

B in gap * * = — = 10,000 lines per sq. cm. 

10 000 

H in gap = B\p — — - — = 10,000, since for air 


at = -8 H * 8,000 

\AT, for gap *= 8,000 X *2 = 1,600 
Flux through iron = useful flux X leakage factor 

= 100,000 X 1-3 = 130,000 lines 


m \B in iron 

.\H 

/.at, for iron 
/.AT, for iron * 


130.000 10AAA1 . 

= — — = 13,000 lines per sq. om. 

13.000 

~ 300 5=3 43,3 
= *8 x 43-3 « 34-6 
— 34-0 X 99-8 


- 3,450 


.'.Total ampere-turns *= 1,600 + 3,450 = 5,050 


.'.Current 


5,050 

200 


= 25*3 amps. 


7. Magnetic Circuits in Parallel. We Bee from She above example 
that when the* different parts of a composite circuit are in series, 
that is, when they carry the same flux, the total M.M.F. required 
to produce a given flux is tlie sum of the M.M.F.s for the separate 
parts. If the different parts of a circuit are in parallel, then the 
necessary M.M JF. is that which will produce the required flux in 
one part of the circuit considered by itself. This is best illustrated 
by the calculation of the ironclad magnet shown in Fig. 7. The 
number of ampere-turns to produce a useful £ux of 750,000 lines 
in the air gap is required, the leakage factor being taken as 1*4, 
and the permeability of the iroh, 600. There are two magnetio paths 
in parallel, one being shown by the dotted lines, and it is therefore 
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necessary to consider one circuit only. The calculation is made 
in tabular form below. 


Part of 
Circuit. 

Area 

a. 

Length 

l. 

Flux 

<1>. 

Flux density 

B « <l>/o. 

H 

- B/fl. 

9 at 

- -8 n 

II 

a* 

x*a 

Poles . . 

12 sq. in. 

- 77-5 
sq.cm. 

2 y flin. 
= 30*4 
cin. 

760.000 
x 1.4 = 

1.050.000 

13,600 lines 
per sq. cm. 

22-7 

18-2 

553 

Air Gap . 

77-6 
sq. cm. 

Hn. 

- 1-27 
ctn. 

750,000 

0,700 lines 
per sq. cm. 

H - B 
« 9,700 

7,760. 

0,860 

Yoke . . 

0 sq. in. 

=» 38-8 
sq. cm. 

Path 

ABCDEF 
20* ill. 

*=» 62 cm. 

| x flux 
per pole 
= 526,000 

13,600 

22-7 

18-2 

050 


Total Ampere- turns — 11,380 


Note that the magnetic calculations are never made beyond four 
significant figures. 

The method of calculation for a generator field magnet is given 
in Chapter III. 
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8. Lilting Power of an Electro-magnet. It is shown in par. 10 that 
the energy stored in a magnetic field in air is B 2 J%tt ergs per cc., 
where B is in lines per sq. cm. Consider two poles arranged in 
Fig. 8. Let each have an area a sq. cm. agd let P be the force of 
attraction in dynes *between them. Let one pole be moved a very 
small distance dx against # the force E , then work done is obviously 
Pi ix ergs. 
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But the volume of the magnetic field is increased by adx cc. 
and therefore the energy stored in the field is increased by 
B 2 I&7t X adx ergs.. 

This is obviously equal to the work done in separating the 
poles so that 


Pdx = ~ x adx 
87 r 


D B 2 a , 

dynes 


B 2 a 

STSTWI graces wt. 
B*a 

87 t X 981 X 454 


or 


B'a 

1 i”200,000 


lb. wt. 


B still being in lines per sq. cm. 

Owing to their enormous lifting powers, electro- magnets are 
used commercially for handling heavy magnetic materials such tfs 
steel rads and girders, castings, etc. The type used for lifting 
irregular scrap is illustrated in Fig. 9. 

9. Action of Iron and Steel under a Varying Magnetizing Force 
Consider a straight solenoid having first of all a non- magnetic core. 
If current is passed through the solenoid a magnetic field will be 
set up, whose value inside the coil will be given by ^ 

„ 1-26 X AT 1-2 6iV7 


This field is a measure of the magnetizing force set up by the 
coil and we see that it is proportional to the current. The total 
number of lines of force is equal to the field strength H multiplied 
by the cross section of the solenoid. Now suppose that an iron 
core is substituted for the iion-magnetic core, then there is imme- 
diately an enormous increase in the total number of lines of force 
due to the lines set up, by the induced magnetism in the core. 
If t/ is the intensity of magnetization of the code, that is, the pole 
strength per unit area, then the, number of lines per sq. cm. in the. 
core due to the induced magnetism is 47r«X The flux density, B,. 






ELECTRO-MAGNETISM 13 

in the core is the sum of the lines per sq. em. due to the original 
field and the induced magnetism, so that 

' B = R + ±vJ 

and, as stated before, the permeability is given by 
H = BjH 



Magnetizing Foroe (H) In C.G.8. Units 

>■ i " ~i tzr t I I I , I . 

10 20 30 40 50 60 70 80 80 

Ampere-Turns per Centimetre of Length 
Fio. 10 

Magnetization Ctjbves fob Iron and Steel 

If H is increased from zero to a high value, and B plotted against 
H, the shapes of the resultihg curves for different materials are 
shown in Fig. 10. will be noticed that tho curves are first of all 
approximately straight linos through the origin, showing that B is 
roughly proportional to B . Then the curves begin to turn over, 
• forming a “ knee,” and finally they become almost horizontal and 
exhibit very little increase in B for a large increase in H. In this 
final state the i£on is said to be “ saturated,” and the phenomenon 
of saturation Is explained by the molecular theory of magnetism, 
by the assuxr^tion that all the molecular magnets are pointing in 
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the same direction. It is useful to memorize the saturation values 
and the “ knee ” positions, since from these the curves can be 
reproduced roughly. c# 

10. Cycles of Magnetism. If the magnetizing force applied to a 
specimen of iron is increased from zero to some maximum value, 
and the force is gradually reduced again to zero, it will be found 
that the new B-H curve for decreasing values of H lies somewhat 



above the original curve, and that when H is zero again B is finite. 
This effect is called hysteresis , since the values of B apparently lag 
behind those of //. The finite value of B when H is zero, OR in 
Fig. 11, is a measure of the rosidual magnetism. Iff order that the 
iron may be demagnetized it is necessary to apply a negative 
magnetizing force represented by OC. This negative force is called 
the coercive force . If now H is increased in this negative direction 
to its previous maximum value, the curve will reafch a point D, at 
which the induction is equal to the previous maximum value, B mam . 
If, finally, H is gradually reduced to zero, reversed, and increased 
to its maximum value in the original direction, the curve DEFA 
will be traced out, the complete cunje forming a closed loop, usually 
called a hysteresis loop? It will be Seen that to take the iron 
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through the various states represented by this loop, an alternating 
magnetizing force has been applied. If these alternations are 
maintained, the value of B max being the same during each cycle, 
then the iron will continue to go through the same series of changes. 

The hysteresis loop can be regarded as a magnetic indicator 
diagram, and from this analogy we should expect that during each 
cycle an amount of energy represented by the area enclosed by 
the loop is expended. This is the case, as can be proved as follows. 
Supposo that the specimen is a ring of mean circumference l cm. 
and cross section a sq. cm., and let it have N turns. If the value 
of the magnetizing current at any instant is i* the magnetizing 
force will be 


H = 


4 77 AT 

io x r 


4irNi 

lor 


if » is in amperes 


and 4:ttNH1 if » is in e.g.s. units. 

If the value of the induction 
at the instant considered is B, 
then flux through the ring -= 
Ba. Since the flux threads, or 
links with, the coil, an E.M.K. 
will bo induced in the- coil of 
magnitude. 

c == No. of turns X rate of 
change of flux . . . 

e.g.s. units 

= N x -of Ba 

dt 


= Na x 


dB 

dt 



Kio. 12 


If 


Now the current i flowing at that instant will be opposed by this 
induced E.M.F., and therefore power will have to be expended in 
order to maintain the increase in i. We have 


„ , . ^ ^ la T1 dB 

Power at any instant =- ex ~ — x H ^ 




Hence, work done during a snfall interval of time dt 


la rjdB . 

“j; x "rfr'* 


Total work done 




UdB. 


* Small letters are used to denote instantaneous values of the current and 
voltage. 
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We see from Fig. 12 that HdB is the area of an elementary strip of 
the B-H curve, and therefore / HdB for a whole cycle is the area 
enclosed by the loop. , 

Again, la is the volume of the ring. 


Work done per cc. 


Area of loop 
47 r 


The area of the loop is obviously measured in units of H and B . 
Thus, if one square on the diagram represents 1 unit of H and 
100 units of B, its area will be 100. If H and B are in c.g.s. units, 
i.e. lines per sq. cm., then the above expression will give the work 
done in ergs per cc. per cycle. This work done in taking a specimen 
of iron through a cycle of magnetism is waste energy, since it becomes 
converted into heat, and it is therefore spoken of os the hysteresis 
loss. 

Suppose the ring were non- 
magnetic (air, for example), 
then, since B = H for such 
materials, the B-H curve is 
a straight line through the 
origin (Fig. 13). Therefore, 
work done in increasing the 
~Ji flux density from zero to 
some value B. 

±]„iB -IfBdB 

Work done per cc. = 
energy per cc. of the magnetic 
field 

1 or^H 1 2 * * * * * * ergs. 

In all classes of electrical machinery some part of the magnetio 

circuit is taken through rapid reversals of magnetism. Hysteresis 

loss therefore takes plitce, and in ordir that the efficiency and tem- 

perature rise of the machinery may be calculable it is necessary 

to know this loss. If the shape of the loop is known, then the loss 

can be calculated by determining the area of the loop, but this 

method, although suitable for testing, specimens of iron, is not so 

suitable for calculations on machines. It is, therefore,' preferable 9 
to use the method discovered by Steinnfetz. He found that the 
hysteresis loss per cc. per cycle i^ very closely represented by an 
expression of the form of tj B)£ 9 ergs, where q is a constant 
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called the hysteresis coefficient, and whotfe value depends upon the 
material, pence, if the material is taken through / cycles per 
second, % 

• l,a 

Hysteresis loss per cc. = rjB^ f. ergs per sec. 

= qB^fx 10' 7 watts 
And for a volume of v ccs., 

Hysteresis loss = rp>fB™ x X 10 7 watts. 

Values of the hysteresis coefficient for different materials are given 
in the following table. These figures fere taken from Specification 
and Design , by Miles Walker. 


Material. 

Hysteresis Coefficient. 

Hard cast steel . 

0028 

Cast steel .... 

0-003 to 0-012 

Cast irop .... 

0-0U to 0-016 

Very soft iron 

0-002 

Good dynamo sheet steel . 

v 0-002 

Silicon steel (-2% Si) . 

0-0021 

Silicon steel (4-8% Si). 

000076 


Example. A oylindet'of iron of volume 10,000 ccs. revolves for 30 minutes 
at a speed of 3,000 revolutions per minute (r.p.m.) in a two-pole field of 
strength 8,000 lines per sq. oin. If the hysteresis coefficient of the iron is 
0-003, the specific heat of iron is 0-11, the loss due to eddy currents is equal to 
that due to hysteresis, and 30% of the heat produced is lost by radiation, find 
the temperature rise of the iron. 


Taking the density of iron as 7-8, we have for the mass of the 
iron 78,000 grammes. Honce, if t° C. is the temperature rise, heat 
retained by the iron =78000 x x , _ 8 ,580 , relorire 

Total heat produced =* ~~ — = 12,250/ calories 


ass 12,250 X 4-2 X 10 7 X / ergs. 

Again, hysteresis loss = er 8 s per cc. perjycle 

Total hysteresis loss * -003 X 8,00c 1 X 10,000 

X (30 X 60 X /) ergs. 

Now in a trwo-pole field there i% one mkgneticscycle per revolution. 
/ *3 3,000 cycles per min. = 50 cycles per sec. 

Total hysteresis loss — 475 X 10 10 ergs 
Total loss * = 950 x 10 10 ergs 

• 12,250 X 4-2 X 10 7 X / = 960 X 10 10 

V. / « 18°C. 

If the hysteresis loops for different kinds of iron and steel are 
examhied it will be found that they can be 9 separated broadly into 
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throe groups, of which the typical loops are as shown in Fig. 14. 
Loop 1 is for hard steel, the large value of the coercive force 

indicating that this 
material is suitable for 
permanent magnets. 
The area of the loop is 
‘also large, thus show- 
ing that hard steel is 
not suitable for rapid 
reversals of magnet- 
ism. Loop 2 rises very 
steeply, showing that 
the permeability is 
high, and its large in- 
tercept on the B axis 
1 2 3 indicates a good re- 

Fio. 14 tentivity. This loop, 

Shapes of Hysteresis Loops iron Different which is typical of 
Materials wrought iron and cast 

steel, shows that these 
materials are suitable for the cores of electro-magnets. The 
characteristic feature of loop 3 is its very small area ; at the same 
time it rises steeply, indicating a high permeability. The material, 
alloyed sheet steel, which has such a loop, is therefore suitable for 
all purposes where the iron is subjected # to rapid reversals of 
magnetism, as in armature and transformer cores. 

11. Determination of B-H Curves. Probably the most important 



method of determining 
a B-H curve is the Bal- 
listic method, so called 
because a ballistic gal- 
vanometer iff used. The 
classical form of speci- 
men is that of a ring 
and the radial thick- 
ness is preferably kept 
small compared with 
the diameter, so that 
H will not vary apprS- 
ciably over the cross 
section. The ring has 
two windings, one, the 
magnetizing winding, 
distributed over the 
whole circumference 



Fig. 15 

Ballistic Method of Determining 
Magnetization Curves 


as evenly as possible ; fhe other a secondary winding having 30 or 
40 turns. The magnetizing coil is connected to a direct current 
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supply through an adjustable resistance R (Fig. 15). An ammeter, 
A v measures the current, and a reversing switch, K, is included, so 
that the magnetizmg current can be reversed. The secondary is 
connected to the ballistic galvanometer, and a resistance box, RB, 
and a calibrating coil, CG , are included in this circuit. The coil 
CC is placed in the middle of a large solenoid whose equipment 
is similar to that of the magnetizing coil for the specimen. 

Let = No. of turns on magnetizing coil 

/ = mean circumference of specimen in cm. 
a = cross section in sq. cm.* 

Then for any magnetizing current /, the magnetizing force 
rr 1-26 NJ 
H ~ l 

If, for any value of /, the switch K is reversed, the flux density B < 
inside the ring is reversed, and it therefore changes from + B 
to - B, a change of 2 B. Hence, the change of flux in the ring is 
2 Ba, and if this change takes place in a small interval of time dt, 
then 

Rato of change of flux = 2Ba/dt 
Hence, if the secondary coil has A T a turns, 

• ^ 

E.M.F. induced in the secondary , e -= N 2 x • 

If the total resistance of the galvanometer circuit is R, the average 
current through the galvanometer will therefore be 

2 BaNt 

R.dt 


Hence, quantity of eloctricity 

= Average current X dt 
2 BaN t 
R 


Now the “ throw " of a Ballistic galvanometer, wirfn corrected for 
logarithmic decrement, is proportional to the quantity of electricity 
which passes thit>ugh it, provided that this quantity has passed 
through in a small interval of time, a conditictfi which holds in this 
oase. Hence, if 0 is the corrected throw and K the galvanometer 
constant. 

Quantity* of electricity = K X 8 


. 2 BaN t 
R 

B 


KO 

BE 
2 aN, 


X 0 


a— (iMSi) 
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In order to be able to calculate B it is necessary to know the 
constant K. This constant must be determined under the actual 
conditions of the experiment , since it may vary these conditions 
vary. It is determined by means of the calibrating coil, CC . A 
current, / 2 say, is passed through the large solenoid in which CC 
hangs, and it produces through CC a field of strength. 1 *26NJ[J1 V 
where N 3 and l % refer to the solenoid. If CC has a cross section 
of a t the flux through it will be 1-26N and on reversing the 

switch K t there will be a change of flux through CC of 

2 i 52jy 8 q 1 / > 

h 

Hence, if CC has N 4 turns, the quantity of electricity which will 
pass through the galvanometer on reversing K t will, by the same 
reasoning as before, be 

2-52N s N i a t I % 

If the corrected galvanometer throw when K 2 is reversed is <p, then 
2-52 N 9 N 4 a 2 I t 

— p — K(p 

2522VVW. 

' K ~ l t R<p 

r 

Substituting this in the expression for B> fae have 

All the terms in the expression in the brackets are known, and 
therefore B can be calculated from observed values of 0. If it is 
not required to determine a hysteresis loop, the magnetizing 
current I is given a series of gradually increasing values, and the 
throw observed on reversing K v It will, of course, be necessary 
to make a preliminary test in order to be sure that the throw is 
of suitable magnitude when K x is reversed with / at its highest 
value. Before taking observations it will then be necessary to 
demagnetize the iron, this being 0 most easily r accomplished by 
applying a gradually decreasing alternating potential to the 
magnetizing coil. 

H it is required to take the iron through a complete loop, then 
the procedure is somewhat different from the above. The current 
is suddenly increased in small steps and the galvanometer throw 
noted at each increase. Obviously for any given current tfie 
throw from which the corresponding flux density is calculated is 
the sum of all the previous throws, since the throw is only pro- 
portional to the change in flux and not Jo the total, flux. When 
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the maximum current is reached, the current is reduced in small 
steps and at last brought to zero. Then K x is reversed and the 
current increased, in steps again until the same maximum value 
has been attained. This procedure is followed until the complete 
loop has been traced out. Reversed galvanometer throws will 
obviously be experienced when B is being reduced. These are 
reckoned negative, and the total throw from which B is calculated 
at any step is the algebraic sum of all the throws up to that 
point. 

12. Magnetic Potentiometer Method. The great disadvantage of 
a ring specimen from the practical point of view is that the specimen 



Fig. 16 


itself is expensive, whether solid or whether made il$ of laminations, 
and, in addition, a separate magnetizing winding, put on by hand, 
is required for e4ch one. • 

Practical methods involving^ samples, as distinct from materials 
in bulk, therefore require a more convenient shape, as, for example, 
a short rectangular bar.* In the Illiovici Permeameter the specimen 
is used to close the magnetic circuit of a massive yoke, as shown in 
Pig. 16. Both specimen and yoke carry separate windings, the 
junction of the yoke winding being to provide the ampere-turns 

* For complete information, Bee Properties and Testing of Magnetic Materials , 
hj Spooner; Applied Magnetism, bp Wall, or JSlectrical Measurement and 
Measuring Instruments, by folding. 
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necessary for the yoke and to two gaps. The specimen is, of course, 
clamped down to the yoke but even then the gap ampere-turns may 
not be negligible, and furthermore will bo different for every test. 
Compensation being thus provided for yoke arid gaps, it is known 
that ampere-turns of the winding on the specimen wiU be required 
by the specimen only. The interest of the method lies in.the method 
of insuring that the yoke winding carries just sufficient current to 
compensate for the yoke and gaps. The appliance used is the mag- 
netic potentiometer, which is simply a thin strip or rod of flexible 

insulating material wound uni- 
formly with a helix of thin wire. 
This coil is connected to a ballis- 
tic galvanometer. An E.M.F. will 
be induced in this coil either by a 
change in the magnetizing current 

lAo. 17. Demagnetizing Force producing the magnetic field in 

which the coil is situated, or by a 
rapid movement of one end of the helix from one point in the field 
to another. It can be shown that the galvanometer throw is pro- 
portional to the change in magnetic potential, this potential being 
given by fHdl*. 

In the above test the magnetic potentiometer is applied to the 
ends of the specime'n, as shown in the figure, and is kept in that 
position. «In making the test the current in the ammeter A is 
adjusted to give the desired value of 11 and the throw-over switch 
8 placed on contacts aa\ The current in the yoke compensating 
coil is now adjusted by means of R , until, on reversing both currents 
by means of RS, no galvanometer deflection is noted. When this 
adjustment is made, the magnetic potential between the two ends 
of the search coil will be zero, and therefore the M.M.F. of the coil 
on the specimen will be required to overcome the reluctance of the 
specimen onjy. The value of H in the specimen is now known to be 

rj 4 ji N1 

H = - ior 



The switch S is now changed over to contacts bb' f thus connecting 
the search coil to the € galvanometer,«and R8 reversed. The galvano- 
meter throw is noted, and the value of B calculated as for the 
previously described ballistic test. 

13. Note on Permanent Magnets. Imagine a magnetized bar 
NS, Fig. 17, with a very small cavity in the direction of the lines of 
induction. Then, since no lines will emerge from the iron into the 

* The theory of the magnetic potentiometer is given in Golding, loc. cit., 
p. 331. 
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cavity, the walls of this cavity will not exhibit any form of polarity. 
The flux through the cavity will therefore be that corresponding to 
the magnetizing forge H set up by the current, and not to the total 
flux density B , and, consequently, if a unit north pole P is placed 
within the cavity, it will be acted on by a force of // dynes. But it 
is clear that the unit polo will be repelled by the N polo of the 
magnetized bar and attracted by the S pole, these two together 
setting up a force ll d which is in direct opposition to H . In other 
words, the fact of the bar having polarized ends is responsible for 
the setting up of a self-demagnetizing effect. The magnitude of 
the demagnetizing force for round bars is given by the expression 


n 4 


K 

4 n . B 


where B is the flux density and K is a constant depending on the 
ratio of length to diameter. When this ratio is large, as for long thin 
rods, K is small ; for example, if the ratio is 200, the value of K is 
about 0*001. On the other hand, when the ratio is small as for 
short, thick bars, then K is much greater. Thus where the ratio is 
10, K is equal to 0-2. This means that with short electro-magnets a 
very large proportion of the ampere-turns is required to overcome 
the demagnetizing effect. 

The significance of this in connection 
with permanent magnets is as follows : 
the demagnetizing effect in a closed 
ring is zero, but, in order that the 
magnetic flux may be available, all 
permanent magnets must have a gap, 
thus requiring two polarized ends, and 
so giving rise to self-demagnetiza- 
tion. Consider the portion of the 
hysteresis loop shown in Fig. 18, 
and let the magnetization be taken 
to the point P. On removal of the magnetizing force the flux 
density will decrease to OQ in the case of a closetrring, but, in a 
practical form of permanent magnet, the self-demagnetizing effect 
will cause a further reduction tb, say, R . If the magnet is jarred, 
there will be a further reduction in flux density, and, without any 
special ageing process, most of the magnetization may be ultimately 
lost. To prevent this, it is usual to age permanent magnets by 
deliberately demagnetizing to some other point 8 , the corresponding 
negative value of II being now so large that there is little chance of 
fffrther demagnetization. 

Modern permanent magnetos are made from an alloy of cobalt and 
iron, this material having a high ^coercive force, and retaining its 
magnetization over very long periods. The usual flux density is of 



Fin. 18. Demagnetizing 
Fobce 
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the order of 5,000, unless the gap is exceedingly small, when the 
small value of H d will permit a higher degree of initial magnetization. 

Examples on Chafteb 1. 

(1) A ring-shaped electro -magnet has fen air gap 6 mm. longhand 20 sq. om. 
in area, the mean length of the core being 50 cm., and its cross section 10 sq. om. 
Calculate the ampere- turns required to produce a field strength H « 5,000 
in the gap. (Assume the permeability of the iron as 1,800.) (C. and Q. II, 
1008.) 

Ans. — 2,010. 


(2) An iron ring of 10 in. mean' diameter is made from } in. round iron, of 
whioh the particulars are 


B 

10,000 

12,000 

15,000 


2,500 

1,800 

600 


If it has a saw out ^.in. wide and its leakage faotor is 1*25, calculate how 
many ampere turns are required to produoe a flux density in the gap of 
1 1,000 lines per sq. om. 

Ant. — 2,195. 


(3) A circular lifting magnet of the type shown in Fig. 4 has a diameter 
of 50 in., the inner circular pole is 16 in. in diameter, and the outer annular 
pole has the same area as the inner one. The mean length of the magnetio 
path through the magnet is 60 in., and the permeability of the steel can be 
taken as 1,000. If it is lifting steel plates of ' negligible reluctance, and 
the plates are separated i in. from the magnet poles, find the ampere-turns 
necessary to produce a flux density in the poles of 10,000 lines per sq. cm. 

Aru.~ 11,350. 

(4) Calculate the foroe of attraction between the magnet and plates in 
the above example. 

* Ans . — 23,200 lb. 

(5) Find the force of attraction in pounds, weight between the square - 
faced ends of two rods of iron placed in a solenoid. The area of the iron rods 
is 6 sq. cm., the*. permeability of the iron is 1,000, and the magnetio 
force produoed in the iron by the solenoid is 14c.g.s. units. (London 
Univ., 1007.) 

«. i Ans . — 105. „ 

(6) A smooth oore ahnature, working in a four-pole field magnet, has a 
gap (from iron to iron) of 0*5 in. ..The area of surface of each pole is 1 sq. ft. 
The fiux from each pole is 7 megalines. Find (a) the mechanical foroe with 
which the pole attracts the armature ; (b) the amount qf energy expressed in 
joules that is stored in the fotfr gaps. (N.B. — 746 joules = 550 ft.-lb. at 
London ; 1 ft. = 30*48 om. ,* 1 lb. = 45$5 gramme.) (0. agd 0. II, 1009.) f 

4 4,710 lb. wt. ; (b) 1,065 joules. 

(7) The armature core of a dynamo is a cylinder of length 12 in. and internal 
and external diameters 12 and 7 in. respective^. It rotates at 1,000 r.p.m. 
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in a four-pole field, and from each pole a flux of 1*55 x 10* emerges. If 
the Steinmets coefficient for the sheet iron used in the oore is 0*0025, and 
80% of the core is iron, find the hysteresis loss in watts. 

Ana. — 101. 

(8) The ascending and descending values of B and H for a half cycle are 
as follows — 

Ascending — 


H 

1*9 

2 

3 

4 

4*5 

B 0 

Descending — 

2,000 

5,800 

7,000 

• 

7,300 

H 2*5 

1 

0 

- 1 

- 1*9 

B 

7,000 

6,100 

5,300 

3,800 

0 


Plot the ourve and calculate the energy dissipated in hysteresis in ergs per 
oo. per cycle. Calculate also the hysteresis coefficient. 

Ana.— {a) 4,500 ergs ; (b) 0*0029. 

(9) Define the terms “ Magneto -motive Force,” “ Magnetic Flux,” and 
“ Magnetic Reluctance,” and prove the relation which holds between these 
quantities for a magnetic circuit. 

Estimate the number of ampere-turns necessary to produce a flux of 
100,000 lined round an iron ring of 6 sq. cm. cross section and 20 cm. mean 
diameter, having an air gap 2 mm. wide across it. The permeability of the 
iron may be taken to be 1,200. Neglect the leakage flux outside the 2 mm. 
air gap. (London Uni£, 1922.) • 

Ana. — 3370. 

(10) Define hysteresis. Prove that when any material is subjected tq 
cyclic changes of magnetism, a loss of energy is involved proportional to the 
area of the hysteresis loop. Calculate the loss of energy caused by hysteresis 
in 1 hr. in 50 kg. of iron when subjected to cyclic magnetic changes. The 
frequency is 26, the* area of the hysteresis loop represents 2,400 ergs per o.cm., 
the density of the iron is 7*8. (London Univ., 1916.) 


Ana. — 138,000 joules. 



CHAPTER II 

ELECTROMOTIVE FORCE 


1. Production of an Electromotive Force. An electromotive force 
can be produced in the following ways : (a) by chemical action as 

in a voltaic cell ; (6) by the heating of a thermo-junction ; (c) by 
electro -magnetic action. The third method is by far the most 
important, and it has two subdivisions. First, an E.M.F. can be 
produced by the motion of a conductor in a magnetic field ; such 
an E.M.F. can be called a “ dynamically induced ” E.M.F. Second, 
an E.M.F. is produced when the flux which threads, or links with 
a coil, changes. In this case there is no motion of the coil relative 
to the magnetic field, and therefore the E.M.F. so produced is 
“ statically induced.* * 

2. Dynamically Induced E.M.F. In Fig. 19 three conductors, 
A, B f and C, aro shown in cross section in a magnetic field, and the 

arrows attached to them 
indicate their directions of 
a b c motion. Conductor A is 

? - moving in the direction of 

| .6 ^ x the lines of force and there- 

° fore, since it does not cut 

any of them, no E.M.F. is 
'tiff tYTYT * * * * * induced in it. Conductor 

Fig. 19 Z? is moving in a direction 

Dynamically Induced E.M.F. perpendicular to its own 

length and perpendicular to 
the lines of force, and consequently, since it cuts the lines of force, 
it has an E5M.F. induced in it, of magnitude 

E = Hlv e.g.s* units 
* t = Hlv x 10 8 volts 


where H is the field strength in e.g.s. units, l the length of conductor 
in cm., and v its velocity in cm. per second. The direction of this 
induced E.M.F. is given by Flemipg*s Right-hand Rule (Fig. 20). 
Hold the thumb and first finger of the right hand at right angles and 
bend the second finger so as to point at right angles to the plane of 
these two. Then if the first finger is pointed in the direction of the 
field, and the thumb in the direction of motion, the second fingejr 
will point in the direction of the induced E.M.F. 

Conductor C irt Fig. 19 is moving at an angle 6 to the direction 
of the field. In this oase the magnitude of the induced E.M.F. is 
proportional to the component of the velocity perpendicular to the 
c 26 
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direction of the field. The modified form of the E.M.F. equation 
is, therefore, 

dj = Hlv sin 6 X 10' 8 volts. 

Ex am ple. A conductor 12 in. long on the periphery of an armature of 
diameter 18 in. rotates at 1,000 r.p.m. If the field strength under the poles 
is 6,000 lines per aq- cm., find the E.M.F. induced in the conductor. 

The lines of force in the air gap between poles and armature are 
radial, as shown in Fig. 21, and therefore the conductor cuts the 


Field 



Fio. 20 

Fleming's Hand Rule 



lines of force at right angles. 

H = 6,000 e.g.s. units ; / = 12 in. « 30-5 cm. 
v — rr X diameter x rev. per sec. 

= 7T x IS X 2-54 x ~~~ = 2,390 cm. per Bee. 

:.E = 6,000 x 30-5 X 2,390 x 10 8 = 4-4 volts. 

e 

3. statically Induced E.M.F. A statically induced E.M.F. may 
be (a) “ mutually,” (6) “ self ” induced. Consider first of all its 
production by the process of mutual induction. Jn Fig. 22 there 
are two coils, A and B , placed close together. A has a battery 
and switch connected to it, and B is connected to a galvanometer. 
If A carries eithfir zero current or a finite steady current, there will 
be no deflection of the galvanometer, thus Showing that there is 
no E.M.F. in the coil B. If, when the current in A is zero, the 
switch is suddenly closed, there will be a momentary deflection of 
the galvanometef, but not a permanent deflection so long as the 
switch is kept closed and the current in A is not varied. If now the 
switch is suddenly opened there will be another momentary deflec- 
tion, this time in the reverse direction, and immediately afterwards 
the galvanometer needle will return to the zero position. These 
experiments show that an E.M.F. is induced in B whenever the 
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current in A is changing , but not when it is steady. Also the 
direction of the E.M.F. induced by an increase in current is opposite 
to that induced by a decrease in current. Thpse phenomena are 
explained by the following laws — 

1. Whenever the number of lines of force linking flrith a circuit 
changes, an E.M.F. is induced in the circuit proportional to the 
rate of change of flux. 

This is Faraday’s law of electromagnetic induction. 

2. The direction of the induced E.M.F. is such that the current 
set up by it tends to stop the motion or change producing it. 
This is known as Lenz’s Law, and it follows from the fact that in 

order to set up an induced current some energy must be expended. 


A B 



4. Sell Induced E.M.F. In the case of a mutually induced 

E.M.F., the E.M.F. is set up by a change in flux through a coil 
when the flux is produced by a neighbouring current. Obviously 
an E.M.F. wjll be produced whenever the flux changes, no matter 
how the flux may be produced. Thus if a single coil carries a 
current it will produce a magnetiy flux, and if the current changes 
the flux will change. The change in flux will induce an E.M.F. in 
the coil, which lfi this case is called a self induced E.M.F., because 
it is set up by a change in its own current instead of by a change 
in a neighbouring current. If the current increases^ the self induced 
E.M.F. will oppose the current ; whereas if the current decreases, 
it will act in the same direction as the dhrrent. * 

5. 'Coefficients of Self and Mutual Induction. Consider a solenoid 

of JSt turns, length l cm., and Gross section a sq. cm.* If it is carrying 
current, it will produce a flu* ; and if the current ohanges, the flux 
will change. We then have* ' 

Self induced E.M.F. = - (Bate of change of flux) X N o.g.s. units 
- (Bate of change of flux) x N x 10" # volts 

Now Flux = (Flux set up by 1 ampere) x 1 
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the quantity in the brackets being a constant (if the permeability 
of the core is constant), which can be determined from the data of 
the circuit. Thefefore we can write 


( Rate of ohange\ __ / Flux set up \ x rate of change 
of flux ) ^by 1 ampere ) of current 

U™ n ™ tu v)xN X 10') X «teof change 

^ E.M.F. ) (^byl ampere y j of current 

The expression in the large brackets is a constant for any given 
circuit and it is called the “ coefficient of self induction.” It is 
given in practical units, henrys, since the factor 10* 8 is included. 
It is represented by the symbol L. Hence we have 

(Self induced E.M.F.) = - L x rate of change of current 


the minus sign being used because the E.M.F. is opposed to the 
change of current ; in other words, it is the mathematical equivalent 
of Lenz’s Law. 

The law can be stated as follows. Tf an E.M.F. is induced in a 
circuit through a change of current in the circuit, its direction is 
such as to oppose the change of current. Thifs, if the change is an 
increase in current, the E.M.F. will act in the opposite direction to 
the current ; if the change is a decrease in current, the induced E.M.F. 
will act in the same direction as the current. 

It is very easy to determine L for a simple circuit such as a 
solenoid. We have, for any current I, 

- IJtmau 


if the core is magnetic and of permeability p. Hence, flux per 
ampere 

— 1 -26 Nap 

1 •» 

L = (Flux per ampere) x N x 10*' 

1*26 N*qu .... 

j — “ x 10 ® henrys. 

The “ coefficient of mutual induction ” of a coil B relative to 
a coil A is obtained as follows — 

Let A and B fiave N x and N t turns respectively, 


( Mutually induced 
E.M.F. in B 




M(. 


Jx N t X 10-'J 


Flux through B 
, iue to 1 ampere in A J 

* X (rate of change of current in A ) 

The expression in the large brackets is the coefficient of mutual 
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induction M t of B with respect to A . The flux produced by A, 
and therefore that portion of it which linkB with B, is proportional 
to N v Wo thus see that the coefficient of mutual induction of 
two coils is proportional to the product of their numbers of turns, 
whereas the coefficient of self induction of a single coil is proportional 
to the square of its turns. 

6. Rise and Decay of Current in an Inductive Circuit. Tf a 

coil possessing no self-induction, that is, a coil which does not 
produce a magnetic field when currient is passed through it, has 
a P.D. of E volts applied to its terminals, the current produced 
reaches the Ohm's Law value of E/R instantaneously. If the coil 
possesses self-induction, the current theoretically takes infinite 
time to reach this value. With a non-inductive coil the applied 
P.D. has to overcome the Ohmic drop IR only, but in the case of 
,an inductive coil it has, in addition, to overcome the hack E.M.F. 
set up by self-induction, this back E.M.F. only becoming zero when 
the current is steady. Now the self induced E.M.F. is - Ldi/dt , 
where i is the instantaneous value of the current, and the applied 
P.D. therefore has to possess a component equal and opposite to 
this, as well as a component equal to the Ohmic drop iR. Hence, 
when the current is increasing we have 
E — Rv L di/dt 

If we multiply both sides by idt we have an energy equation 


Eidt = Ili ? dt -|- Lidt X 


di 

dt 


Eidt is the total energy supplied to the coil in time dt, Ri 2 dt is the 
energy converted into heat due to the Ohmic resistance of the coil, 
and Lidt X di/dt is the energy required to establish the magnetic 
field whose presence is the cause of the coil’s self-induction. The 
solution of the original equation is 


‘-so- *•■) 

'h 


y 


where / is the final value of the current. 

Example. A constant B.D. of l volt is applied to a coil of resistance 1 ohm 
and inductance 1 henry ; plot the ourve ot current against time. 

The final value of the current is I = E/R = 1 amp., hence, for 
the current at any instant we have 

t= l(l-e 
= 1 - £** 


■*") 


when t = <M sec., i — 1 -7 B ~ -1 = 1<- 2-7183 ,x = -095 

when t = 0-2 seo., i = 1 - e* •* = I - 2-7183 ~ •* = -181, and so on. 
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The curve is as shown in Fig. 23. 

After an interval of time of L/R seconds the current reaches the 
value i = /(I - = 0-6321/. 

This is a definite fraction of /, and the ratio L/R is therefore 
called the “ time-constant ” of the coil. The time-constant can thus 
be defined as the time required for the current to reach 0-6321 of 
its final value. 

From the energy equation wo saw that the energy i m parted to 
the magnetic field in time dt was 

Lidt X dijdt 

ltenoe, when the current has attained its final value /, the energy 
of the field will be 

Li di = i LP 

Now L is the flux per ampere X N x 10 8 , and therefore the 
energy of the field is 

J X current X total flux X iV x 10 8 

Suppose there are two coils A and B, whoso coefficients of self- 
induction are L k and L B respectively, and whose coefficient of 
mutual induction is M. If thoy arc traversed by currents of I A 
and I h respectively, then 
Flux through A # 

==• X io 8 + X I0 8 j 

and therefore the energy of tho 
field due to coil A is 

i / * x (-^ Axl08 + ^- ,1>< 10 “ ) 

X N X 10- 8 ' 

= + W, 

Similarly, the energy of the field 
due to coil B is 

|W + P// A / B 

The total energy is, therefore, • 

IL A IS + MIJ B + ILJ,* 

We have now* to consider the 
applied P.D. is removed. Suppose, for instance, that the coil is 
"suddenly short-circuited and the source of P.D. at the same time 
disconnected. Then, since the current now decreases, its rate of 
change di/dt is negative, and the # E M.F. equation becomes 
0 = Ri + LdilcU 



decay of the current when tho 
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the solution of which is 

TP ^ * R' 1 

i = " Xe “r- = /.g"r 

This shows that the curve dies away exponentially, «as shown in 
Fig. 24. The curves of rise and decay are complementary, for if 
they are drawn with the same origin as in Fig. 24 the sum of the 
ordinates at any instant is equal to the Ohm’s Law value of the 
current 7. 

If both sides of the E.M.F. equation are multiplied by idt , another 
energy equation is obtained, namely, 

0 = Ri 2 di -j- Ia ^ • dt 


This shows that, when 
the current is decaying, 
the^ whole of the energy 
for iho production of heat 
in the winding is drawn 
from the stored energy 
of the magnetic field, and 
eventually, when the cur- 
rent is zero, the field also 
is of zero strength. 

Example. A shunt 
dynamo gives an air gap 
flux which is practically pro- 
portional to the exciting 
current. When this current is 2 amperes, an air gap flux of 2,000,000 lines 
is produced. If there are 1,000 shunt turns of resistance 100 ohms, and 
they are carrying a current of 2 amperes, determine the equation of decay of 
the ourrent if the shunt winding is suddenly short circuited. 

« 

L = Flux per ampere X N X 10* 8 , henrys 

2,000,000 



*F 


X 1,000 X 10* 8 


= 10 henrys .. 
i* = 10b 

Initial current 7 = 2 amperes 

i = I x e £ ‘ 

= 2e~ 101 

7. In the above discussion of th,e effect of self-induction we have 
assumed that the magnetization characteristic of the circuit, namely, 
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the graph of flux against current, is a straight line, or, what amounts 
to the same thing, the permeability of the magnetic circuit is con- 
stant. If the patfy of the lines of flux is through iron, this is no 
longer the case, particularly if the iron is taken up to saturation 
point, the result being that the coefficient of self-induction is no 
longer a constant, but is a function of the current. To determine the 
self-induction it is, therefore, necessary to calculate the flux per 
ampero for a series of values of the current, the flux per ampere 
being given by the gradient to the curve of flux against current. A 
numerical example will make this clear. 

A ring of iron whose magnetic characteristics are given by the 
following figures — 

B 2,500 5,000 7,500 10,000 

[X 1,250 1,200 1,000 800 

has a mean circumference of 300 cm. and cross-section of 100 sq. cm. 
It has a magnetizing coil of 250 turns. Plot a curve of self-induction 
against magnetizing current. 

The four values of H (— Bfoi) are equal to 2, 417, 7*5, and 12*5 
respectively; hence, the ampere-turns per cm. length (= -8 H) are 
equal to 1*6, 3-34, 60, and 10 0 respectively. 

The total AT (= tit x l) are, therefore, 480, 1,002, 1,800, and 3,000 
respectively. Dividing these values of AT by the number of turns 
we obtain the currents, whose values are, therefore, 1-92, 4*01, 7-2, 
and 12 0 respectively# • 

The total fluxes (0 = BA) are 250,000, 500,000, 750,000 and 
1,000,000. The curve of O against I can now be plotted, and is 
given in Fig. 25. Tangents to the curve are drawn at the point 
corresponding to the above values of the current, and their gradients, 
in lines of force per ampere, are 121,800, 91,400, 63,500, and 42,600 
respectively. 

We now apply the general expression for the self-fnduction, and 
the corresponding values are — 

henry 

when 1 = 1-92; L = 1-218 X 10 6 X 2-5 X 10*’x 10 8 = 0-305 

when I = 4 01 ; L = 9 14 x 10 4 X 2-5 x 10 2 X 10*« = 0-229 

when /= 7*2 ;L = 6-35- X 10 4 X 2-5 X 10 2 x 10 8 = 0-159 

when / = 12-0 ; L = 4-26 # X 10 4 X 2-5 X 10 s X 10 ® = 0-107 

If the current in such a circuit varies by a small amount, from, 
Bay, / to (I + <J/), then the self-induced E.M.F. will be calculated 
from the value of L corresponding to the mean current, namely, 
(I + i • £/)• On the other hand, if a current I in such a circuit is 
suddenly switched off, then the mean value of the self-induced E.M.F. 
will be given by the value of L corresponding to the current /. 

The growth of the ourrent in such, a circuit is obviously not of the 
pure exponential form corresponding to a constant value for L. 
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The most convenient method of determining the curve is a step-by 
step method based on the differential equation of the circuit. What 
ever the shape of the magnetization curve, the E.M.F. equation is 

E = Hi + A\ . 10-* 
dt 

If we use small differences, then the equation becomes 

E = Hi + N . . 10 -" 

01 

d</> .]()». dt 

Suppose, in the above example, that R = 1*0 ohm, that E = 20 


1000000 


6000001- — 



0 1 2 3 4 S 6 7 a 9 10 11 12 

Amperes 

Fia. 25 


and let <5/ be taken as -01 of a second; then, siiloe N 

have 


= 4 X 10* (20 - i)dt 
= 4 X 10* (20 - ») 

when t £= 0, » = 0, and <f> — 26<f> == 0 ; 

when i = '01, di = 8 x 10 4 , <f> — £6<j> = 8 x 10 4 , and i 
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as read off from the magnetization curve ; 

when t = -02, 8 <f> = 7-77 X 10 4 , 8 = (8 + 7*77) x 10 4 = 15-77 x 10 4 
and i = l-l; , 

when t = -03, 8<f> = 7-56 X 10 4 ,<£ = (15-77 + 7-56) x 10 4 

= 23-33 X 10 4 

and l = 1-7, and so on. 

In this way the curve of i against t can be determined as far as 
desired, and obviously the accuracy of the determination depends 
solely on the smallness of the intervals 8t . The curve of Fig. 
26 gives the curve of growth of current as so determined up to 
a time of 0-15 sec. after switching on. It will be seen that this curve 
is, up to t =-13 sec., concave upwards instead of concave downwards, 
as in the case of a circuit for which L is constant. The reason for this 



002 004 006 - 008 0-/0 0 /2 0-/4 

Seconds • 

Fig. 26 


is that the value of L is continually falling, as is^ndicated by the 
curve of L against /, and the growth of current curve will only 
assume the normal form when L has become sensibly constant. 

8. Inductance* of a Pair of ‘Parallel Conductors. The lineB of 
force due to either conductor are concenttic circles round the 
conductor and also concentric circles inside the conductor (Fig. 27). 
Consider first of all the flux inside the conductor. The current 

inside a line of force of radius x is / X , and therefore the field 
. r 


strength at a distance x from the centre 


2 X current 


= 2/^ X V 

r* x 


2 lx 
r % ' 


I being in o.g.s. units 


distance 
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Hence, the flux through a cylindrical shell of radial thickness dx 
and axial length 1 cm. is 


2 


lx 

r* 


X l X dx = 


2 Ixdx 


*-r -* 

q£L i 

d * 

iU r 

> 

VI J 

JC » 

1 H 

J 


Fiq. 27 


# But the flux links with only x 2 /r 2 of the conductor, so that the 
linkage of the shell is 

21 xdx f x* __ 21 x*dx ? 
r 2 * r 2 “* r t 

Total linkage inside the conductor 



IJow consider the flux between the two conductors. At any 
distance x the field strength is again 21 /x* and therefore the flux 
through a cylindrical shell of thickness dx and axial length 1 cm. is 
2/ dxjx. Hence, linkage 



Hence, the Ijotal linkage per conductor, reckoning the fluxes inside 
and outside the conductor, is 

('+2/ log .£) 

The total linkage for both conductors is, therefore^ 

• ^7 + 4/loc,^ 

This is expressed in e.g.s. units. If / is in amperes it must be 
divided by 10. Hence, the linkage per ampere is 

This will be the E.M.F. in o.g.B. .units induced in eaoh cm. of the 
loop formed by the two conductors, if the current in the' loop changes 
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at the rate of 1 amp. per sec. Hence, for the inductance per cm. 
of the loop in practical units, we have 

L = ^1 + 4 log* x 10-* henrys per cm. 

= 4 log* - x 10 ® approximately. 

If the log is reduced to the base 10 and the inductance expressed 
in henrys per mile, we have, finally,* 

L = 14-8 X 10 4 log i0 £ 


Examples on Chapter II. 

(1) A conductor 12 in. long rotates about one end at 1,000 r.p.m. in a plane* 
perpendicular to a magnetic field of strength 6,000 lines per sq. cm. Find 
the E.M.F. induced in it. 

Ans . — 2*42 volts. 

(2) Define the coefficient of inductance of a magnetic circuit and show 
that it is proportional to the square of the magnetizing turns and inversely 
to the reluctance. Show how to find, by observation of the curve of rise of 
current when a steady voltage is applied to the inductance, the change of 
reluctance duo to saturation of the iron. (London Univ., 1911.) 

(3) A coil of resistance 10 ohms and inductance 1 henry has a current 
which increases uniformly at the rate of 10,000 amperes per second. Find the 
value of the necessary applied P.D. (a) when the current is 10 ampeips, 
(6) when it is 60 amperes? 

Ans.— (a) 10,100 ; (6) 10,600 volts. 


(4) Plot a curve giving the value at each instant of an electric current 
which varies in the following way — At time o it is 4 amperes. It increases at 
the rate of 10 amperes per second for 2 seconds ; it then remains constant 
for 2 seconds ; it then decreases at the rate of 4 amperes per second for 

2)5 

6 seconds; it then follows the law 12 sin — . t. Plot curyes showing the 

voltage at the terminals of a resistance of 3 ohms and at the terminals of an 
inductance of 4 henrys respectively when this current is passed through them. 
(London Univ., 1921.) 


(6) A certain choke coil has 1,500 turns. When 4 amperdfe are passed through 
it, the total magnetic flux tlireading the coil is 6,000,000 lines. The resistance 
of the coil is 20 otyns. Find an expression for the current in the coil imme- 
diately after it is switched on to a D.C. supply yielding 100 volts. Assume 
that the self induction of the coil is constant during the rise of current. 
(London Univ., 1921.) 

Ans.— 4 -5(1 


(6) Define the unit of inductance. Obtain an expression by which the 
inductance of an anchor ring of D cm. mean diameter and A sq. cm. cross 
• section, wound with n turns of wire may be calculated approximately, if the 
permeability (/*) of the iron is assumed constant. A field magnet coil wound 
with 1,500 turns of wire produces a flux of 2*8 megalines when carrying a 
a ourrent of 2* amperes ; estimate the inductance of the coil in henrys. 
(London Upiv., 1923.) * 

^ An*.—1\ henrys. 
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(7) What methods may be used for limiting the voltage rise of an inductive 

coil when it is disconnected from a D.C. supply ? Estimate the discharge 
resistance necessary to prevent the voltage rise exceeding 300 volts when a 
coil of large inductance having a resistance of 100 ohnfe is disconnected from 
a supply at 200 volts. (London Univ., 1922.) , 

Ana . — 50 ohms. 

(8) Prove, for any simple case, that the mechanical work done by, or on, 
a coil traversed by a steady current I 'duo to a movement from a position in 
which the total magnetic flux through the coil is N v to another position, 
in which the total flux is N v is I(N 1 - N t ). State precisely the units in 
which the different quantities are, measured, and what determines whether 
the work done is positive or negative. 

The coefficient of mutual induction M, in henrys, between two coils, one 
of which is fixed, and the other movable about an axis, is given by M = a +60, 
where a and b are known constants, and 0 is the deflection in degrees measured 
from some zero position of the moving coil. Calculate the torque between 
the two coils for any deflection 0, when the coils are traversed by two currents 
I t and /, amperes. State the unit of torque in which the result is expressed. 
(London Univ., 1915.) 

(9) A transmission line consists of a pair of J in. conductors spaced 8 ft. 
apart. Calculate the inductance of the loop formed by joining the two 
conductors at one end. 

Ana. — 4-25 millihenry a per mile. 



CHAPTER III 

SYSTEMS OF CONDUCTORS 


1. Series and Parallel Connections. If a number of resistances 
lt v R 2 , 7? 3 , etc., are connected in series, then the total resistance is 
given by 

R = R x |- R» + Rj + . * . ohms. 

If an E.M.F. E is applied to the whole circuit, the current is given by 
I E/R. 

and this current flows through each of the resistances. The voltage 
divides itself between the various resistances in such a wav that the 
“drop” along any one section is proportional to the resistance of 
that section. Thus denoting the drops by V Jf F a , F 3 , etc., we have 




If the various resistances are all connected in parallel, then for 
the total resistance we now have 


L - = + - + ■— 4 - . . . 

R R L -R 2 r R^ 

or, denoting the reciprocal of resistance by the conductance G , the 
practical unit being the who, we have 

O == G x + @2 "I - • • - mhos. 

The total current produced by an applied voltage E is now* 


/ = 


E 

It 


- EG 


while the portions of this current carried by the various branches 
are given by 


h 






etc. 


2. Kirchhoffs Laws. Circuits which do not come within the cate- 
gory of simple series or parallel circuits, such as the above, can be 

solved by means of Kirchh off’s Laws. These are as follows — 

• * 

First Law . The algebraic sum of the currents at any junction of 
conductors is aero. In other words, the sum of the currents flowing 
towards a junction is equal to the sum of the currents flowing away 
from the itinction, Thus in Fig. 28 the currents I x and / 8 are flowing 
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towards the junction, while / 2 , Z 4 , and Z 6 are flowing away from 
the junction. From this first law we therefore have for this par- 
ticular junction . • 

A + -*3 — h 4- Z 4 + Z 6 . 

Second Law . In any closed circuit the 
algebraio sum of the potential drops in the 
various* parts of the circuit is equal to 
the eleotro motive force acting round the circuit. To illustrate 
the law three possible cases are illustrated in Fig. 29. 


(a) In Fig. 29 (a) the closed circuit does not contain a battery or 
' other source of E.M.F., and therefore the algebraic sum of the 



Fig. 20 


various drops in volts is equal to zero. Taking a clockwise direction 
round the closed mesh as the positive direction, we therefore have 

Vx-V a -V* -*>« = <>. 

(6) In Fig. 29 (6) one arm contains a cell of E.M.F. E, and this 
E.M.F. tends tj circulate current in the clockwise or positive 
direction 

/. Vi ~ Va - Vs * V« = E 

(c) In Fig. 29 (c) tins cell is reverdbd, so that it tends to circulate 
current in the negative direction round the mesh. Its E.M.F. must 
therefore be reckoned negative, and we have 

Vi-Vs-Vs-Vi---®- 

It is to be noted that in cases ( b ) and (c) the resistance r 4 mqst 
include the internal resistance of the cell. 

As an example of the application of these two laws, tafee the case 
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of the well-known Wheatstone network, as shown in Fig. 30. The 
most important unknown quantity is the galvanometer current x. 
Denote the battery current by y 
and the current in r x by z , then we 
can use the first law to fix the other 
currents, as shown, in terms of three 
unknowns, x , y, and z . To obtain 
three equations we now apply the 
second law to three closed circuits, 
and we will choose EBAC, BAD,. 
and DAC. We then have 

r x z + r 2 (z -x) + r b y == E 
r x z +.r g x-r 3 (y-z) = 0 
r 2 (z - x) + r 4 (z -x-y) r g x = 0 

These reduce to 

-W + r b y + (r 1 + r 2 )z = E 
r 0 x - r 3 y + (r t + r 3 )z = 0 
- ( r z + + r 0 )x - r$ + (r 2 + r 4 )z = 0 


A 



Fig. 30. Wheatstone’s 
Bridge Network 


Solving for x we have, in determinant form 


E r b fa + r t ) 

0 * ~ r z (»i 4 »*) 

0 “ U fa + r 4 ) 

x — 

~r 2 r b (rj + rjj) 

r « - r 3 fa 4- h) 


l~fa + r t + r t ) - r 4 fa + r t ) 


Evaluating the numerator we have 
[E X (- r 3 ) X fa 4 r x ) + r b {r l + r s )x04- fa 4 r t ) X 0 X (- r 4 ) J 
- [0 X (- r 3 ) x fa 4 r 2 ) 4 (- r t ) fa 4 r„)E + fa*+ r 4 ) X 0 X r b ] 
= Efar t - r 2 r 3 ). 

Hence, denoting the denominator by A> have 


* = 0 when r 1 r l = r t r 3 


or 


r » r « 

the well-known condition for a balance. 
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As a numerical example, let E = 2 

volts, r 1 = 

r, = 30, r 4 = 

= 40, r„ = 

50, and r 6 = 1. 


Then we have 


. • 


2 

1 

30. 


0 

-30 

40 

jp == 

. 0 

-40 

60 


- 20 

1 

30 


50 

-30 

40 


-110 

• -40 

60 


Then 

V = [(2 x - 30 X 60) + (1 X 40 X 0) + (30 x 0 x - 40)] 

- [(0 X - 30 X 30) + (- 40 X 40 X 2) + (60 X 0 X 1)] 
A = [(-20 X -30 X 60) + (1 X 40 X - 110) + (30 X 50 X -40)] 
- [(- 110 x - 30 x 30) 4 (-40 x 40 x - 20) 4 (60 X 50 x 1)J 
_V_ - 400 

* ~ A - 162,400 
= -00246 ampere. 


3. Delta-star Transformation. In some cases a network can be 
solved readily by means of what is called a delta-star transforma- 
tion, and it is to be noted that this method is applicable to A.O. 




Fig. 31. Star-delta Conversion 

# 


as well as to D.C. circuits.* Consider the two networks of Fig. 31. 
If these arc identical then the resistance be tween •any pair of lines 
will be the same when the third linens opened. Hence 

when A is open r B 4 r c = 

»i + r, r 3 

when B is open r 0 + r d = 

T 1 + r 2 + r 3 


when C js open r A -j- r B = 
* See p. 250. 


H (r„ 4- *i) 

+ »* + »» • 
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The solution of these equations is 


r A 

*8 


r, r 2 

r \ ‘h ~f~ *3 
r 2 r 3 

I’ *2 + T S 


r i r \ 

r " ~ r~-\- r 2 -j- r 3 

As an example, the pn vious Wheatstone’s Bridge network is given 




in Fig. 32, the right-hand 
figure of which gives the 
equivalent network after the 
delta ABC has been converted 
to the equivalent star. 


30 x 10 

' ^ 30 + 10 > 50 
10 X 50 

* ” 30 + 10 + 50 


== 3*33 
= 5-5g 


r, = 


50 X 30 
30 10 -f 50 


= 16-07 


*Tho network thus furtlier 
simplifies to that of Fig. 
33. The resistance of section ( 
ND is 
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xy 

x 4 - y 


56-67 X 25-56 


= 17-61 ohms. 


56-67 + 25-56 
The total circuit resistance is thus 

1 + 3-33 + 17-61 == 21-94 ohms 
and the current delivered^ by the cell is 
2 


21-94 


= 0-0912 amp. 


Current I A — X 0 09 12 


= 0-0283 amp. 


and 


L s = X 0-0912 = 0-0629 amp. 


56-67 


The P. D. of point B with respect to D — 0-0629 X 20 — 1*258 
The P.D. of point C with respect to D = 0-0283 X 40 1-132 
Thus point B is at a higher potential than C, the difference being 
1-258 - 1*132 = 0 126 volt. 

The galvanometer current is therefore 

= 0-00262 amp 

The difference between the t wo values represents slide-rule errors, 
and shows that when an accurate result is desired it is preferable 
to* use log tables. 


As a second example, take the case of a triangular pyramid, 
A BCD, built up of six wires whose resistances are as follows : 
AB 1 ohm, AC 1 ohm, CB 2 ohms, AD 2 ohms, DC 1 ohm, and 
DB 1 ohm. Calculate its resistance between the points A and J3. 



Fig. 34. Network Illustrating Kirchhoff’s Laws 


The pyramid is shown in Fig. 34, along with the equivalent # 
“ flat” circuit. Imagine that an E.M.F. of 1 volt is applied between 
the points A and B, then, inserting symbols for the currents in the 
various resistances, we obtain the, distribution shown, since it is 
clear that the currents in AD and CB will be equal, and also the 
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currents in AC and DB. The drop of volts is equal to E (i.e. 1 volt) 
along (AD + DB), along (AC + CB), and along AB. The first two 
of these really give the same condition, and therefore to obtain a 
third equation we will equate the total drop in the closed circuit 
ADC to zero. 

2x + y = 1 

t — l 

2x + x-y-y-0 
or 3* - 2y — 0 

The solution of this is 



The total current fed in at A is thus 



~+|+l = l® 


Hence, as one volt is applied between A and B, tho reciprocal of 
the current gives the total resistance, viz. 




As a third example, consider the following. Iwo cells are con- 
nected in parallel and supply a circuit of 1 ohm. Their E.M.F.’s are 
2-05 and 2-16 volts, and their internal resistances 0-05 and 0 04 ohm 
respectively. Calculate the current in each cell. 


The circuit is given in Fig. 35. 
Denoting the two battery currents 
by x and y, Kirehhoff’s first law 
tells that the external current is 
(x -f y). Applying the second law 
to the circuits ABCD and AFCD 
in turn, we have 

0-05x + l(x + y) = 2-05 
0-04 y + K* + y) = 2- 15 
Hence H)5a: + y = 2-Q5 
and x + l'04y = 2*15 



Fio. 3 r >. 


The solution i« 

x = - 0*19 amp, y — 2*26 amp. 



CHAPTER IV 

ELECTROSTATICS 

1. General Principles. It is now known that the atom of any given 
element, instead of being indivisible, is made up of electrons and 
protons, both of which arc entirely different in their nature from 
the atom of which they form *a part. An electron is a particle of 
negative electricity which, when removed from an atom, exhibits 
none of the properties of ordinary matter. All electrons are exactly 
alike, oven if the atoms from which they are derived are different. 

The proton is the opposite of the electron, being a particle of 
positive electricity. The positive charge on the proton is exactly 
equal to the negative charge on the electron, but the mass of the 
proton is so very much greater than that of the electron that to 
all intents and purposes the mass of an atom can be said to be the 
sum of the masses of all the protons in it. The mass of a proton is 
1-63 X 10" 24 gramme. 

The structure of an atom is, according to the Bohr theory, that 
of a solar system in miniature,* the central sun, or nucleus, being 
an aggregation of protons with their positive charges, with, in some 
cases, some electrons with their negative charges. The planets are 
a series of electrons rotating round the protons in a series of orbits. 
The simplest atom is that of hydrogen, which has a single proton 
for its nucleus and a single electron rotating round th$ nucleus. 
The radius of the orbit is of the order of 10,000 times the diameter 
of the electron. In more complex atoms the nucleus may have 
protons and electrons together, with the protons preponderating. 
Thus, in the case of helium, the nucleus has 4 protons and 2 electrons, 
while, as planets, there are 2 electrons. A more complicated case is 
that of the copper atom in which the nucleus has 64 protons and 
36 electrons, while, as planets, there are 29 electrons. 

In the case of all elements the atom is electrically neutral, since 
there are exactly as many electrons as protons. The atomic weight 
is (neglecting the masses of the electrons) equal to the number of 
protons in the atom. TJhe atomic number of an element is the excess 
of protons over electrons in the nucleus, or, what amounts to the 
same thing, the number of planetary electrons. It is this number 
which determines the chemical properties of the atom. So far, the 
greatest known atomic number is 92, that for uranium, and therefore, 
if we assume that there must be an element to each atomic number, • 
there must be at least 92 elements. 

* This is not in accordance with the m6st recent views, but it ia sufficiently 
accurate for the purpose of a mental picture. 
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2. Electrification. Since the aggregate of the positive electricity 
on the protons of any atom is exactly equal to the aggregate of 
negative electricity on the electrons, it follows that any normal 
atom is not electrified from the point of view of having any electrical 
influence external to itself. If some of the outer electrons are 
removed then the atom remains an atom, but its chemical nature 
may be altered, and, what is immediately obvious, the balance of 
positive to negative electricity will be upset. There will, in fact, be 
a surplus of positive electricity, and, if this removal of some of the 
electrons has been common to all the atoms in a body, this body 
will be charged positively, or will have acquired a positive charge. 

If, on the other hand, an electron is added instead of removed 
there will be a preponderance of negative electricily, and if this 
addition has been made to all the atoms of a body this body will 
be charged negatively. 

The process by which an originally neutral atom becomes posi- 
tively charged through the removal of electrons is called ionization, 
and the atom itself is called an ion. 

Summarizing, we can say that positive electrification is the result 
of a deficiency of electrons, while negative electrification is the 
result of an excess of electrons. The total deficiency, or excess, of 
electrons is called the charge, 

3. Coulomb’s Law. It is well known that bodies with like charges 
repel one another, while bodies with unlike charges attract. Tn the 
case of bodies which are so small that their charges can be regarded 
as point charges, the rtagnitude of this force in air (or more strictly 
in vacuo) is given by 


F - 


* 71^2 

d 2 * 


dynes 


where q x and q 2 are the magnitudes of the charges and d is their 
distance apart in cm. The force is positive when the charges repel 
and negative when they attract. From this expression we can define 
the unit charge as that which repels an equal similar charge, separ- 
ated a distance of 1 cm. from it in air, with a fierce of one dyne. 
This is called the electrostatic e.g.s. unit of charge or quantity. 

In a medium ^)ther than air, then, provided that the medium is 
an insulator, i.e. not a conductor of electricity, we have 

F = ~~ 2 2 dynes 

where k is a ratio or factor called the dielectric constant of the medium, 
"or sometimes the specific inductive capacitance . 

4. Electric Fields. The electric field is the space, in the neighbour- 
hood of a charge, where forces of repulsion are exerted on like 
charges. The strength of a field at any point is defined as the foroe 
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in dynes which would act on a unit positive charge placed at that 
point, while the direction of the field is given by the direction of 
this force. 

As with magnetic fields, it is useful to makfe use of the concept 
of lines, or tubes, of force. In the case of an electric field these lines 
emanate from charges, starting at a positive charge, and ending at 
a negative charge. If the charges are situated on isolated conducting 
bodies the lines of force will thus pass from one body to the other, 
in this respect differing from magnetic lines of force, all of which 
form closed circuits. 

The above definitions of field strength is in terms of the force 
on a unit charge. Where the medium is air, field strength is also 



equal to the number of lines of force per unit area of normal cross 
section. From this it follows that the number of lines emanating 
from a charge of q units is 4nq. For imagine a point charge of q 
units at the centre of a sphere of radius 1 cm., Fig. 36, the medium 
being air. A unit positive charge placed at any point on the sphere 
will be repealed with a force of 

p — — q dynes. 

Heijce the field strength anywhere on the sphere is q, and therefore 
there are q lines of force passing through each square centimetre. 
But the area of the sphere is 4 tt, and therefore the total number of 
lines emanating front the charge is 4 jzq. 

5. Flux. The total number of lmes of force is called the flux. 
Thus in the case of an isolated charge of q units, the flux will be 

independently of the nature of the medium. If the charge is situate^ 
in a medium of dielectric constant k , instead of in air, then, at any 
point on the sphere of radius 1 cm., the force on unit charge will be 

g X 1 = Q 
KXl* k 


F 
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If we denote the flux density by D y we have F = — , an expression 
analogous to H = for the magnetic field. 

Hence the number of lines per sq. cm. will be 


D = Fk = —.* = <? 

K 

;.V = ±nq 

6. Electrical Intensity Inside a Charged Hollow Spherical Con- 
ductor. Fig. 37 shows 
a hollow sphere charged 
to a surface density 
cr, the surface density 
being the charge per unit 
area. Consider a cone 
with apex at any point 
P , and cutting off small 
areas and co 2 . The 
charges on the two areas 
are then aa^ and aa) 2 , 
and the field strength 
due to them at the point 
P is 




— r r2 > assuming k = 1 

The projection of area o) x perpendicular to the axis of the conr is 
w l cos fa and therefore if the solid angle of the cone is ds, we have 
when k = 1 


Similarly * 


COj COS T-^ 

ds ~ 1 

r i 2 


But 


= 4>2 

(Oi __ m 2 


showing that the field strength at P, due to the areas cuj and a>|, 
is zero. 



60 


ELECTRICAL TECHNOLOGY 


Similarly we can divide the area of the sphere into a large number 
of pairs of small areas, such as o\ and a) 2 , and, since each pair will 

produce zero field strength 
at P 3 it follows that the 
field strength is zero for 
the whole of the sphere. 
Now P is any point, prov- 
ing that the field strength 
at any point within the 
sphere is zero. 

7. The Field Strength at a Point External to a Charged Sphere. 

Considering an annular zone of angular width d<j>> Fig. 38, the 
charge on this ring is given by 

2na sin 0 X ad(f> X a = 2m 2 a sin <f > . d(f>. 

Hence the component along OP of the force on a unit charge at P 
due to the zone is 



2 na 2 a Bind) .drb n 

r cos Q, agam assuming k =- 1. 

T 6 


Hence total force oil a unit charge at P , i.e. the field strength at P 


F = 2na*of 008 

r 2 = a 2 + c 2 - 2ac cos <f> 
a 2 — r 2 + c 2 - 2rc cos 0 


rdr = ac sin <f> . d(f) 


or sin (f>.d<f> -= 


r . dr 
ac 




ELECTROSTATICS 


61 


But 4 na 2 a is the total charge q while c is the distance of the point 
P from the centre 0. Hence, to a point ex- 
ternal to it, the sphere behaves as though its 
charge were concentrated at the centre. 

8. Gauss’s Theorem. Let a charge q be 
entirely enclosed by a surface of any Bhape 
whatsoever, and let the field strength at 
any point P on the surface be F. Then if 
P is situated within a very small area co, Fig. 

39, the number of lines of force crossing this 

element will be ,, 

Fig. 39 

(5S 7 = Fkco cos <f> 

But F = 

u-r 1 



6W = \ co cos 6 
r 2 T 

Hence total flux crossing the whole surface 

cos (/, 

If the area co subtends a solid angle ds at the'charge, then 

a ” r ' * ( as before) 

= Zqds = qZds 
= 4 7iq. 

Hence the total flux traversing a surface completely surrounding a 
charge of q units is 4 nq. This is Gauss’s Theorem. If there are a 
number of charges inside the surface, then the total flux is 

— 4 n(q x + ft + 3s + - • •)> # 

the summation being an algebraic sum, positive charges being 
reckoned positive, and vice versa. 

9. Coulomb’s Theorem. Consider again the small area a ) in Fig. 
36, and let the surface density be o units per sq. cm. Thus total 
charge on the areft co is oco. Hence, from Gauss’s Theorem the total 
flux radiating from this charge is 4^oco. If the surface under 
consideration is a conducting surface, then we have seen that no 
flux can exist inside and consequently the whole of the flux 4jrcrco 
passes outward normally. Hence flux density at the surface 


4tiocq 

co 


= 4:710 


Hence field strength at a point dlose to the surface = dyneB, 


8— (T.5482) 
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and is in a direction normal to the surface. This is Coulomb’s 
Theorem. 

10. Potential. If a mass is moved from one point to another in 
the gravitational held, work will be done against or by the force of 
gravity according as the vertical distance above the ear£h is increased 
or decreased. Ttis work done is added to, or deducted from, the 
potential energy of the mass. Thus the total potential energy of the 
mass is a function of the position of the mass with respect to the 
earth. The case of the electrostatic field round a charged body is 
analogous to that of the gravitational field round the earth. If a 
small charge is introduced into the field, it will be repelled by, or 
attracted by, the body, and any change of position will necessitate 
that work shall be done against, or by, the force acting as the charge. 
We can thus regard potential in the electrostatic field in exactly 
the same way as we regard potential in the gravitational field. 

In general, the potential at any point in an electric field is defined 
as the work done, in ergs, in moving a unit positive charge from an 
infinite distance to that point. The potential difference between 
two points in the field is the work done, in ergs, in moving a unit 
positive charge from the point of lower. potential to that of higher 
potential. 

If the two points are separated a very small distance ds , then if 
the field strength i3 F, the work done is obviously Fds. Let the 
difference of potential be dV, then 

dV = - Fds 



showing that the field strength at any point is given by the potential 
gradient at that point. In this expression the positive direction of 
s is taken down the gradient. 

11. Equipotential Surfaces. An equipotential surface is a surface 
such that all points on it are at the same potential. For such a 
surface, the potential gradient is obviously zero and therefore the 
field strength F can have no component along the surface. It there- 
fore follows that the lines of force always cross an equipotential 
surface normally. 

12. Electrostatic Capacity, or Capacitance. Consider a system 
composed of two insfalated conductors disposed in such a way that, 
if a charge of electricity is imparted to one of them, all the fines of 
force emanating from this charge will end on the other conductor. 
Then if the charge is + q, there will be an induced charge of - q on 
this other conductor. At any point in the field, the field strength 
will be given by 
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and therefor© the potential difference between the two conductors 
will be given by 




But, from Coulomb’s Law, we know that V is directly proportional 
to q, since V is proportional to F> in fact, for any particular system, 
the ratio of q to V is a constant, depending only on the shape and 
dimensions of the electrostatic field, and the medium the lines of 
force have to traverse. This ratio is called the capacity of the field, 
or the capacitance, and denoting it by G\ we have 


Thus the capacitance can be defined as the charge required to raise 
the potential difference to one unit. 

In order to determine the dimensions of capacitance consider 
again the relationship 


Now all charges are . dimensionally the same irrespective of their 
magnitudes, so that we can put * 

<h ~ $2 — Q 
q 2 == kFcI 2 

[? s ] = M [F] [£*] 

„ Work done 

Now V = 

Charge 

[FJ [L] 


and since C ~ ~ 

iCi = WYUa 

[K] [J’T [Z»] 

” [J] IL] 

= M [L] 

• Neglecting the dimensions of k, since they cannot be expressed 
directly in terms of [£], [M] and [JT], we see that the dimensions 
of capacity is a Jength. Thus a sphere of one cm. radius in air has 
unit capacitance. 
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In c.g.s. units the unit of capacitanco is thus the centimetre, but 
this is too small for practical purposes. More convenient units are 


The farad = 9 X 10 11 electrostatic c.g.s. units. 
The. microfarad = 9 X 10 5 electrostatic c.g.s. units. 


The derivation of the practical from the c.g.s. unit is given on 
p. xii. 

The derivation of the practical unit of potential difference (P.D.), 
the volt, from the electrostat ic c.g.s. unit of potential, is as follows — 


1 electrostatic c.g.s. unit 


1 er g 

1 E.S. unit of quantity 


The volt is the P.D. between two points in an electric circuit in 
which the movement of one coulomb of electricity from one point 
to the other necessitates the expenditure of energy equal to one joule. 

Now 1 coulomb = 3 X 10 9 electrostatic units of quantity 


and 1 joule = 10 7 ergs; or 1 erg = 10“ 7 joule 

1 electrostatic c.g.s. 1 erg 

unit of P.D. i E.g. un it of quantity 


_ 10~ 7 joule 

£ X 10 -B coulomb 
— 300 joules per coulomb 
= 300 volts 

In practical units we have 


C (farads) = 


q (coulombs) 
V (volts) 


13. Examples, (i) Isolated Sphere. Let the radius of the sphere 
bo a cm., and let the charge bo q. Then at any distance x from the 
centre the intensity is g/icx 2 . The work done in moving a unit positive 
charge a distant dx along a hue of force is thus 


q . dx 
kx a 

Work done in bringing a un?t positive charge from infinity 
up to a distance r from the centre, viz. the potential at distance r is 



KT 
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If the unit charge is brought from an infinite distance right up to 
the sphere, then putting r = a, we have for the potential of the 
sphere 

F= *- 

Ka 

But C = ~ 



= Ka 

If k ~ unity then C = a, the radius of the sphere. 

(ii) Concentric Spheres. Let the radius of the inner sphere bo 
a cm., and the inner radius of the outer sphere b cm. ; let the inner 
sphere have a charge of -f q, then there will bo a charge of - q 
induced on the inner surface of the outer sphere. The potential of 

the inner sphere due to its own charge is — , and that throughout 


the space inside the outer sphere - 

Resultant potential of inner sphere 

v _ 1_ JL«,27 6 j 1? 

Ka Kb k \ ab 


„ q ab 

* C == — = K 

V o -- a. 

(iii) Pair of Parallel Plates. Let two parallel plates A and 
B, Fig. 40, be each of area A sq. cm. and separated $ distance d cm. ; 
let B be earthed. If A is charged, the intensity in the space between 
the plates will be uniform except 
for a little fringing of flux at the A +7F j 
boundary. Neglecting this, we see • \ 

that if the density on the inner B 

surface of A is a, that on the inner y I0 40 

surface of B will be - a. Hence 
potential difference between A and B 


V = 


r d 

/ ~ 


. dx 


47tad 
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Bat a = % 

A 

• v - 4 ™aL 

" kA 

. r q — 

• • V ~ 4 jid 


(iv) Coaxial Cylinders. In electrical engineering practice, con- 
ductors are almost invariably wires of circular section, and two 
cases of very great practical importance are thus a wire surrounded 

by a cylindrical metal sheath as 
in the case of a lead-covered cable, 
and the case of parallel wires as 
in an overhead transmission line. 
Take first the case of coaxial 
cylinders. Fig. 41 shows a core of 
radius r cm. surrounded by a lead 
sheath of inner radius R cm., the 
space between them being filled 
with dielectric of constant #c. If 
each centimetre of inner core has 
a charge of q units, we know from 
Gauss’s Theorem that 4 nq lines 
Fig. 41. To Illustrate the of force will emanate from each 
Insulation Resistance of a Cable centimetre of core, and obviously 

from the symmetry of the system 
these lines will be radial. The surface area of a coaxial cylinder of 
radius x and of unit length is 2tzx, so that the intensity at a distance 
x from the centre is 

F - inq __ h 

° * K X 27KB KX 

P.D. between core and sheath 





E.S. units per cm. length 

2 log* ““ 
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or 


C = 


•039 k 


i R 
lo &o - 


- fiF per mile (see p. xiii) 


Now we have seen that the intensity is also equal to the voltago 
gradient, and denoting this by g we therefore have 


9 = 


2 S 

kx 


But 


9 = 


kV 

2\og,j 


a = 


v 


R 


a: log,— 2-3a:log 10 


— volts per cm. 
R 


when V is expressed in volts. 

At the surface of the inner conductor, where x — r, we have the 
maximum potential gradient of 


9 max p 

2-3rlog 10 £ 

As a numerical example, take the case of a cable having a core 
of diameter -927 in. with an impregnated paper insulation of 
thickness -65 in., dielectric constant 3-5, working pressure 66,000 
volts. 


r = *464 in. 


R = -464 + -66 = 1 114 in. 


R = 

r ~~ 

. C = 


1-114 


•464 
•039 X3-5 


2-41, /. log 10 


R 


•382 




382 

= 0-357 per mile 
V2 X 66,000 

“ 2-3 X (-464 X 2-54) X *382 


# =,86,500 volts per cm. 

The factor V2 is introduced into the numerator because the 
voltage will be alternating, and the maximum value is then V2 
times the stated voltage (see p. 208). 
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(v) Parallel Conductors. Fig. 42 shows two parallel con- 
ductors, each of radius r, separated a distance d , and it is assumed 

that d is large com- 
pared with r. If con- 
ductor A* has a charge 
of + q per unit length, 
this will induce on B 
a charge of -q per 
unit length. Hence 
Intensity at any 
point P due to A 



— — towards B . 
x 


2q 


Intensity at P due to B = - in the same direction. 

d-z 

Hence total intensity at P 

2q 


F * = ^ + d , 


= 2? (I + ..L) 

For air, the dielectric constant is unity so that k does not appear 
in the equations. For the P.D. between the wires we have 

/ d-r 

FJx 

d-r 

*(5 + ihh 

d-r 

= 2? ^log, x - log, (d - a:)J 


Jr 

I 


= log. 


d-r 


But 


C . 7 = 

(7 = 


<7 

V 


4 log. 


E.S. units per, cm. length 


. — - - , since r is small. 

4 1og.^ r 
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Converting to practical units we have 
C — — — per mile 

log 10 ^ 

Thus if d = 12 ft. = 144 in., and 2 r =■ 0 77 in. as on the 132 kV 
British Grid lines 


^ _ JM. — 374 
r -385 J 4 


logio ~ r = 2-5729 


C = 


•0194 

2-5729 

755 X 10 -s /(F per mile. 


To determine the voltage gradient it is convenient to regard the 
centre plane as a neutral plane so that if we denote the potential 
of one conductor with respect to this plane by V, we have 

r = ! - 2 q log. d y 

At point P the potential with respect to the neutral plane is 


d 

<i-i) to 


2 q log. 


d-x 


Hence for the voltage gradient we have 

# _ dV '* n d 
9 dx • ® x(d - x) 


2u = 


T 


. d-r 

log, 

r 


g = V’ x 


l 


x(d-p) 


, d-r 
log, — - 


But 



Vofts per inch. 
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The gradient is a maximum at the conductor surface, where 
x — r, and since {d - r) = 2 = d, we have 

= tt i = r 

J x log, 2-arlog 




r log, — 2-3 r log 10 _> 

T T 

Fig. 43 shows the variation of g between two conductors each of 
1 in. diameter, spaced 10 ft. with a steady P.D. of 200,000 volts 
maintained between them. It will be seen that as x increases, g 
decreases exceedingly rapidly at first. 
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In the case of the two parallel conductors, it is of interest to note 
that the lines of force are circles. Due to any one conductor alone, 
the lines of force are straight lines radiating from the conductor, 
and the intensity at any point is then inversely proportional to the 
distance from the wire. Thus at point P, Fig. 44, 



Intensity due to A oc -p-^ directed along PA . 

1 

Intensity due to B oc - tT ^ directed along BP. 

PB 

Represent these by PP 1 and PP 2 respectively, then the total 
intensity at P will be represented by the resultant PR , and this 
means that PR must be a tangent to the line of force passing 
through P . 

PPi 1.1 PB 

N ° W PP a ~ PA ■ PB _ PA 

PJt _ PA 
• • P P X ~ PB 

also PP^R = APB 

So that the triangle PP X R and BP A are similar. Hence the circle 
through the points AP and B must have PR as a tangent line. 

14. Systems of Condensers. If a number of condensers of indi- 
vidual capacitances 0*0*0, are connected in series, then the total 
capacitance is given by 

!_! + ! + ! + . 
o c a c a c a 

The charge on each condenser is the same, so that if V l9 V v V v etc., 
are the P.D.s on the individual condensers, and V the total applied 
P.D., we have 
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q = CV — CjFj = OjF, = C' s F a , etc. 

. pr 

•* 

and F = ~ 

c 

. 


Q- -1 1 F a (7 F, C a 
S imilarly ^ ; y =-- ; etc. 



Fio. 46. P oTENTiAii Gradient in Homogeneous and Composite 
Dielectrics 


This is of great importance in connection with the compound 
dielectrics used in the manufacture of electrical machinery and other 
apparatus. Take, for example, the slot of a high voltage alternator. 
The armature conductors are at a high potential with respect to 
the core, and conductors and core are separated by dielectric, with 
the result that the system constitutes a condenser. If the dielectric 
is homogeneous, then the potential gradient will be uniform, but if 
the dielectric consists of layers of different materials with different 
dielectric constants, then the gradient will no longer be uniform but 
will be different for each material. Fig. 45 shows three such cases, 
the total thickness of insulation being 5 mm. in each case, and the 
total P.D. 15,000 volts. In case (a) the materiaHs homogeneous so 
that g is uniform and equal to 

w IV 

g — = 3,000 volts per mm. 

In caso (6) there are two materials of dielectric constants 8 and 2 f 
but of equal thicknesses. We can regard this system as the equiva- 
lent of two condensers in series, the capacitances being 

k x A 84 
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k 2 A 2 A 

c < -to* “5^:25 


Hence total capacitance 


r _ PA _ I? 

° “ C\ <7, “ 10 


•• ' • - §-, r - k * I x 16 000 


= 3,000 volts 
3,000 f 


= 1,200 volts per mm. 


r . “ S, r - TS * t x “• 00 ° 

=5 12,000 volts 
12.000 

g 2 = — * r - -- 4,800 volts per mm. 

Z'O 

This shows that the g-adient across the material of low dielectric 
constant is greater than that across the material with the high 
constant. 

Now take the more likely case of Fig. (c). Then 

C 1 = *> A . •= ---- - = 17-8/fe, 

47rd, 4 n X *4o 


_ k 2 ^ _ 40 £ 

3 4^d 2 471 X -05 

p __ ^1^2 __ x ^ 0 & _ io . qz . 

6 -cr+ci - ~7— - 123 *- 


V — — -F = - v 

1 c/ 17*8 . 


X 15.000 = 10,400 volts 


n 1 9.0 

F a - ~F = J X 15,000 = 4,600 volts. 


10,400 0 oon u 

g x = g— = 2,320 volts per mm 

g t = — — = 9,200 volts per mm. 
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The expression for the capacitance of a parallel plate condenser 
with compound dielectric follows immediately from the above. Let 



the distance between the plates be d cm., and let there be t om. of 
dielectrics of constant k x and {d - 1) cm. of dielectric of constant 
K r Regarding each of these as forming separate condensers we have 




k x A 
4 Ttt 

k^A 


4 n(d - 1) 

Hence, since C x and C 2 are in series, we have 

r 

, ~ Ci + c a 


A_ 

4n 


* i 

r 


d-t 


Kl _Kt_ 

t d-t 




4 n {#cj (dr- 1) + Kjt 

A 


An 


— + -( 

k 2 k x ) 


Another practical example involving two condensers in series is 
an insulated cable with compound dielectric. 
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Let r x = radius of core 

r a = radius of inner dielectric of constant k x 
r a = radius of outer dielectric of constant /c a . 

Then regarding each dielectric as a separate condenser we have, 
Fig. 46, 


Ct 


•039 Kt u, .| 

- — 1 uF per mile 

logxo - a 

•039 k 2 i 

^ uF per mile 

log,, p 

r f 


• • v x - C' t ' 


'°gio - S 
T 2 

«,l°gior 


As a numerical example, let r x — 3 mm., r, — G mm., r, = 10 mm., 
w, = 7, *e s = 6. 

log,, ^ = 7 log w = 1-653 


** log„ ? = 5 log 10 | = 1-605 


K, 1-653 
•* V x ~ 1-505 

V 2-03 


-= 1-03 



Thus suppose V is 10,000 volts, then 


and 


JO, 000 
203 


= 4,870 volts 

t 


F a = 10,000 - 4,870 = 6,130 volts. 


15. Condensers in Parallel. If a number of condensers are con- 
nected in parallel, then for the total capacitance we have 

C = Ci + C 2 + C 9 + . . . 

Each condenser is subjected to tlfe whole of the applied P.D. 
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16. Energy Stored in an Electric Field. Since the lines of force 
of an electric field start on one conductor and end on' another, it 
will be realized that any electrostatic field is associated with a 
condenser. Now the shapes of the lines of force depend on the shape, 
size, and relative positions of the conductors and therefore on the 
capacitance of the condenser formed by them. Consider for sim- 
plicity a parallel plate condenser. The two plates attract one 
another with a certain force F , and if their separation is increased 
by a small amount dx , work equal to Fdx will be expended. As 
there is no possibility of heat production, the whole of this work 
will be stored in the extended electric field in the form of potential 
energy. Thus the electric field is the seat of potential energy, just 
as a magnetic field is a seat of potential energy. 

Let the P.D. between the plates be v, then v is the work done in 
taking a unit positive charge along one of the lines of force against 
the potential gradient. Hence, if the charge on the condenser is 
increased by a small amount dq , the work done must be vdq. Now 
the P.D. v is associated with a charge q according to the law 

q — Cv 
dq = Cdv 

Work done by increasing the charge by dq 
vdq = Cv .dv 

Hence work done in increasing the P.D. from zero to V 



= \CV\ 

If C-and V are expressed in electrostatic units, then the work 
done will be in ergs. If G and V are in practical units — viz. C in 
farads and Y in volts — then the work done will be in joules. Thus 
the stored energy in the electric field is \CV 2 joules. Compare this 
with the expression \LP for the stored energy in a magnetic field. 

Example. A condenser of capacitance 3 microfarads is charged to a P.D. of 
10,000 volts. Calculate the stored energy in ergs, ft.-lb., joules, and watt* 
hours. 

• F- 10,000 

= 33-3 E.S. o.g.s. units 
C — 3 X 10~* farads > 

= 3x 10“* x 9 x 10 u E.S. o.g.s. units ( 
= 27 x 10 s E.S; c.g.s units. 

/. Ergs = ix (27 X 10°) X (33-3)* 

= 1-6 X 10* 


0 ) 




17 . Charge and Discharge o! a Condenser. Let a circuit be made 
up of a battery of E.M.F. E , a resistance R ohms, a condenser of 
capacitance C farads, and a switch S, as shown in Fig. 47. At the 
instant 8 is closed the P.D. across the condenser w ill be zero, but 
this P.D. will gradually increase until 
eventually it is equal to E . While the 
P.D. is increasing, the charge q on the 
condenser plates will be increasing, and 
the whole of this quantity w ill be derived 
from the battery. This means that 
while the P.D. is changing, the battery 
will be delivering current. This current, 
however, will tfot flow across the di- 
electric, but the quantity of ^ectricity • p I0 . 47 
delivered by it will be stored by the 

condenser. Such a current is called a displacement current, to 
distinguish it from a current in the ordinary sense which flows right 
round a circuit. 

Let v ='P.D. across condenser terminals at any 

instant 

The displacement current at any instant is given by 
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dq __ 
dt ~ dt 


(Cv) 


But we also have 


Cdv 

~dt 


drop in volt along R 
R 


E - v' 
R 


E - v ^ dv 

~7T" “ di 


or v = E-CR 

at 

The solution of this is 

j 

/. ? = £( 7(1 - 

the condenser thus acquiring a P.D. equal to £ in infinite time. 

Now let the terminals of the charged condenser be joined by a wire 
of resistance R> then the initial conditions are now v = £ and 
» = 0. The current i will now decrease instead of increasing, so 
that we have 

dq dv 

Also the drop in volts along the resistance R is now equal to the 
condenser P.D., sp that 

v. 

R 


or 


.11 c dv 

— «s 


The solution of this is 


v = E e‘ CR 
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since the value of v when t — 0 is E. 

i 

q = CEe ~ i:It 

Suppose we wish to find the time taken for the condenser P.D. to 
drop from the initial value E to some lower value V, then at this 
P.D. we have 

j_ 

q = CV = CEe "•'« 



/. t = CR log E 


18. Oscillatory Charge and Discharge of a Condenser. If a circuit 
contains resistance and capacitance in series,* then rise of current 
during charging of the condenser, and the decay of current during 
discharging, are both exponential in character. There are no 
current oscillations of any kind. Now consider a circuit having 
resistance, inductance, and capacitance in series. At any instant 
the quantity of electricity stored in the condenser is given by 





.dt. 


The P.D. across the condenser terminals is equal to # 



Hence, if at any instant the E.M.F. impressed oh the circuit is e, 
we have 


m + L 7i + bf i ' dl ~‘ 

Put € = E max sin cot , and differentiate with respect to t. 

+d = 008 

The solution of this is 


R 

SI • 


i = A sin(co/ - a) + Bs sin (a/t - 0) 


Then 
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where 


«/= I A. -it 

\ LC 4L 2 

and B, a, and /?, arc constants. 

The first term of the expression for i represents a forced oscilla- 
tion which obeys the laws wlkch will bo considered in detail in 
Chapter XIV. The second term represents a free oscillation, some- 
times called a “transient,” of frequency 


~ / 1 _ 
27 r 2 tt V Z(? ^ 


This oscillation has a damping term e J showing that its 
amplitude dies away exponentially as shown in Fig 48. The 
term R/2L is called the “attenuation constant.” It will be seen 
that the resistance it has some* influence on the frequency of the 

free oscillation, but if R\/4L 2 is 

. . . small compared with \/LC as. for 

/\ /\ /\ example, in the oscillatory circuits 

I \ \ I \ l_ of wireless apparatus, then the 

y 1 y J y j rfm * frequency of the free oscillation 

\J Vy V/ becomes 


Forced. 


f'^-L /_L 

2tt V LC 


Fig! 48 

Illustrating Free and 
Forced Oscillations 


Now suppose that the circuit, in- 
stead of having an external E.M.F. 
impressed on it, is allowed to dis- 
charge itself after the condenser 
has previously been charged up. 
The E.M.F. equation then becomes 


R™ + L — + 1= 0 
dt dt 2 T C 

or— + — ~ + -i- = 0 ' 


To solve this, put » — e^ 1 y 

■■■ rrt& +n % + *y 

i t-i 
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* 

LC 


Jl_ 

LC' 


ye*‘ 



R 

Now put X = - - 9 -|- so that i = ye 


E_ 

u 1. ' 


" A 2 ^ \LC 41?) y 
There are three cases — 


(a) Let _L>— • PutfJL- 
LC 4 1? \LC 

, dhj „ n 

■■ af +«'■»-» 


0 



or 


y = A cos o>2 + 5 sin a>* 

7j 

i = (A cos co* + B sin cot)e 11 
= ae “ (cos coJ + V 7 ) 

where a and (p are constants. This represents a simple harmonic 

oscillation whose amplitude cue 11 continually diminishes as t 
increases, as shown in Fig. 49. The period 





_FC)l 

nr 5 


If the resistance Merc zero, the period 
would be 2ttVLC, showing that the 
presence of resistance lengthens the period 
in the ratio 



RHJ \\ 

al) 


F io. 49 

Discharge Current or 
a Condenser 


If R is small, then tf 2 <7/4£ can bo neglected as a small quantity of 
* the second order, and the change in period is then negligible. 

To find the points of maximum amplitude, we have 


di 

it 


= 0 
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This equation has the form 


C cos cot + D sin o)t = 0 


tan col = - 


C 

D 


Tho solution of this is* an arithmetic progression whose common 
difference is vr. Tho corresponding increments of time are there- 
fore tt/o), and the ratio of consecutive amplitudes in positive and 
negative directions is 

A ZL 

5 IL‘ (U 

e 

The log of this, namely, 


7 tR , 

2a log,,£ ' 


is oalled the logarithmic decrement . 


(6) Let-L 



v . IP 1 - 

Put _ = m* 

4 L* LG 

■■■ » 


y = Ae mt -1- Be mt 
and i = Ae V 2i / + Be V 2£ > 


Since R/2L > m , both terms diminish asymptotically to zero, and 
the current isf aperiodic instead of oscillatory. 


(c) Let 
Then 


_L_ 

LO ~~ 4L a 

t = + B)e 2L 


The current in this case approaches zero asymptotically, and there 
is at the most one passage through the zero position. , 

19. Dielectrics. An insulator is a material whioh has a very high 
specific resistance in comparison with a good conductor of electricity 
such as copper or aluminium. For this reason conductors which 
have to be maintained at a high potential with respect to earth are 
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either entirely sheathed in insulating material or are supported by 
insulators. Even so, there is always a certain amount of leakage 
to earth, although the leakage current which passes through the 
insulating material is exceedingly small in comparison with the 
useful current carried by the conductor. Thus the specific resistance 
of india-rubber is of the order of 2 x 10 14 to 10 15 ohms per cm. cube, 
as compared with about 1*7 microhms per era. cube for coppor. 

The insulation resistance is the resistance to true leakage current 
(i.e. not including surface leakage). In the case of insulated cables, 
the useful current flows axially along the core whereas the leakage 
current flows radially from the core to the sheath. It therefore 
follows that the insulation resistance of a cable is inversely pro- 
portional to its length, whereas the conductor resistance is directly 
proportional to the length. 

Consider unit length of single core 
cable of core radius r and insu- 
lation radius R , as in Fig. 50. An 
annular ring of radius x will have a 
surface area of 2nx X 1 = 2nx sq. 
cm., and since the flow of leakage 
current is radial as shown, such a ring 
of thickness dx will offer to the leak- 
age current a path of length dx and 
area 2nx. 



Hence, for the resistance of the ring, we have 


dR = 


pdx 

2nx 


Hence insulation resistance per cm. length of cable 




Hence, for a length Zcm. of cable, we have for the insulation 
resistance 


p 2-3p . R 


Example , r = 1-3 cm., i? = 4 cm!, p — 8 X 10 14 ohms per cm. cube, 
= 8 x 10* megohms per cm. cube. Find the insulation resistance per mile 
of oable. * 
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logic f = log — = -488 

l = 5280 x 12 X 2-54 
= 16-2 x 10 4 cm. 

2*3 X 8 X 10 8 X *488 
" K ~ 2 n X 16-2 x~10 4 

= 883 megohms per mile, or, more correctly, 
883 megohm miles. 

The following are the important electrical properties of insulating 
materials — 

(i) Specific resistance : this has already been considered above. 

(ii) Dielectric strength or breakdown strength. 

(iii) Dielectric loss when subjected to alternating electric stresses. 

(iv) Dielectric constant, or specific inductive capacity. 

Certain mechanical properties are also essential depending on the 
use to which the material is put. Thus for the insulating materials 
used in the manufacture of electrical machinery, the following are 
essential — 

(v) Sufficient mechanical strength to withstand vibration, and 
the bending and abrasion experienced during the manufacture of 
the machine. 

(vi) Good heat conductivity. 

(vii) Ability to withstand the maximum temperature attained, 
without change in physical properties or in chemical composition.* 

The breakdown strength naturally depends upon the thickness 
of the material but it is not, as might be expected, proportional to 
the thickness. Thus if the breakdown strength of a certain sample 
is given as x kilovolts per mm, this value x refers to a definite thick- 
ness of sample. The breakdown strength is also dependent on the 
shape of the electrodes to which the voltage is applied, the frequency 
and wave form of the voltage (when alternating), the time of 
application, and on the time taken to bring up the voltage from 
zero to the breakdown value, also* on temperature and moisture 
content of test piece. It will therefore be seen that figures of 
breakdown value mean very little unless the test conditions are very 
completely specified. t 

Provided that the test conditions are identical and only tha 

* Insulating materials are discussed very fully in Electrical Insulating 
Materials , by MonkhouBe. v 

t The standard test conditions can be found in the appendix to Monk- 
house’s book, and in Electrical Engineers' Data Book , Vol. ii. 
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thickness of the material is varied, the relationship between break- 
down voltage V and thickness t is given approximately by Baur’s 
Law, viz. 

2 

V = at* 

where a is a constant depending on the material and also on the 
thickness t . 

The reason for the decrease in the electrio strength with increase 
in thickness is probably due to the fact that a thick material cannot 
get rid of internally produced heat* as well as a thin material, a 
smaller applied voltage per unit thickness therefore being required 
to produce a given maximum temperature. This is in agreement 
with the thermal theory of breakdown given by Professor Miles 
Walker.* According to this theory the action of a solid dielectric 
is governed by the fact that all such dielectrics have a very marked 
temperature coefficient of electric conductivity, or, what amounts 
to the same thing, a decrease in resistance with increase in temper- 
ature. When a dielectric is stressed by the application of an alter- 
nating potential some losses are produced, as explained later, and 
these losses result in the production of heat. Consequently the 
resistance decreases, causing an increase in current and therefore 
an increase in heat production, and this in turn produces a still 
further reduction in resistance. The process is thus cumulative and 
either (a) a stable condition will be reached if the applied voltage 
is not sufficient to break down the material, or (b) the temperature 
will increase until the material changes its chemical composition, 
and then breaks down. 

Dielectric loss when the material is subjected to alternating 
voltage is of little importance so long as the voltage is low, but it 
becomes of very considerable importance in high tension 
work. For example, insulated cables are now madq for working 
voltages of 100,000 and more, and the dielectrio loss is a limiting 
factor in their design. Imagine a condenser charged by the applica- 
tion of a steady voltage, then there is an initial rush of current 
which follows the exponential law previously given, but, after this, 
instead of falling to zero the current persists at a low value for an 
appreciable timd. The current has been described as “ soaking in” 
the dielectric. Similarly, whep the condenser is discharged, there 
is an initial rush of current, and the P.D. very quickly falls to zero. 
If, however, the discharging connection is removed and the con- 
denser left for some time, it will be found that a charge has been 
acquired, and this charge in turn can be removed by the process of 
• discharging. With some dielectrics this can be repeated several 
times. The first of these phenomena is called absorption, and all 
dielectrics are absorptive to a certain degree. The charge recovered 

* Journ. I.E.E . , Vol. xlix, p. 71. 
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or retained after an initial discharge is called the residual charge . 
These phenomena are explained by the assumption that there is a 
viscous movement of the molecules of a dielectric when the material 
is stressed electrically, and that internal forces have to be overcome 
before the molecules can align themselves correctly. This is analog- 
ous to the Weber theory of magnetization. In charging the con- 
denser, there is molecular movement which is rapid at first and 
corresponds to the initial charging current, the movement thereafter 
being much slower. It is clear that with such a molecular mechan- 
ism, work will have to be done and therefore power expended when 
the process of charging and discharging is repeated in rapid cycles. 
This power is the dielectric loss, and the energy conveyed is con- 
verted into heat, which raises the temperature of the dielectric. 
Compare this with the hysteresis loss in magnetic materials subjected 
to rapid cycles of magnetization. 

It is not possible to give a full discussion of the properties of the 
many dielectrics used in electrical engineering practice, but the 
table (on p. 76) giving particulars of the more usual materials will 
be of value.* 

For more complete information on the properties of dielectrics and their 
applications to eloctrical. plant and apparatus, see Insulation of Electrical 
Apparatus, by D. F. Miner. 

• This is based largely on a table given by Miles Walker in Specification and 
Design of Electrical Machinery . 



CHAPTER V 

CONSTRUCTION OF DIRECT CURRENT MACHINES 

l. Essential Features. In order to set up a dynamically induced 
E.M.F. three things are required, namely, a magnetic field, a 
conductor, and motion of the conductor in the field. In dynamo- 
electric machinery the magnetic field is produced by the “ field- 
magnet,” the conductors in which the E.M.F. is induced are placed 
on the “ armature,” and the necessary motion is obtained by the 
rotation of the armature within the field magnet. We shall see that 
the E.M.F. induced is an alternating E.M.F., that is, alternately 
positive and negative. To obtain a direct or continuous E.M.F. 
this alternating E.M.F. is rectified by means of a “ commutator ” 
which rotates with the armature. 

2. The Field Magnet. Practically all modern direct current 
machines have a field magnot consisting of a circular yoke with 

inwardly projecting poles, 
the polarity of which is 
alternately N. and S. A 
typical four-pole frame is 
shown in Fig. 51. The 
dotted lines indicate the 
paths of the main magnetic 
fluxes and the full lines the 
leakage paths. It will be 
seen that the flux per pole 
divides at the yoke, so that 
the cross section of the yoke 
carries only half the flux 
per pole. Similarly the 
cross section of the arma- 
ture -core carries half the 
flux which enters the arma- 
ture from Jhe air gap. 

The yoke of a large machine is almost invariably made of cast 
steel, because this material has roughly twice the permeability of 
cast iron. Only half the weight of cast steel need therefore be 
used, an important consideration in large machines. The poles 
may be cast steel, cast integral with the yoke,* wrought iron, or 
built up of sheet, i.e. laminated. Typical methods of fastening 
the poles to the yoke lire shown in Fig. 52. 

In the case of small machines, cast iron is often used for both 
yoke and poles, because here th& main consideration is cheapness, 
both from the point of view of the materials used and also the 



Fluxes in a Typical Field Magnet 
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amount of machining required by individual parts. Cast iron 
poles obviously require much less machining than, say, wrought 
iron poles. The extra weight due to the use of cast iron for small 
machines is not so important as with large machines. 

The calculation of the ampere-turns per pole for a given magnetic 
circuit is made as follows. The mean path of the flux (see Fig. 60) 



Magnet Core and Magnet Core Magnet Core 

Yoke cast solid . bolted to Yoke . laminated and 

Separate pole shoe . Fl0 R2 bolted to Yoke. 


is divided up between the various parts of the circuit. The ampere- 
turns per pole have to overcome the reluctance of half the mean 


circuit, i.e. the path A to F, Fig. 53 

Let l y = mean magnetic length of yoke = AB 
l 9 = length of pole = BO 

lg = length of air gap =• CD 

l t = length of a tooth = DFj 

l e =~ mean length in core = EF 


Let corresponding suffixes refer to the areas a y , a v , etc* 

In the caso ^pf the air gap 
an approximation can be 
made by talcing for a g the 
mean of the pole face area 
and the area of the tops of 
all the flux- carrying teeth 
per pole. If the teeth are 
not saturated it is suffleient 
to take the mean area at the 
middle, but if * they are 
saturated, the areas at the 
Cop, middle, and root are 
calculated. Let these be a s f , 

, a <, and 8 fl |. The required usejful flux per pole is known ; let 
this be 0, then the total flux per pole is AO where A is the leakage 
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factor. X can be estimated with sufficient accuracy from previous 
designs, its average value for an orthodox design being 1*2. 

The complete calculation can be set out in tabular form as 
below — 


Part. 

Flux. 

Area. 

Flux 

Density; • 

Ampere-turns per 
cm. Length. 

* Total 
Ampere-turns. 

Yoke . 

AO/2 

a v 

AO/2 a v 

at y 

at v x l v 

Pole . 

AO 



at 

a *v 

«*. y '» 

Air Gap 

O 


>, 

at 0 = 0-SB g 

x '» 


[Top 


l a t 

O/jO, 

l ’ 



| Middle . 

O 

t a t 

O l t a t 

% at t 


Teeth ■ 

I Root • 


* a t 

$>/,», 

i'at| 



[ Mean 










- 

6 * 

«‘m y 

Core . 

0/2 

a e 

0/2 a fl 

a *c 

al e x t € 


The ampere-turns per cm. length in column 5 are of course read 
off from magnetization curves. 

3. The Armature! The armature consists of the core and the 
winding. The core obviously has to be magnetic in order to 
provide a path of low reluctance to the lines of force, and since 
iron is a good conductor of electricity, the rotation of a solid core 
in a strong magnetic field would result in very heavy eddy currents 
(or Foucault currents) being set up. These eddy currents would 
necessitate such a heavy expenditure of energy, and would cause 
such a large amount of heat to be produced, that it is imperative 
to eliminate them as far as possible. Since iron is a conductor 
it is impossible entirely to eliminate the production of these currents, 
but they can be kept down to reasonable proportions by . building 
up the core of thin sheets lightly, insulated from 6ne another by 
varnish, thin paper, or even the oxide coating they acquire when 
they are “ pickled.’* These sheets or discs are about 4 J (V in. thick. 
Up to about 3 ft. diameter they can be cut ^ut in complete rings, 
but for large armatures it is necessary to cut them out in segments. 
There are thus two typical constructions for a direct current arma- 
ture according as the discs are in one piece or in segments. Fig. 54 
shows the construction of et fairly small armature, about 100 kW 
capacity. The core discs are mounted on a cast iron hub A , which 
is keyed to the shaft, and they are compressed between two end 
flanges F x and F x by means of long bolts. These end flanges also 
serve as coil supports. Because of the Various losses which take 
place in the armature, heat is produced, which must be got rid of 
if the armature is to keep cool; This necessitates ventilation, 
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which is effected by separating the core discs into “ packets ” by 
interposing a number of special spacing discs H, two in the figure. 
These form ventilating ducts, which communicate with the external 
air by means of holes D in the hub, and the fanning action of the 
rotating armature draws air through these ducts, thus producing 



efficient ventilation. In the case of large machines the hub takes 
the form of a “ spider,” that is, a flywheel without rim, and the 
segments of the core discs are dovetailed to this, as shown in Fig. 55. 



The segments in Any one layer butt one- against another, but the 
joints in adjacent layers are staggered. 

' The core discs before being assembled have parallel sided slots 
notched out from their peripheries, and therefore in the completed 
core a series of axial slots is formed in which the armature winding 
is housed. 



82 


ELECTRICAL TECHNOLOGY 


4. The Commutator and Brush-Gear. The commutator, the 
function of which is to rectify the alternating voltage induced in 
the armature conductors, is a cylindrical structure built up of 
segments of high -conductivity, hard-drawn copper, insulated from 

one another by mica. Fig. 50 
shows the construction for a 
medium sized machine. The hub, 
A , of the commutator is mounted 
on an extension of the armature 
hub, a mechanically sound 
arrangement. The hub is pro- 
vided at one end with a flange, 
and between this flange and 
a clamping ring, C , the coni- 
ng 5(} mutator segments are mounted 

Commutator Const-ruction ™ shown - Th ° se g“ onta have 

V-grooves so that they camiot 

fly out under the action of centri- 
fugal force, and the insulation in these grooves is in the form of 
conical micanite rings. 

The brushes, which are almost invariably of some form of carbon, 
are housed in brush holders. There are several forms of holder, 




tho box type probably 
being the best. Fig. 
57 si lows a typical 
holder of this type. 
The holder, A , is 
mounted oil a spindle, 
which passes through 
B , and the brush, G, 
can slide in a rect- 
angular slot. It is 
pressed on the com- 
mutator by a spring, 
C y whose tension can 
be ad j usted by placing 
the small lever, E , 
in dne of the notches 


Fio. 67 


shown dotted. At 


Box Type Brush Holder the top of the bruflh 


a flexible copper 

“ pig-tail ” is mounted, and this conveys the cifrrent collected by 
the brush to the holder. 


5. Armature Windings. All modem windings are what are 
called lap or wave winding, or modifications of these. The differ- 
ences in the two types are illustrated in Fig. 58, and it will be seen 
that these differences consist merely in the arrangement of the 
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end connections at the front of the armature . The various 4 1 pitches ’ ’ 
are also shown in this figure. Tho length of the end connection 
at the back, measured in terms of armature conductors, is called 
the back pitch y B ; the length of the front connection is the front 
pitch y r The two conductors which join two commutator bars, 
which are consecutive in the scheme of the winding, constitute 
a winding element, and the distance between the first and last 
conductors in an element is called the resultant pitch y. Hence, 

y = y B - y r for a lap winding 
y = y B + y r for a wave winding 

The winding element may be regarded as the “ repeat ” of which 
the whole winding is composed, and it is obvious that all the 
conductors must be in- 
cluded. A reference to 
the figure shows that the 
end connections of con- 
secutive conductors point 
alternately to right and 
left, and from this it 
follows that tho partial 
pitches y B and y v must be 
odd numbers, and therefore 
y is an even number. In a 
simple lap winding y . 
reckoned in conductors, is 
2. We also see from the 
directions of the arrows, 
which, in Fig. 55, represent 
the directions of the 
KM.F.s in the various conductors, that since the poles are 
alternately N. and S., the partial pitches y B and must be 
approximately equal to the pole pitch measured in armature 
conductors. 

6. Example of a Simple Lap Winding. 

Let No. of poles, 2p =4 
No. of Sonductors, N = 24 
/. pole pitch •= 24/4 = 6 

Now the partial pitches must both be about the same as the pole 
pitch, but they nlust bo odd numbers. Again, their difference 
must be equal to 2. Suitable values are, therefore, 

y» = 7 ; y r = 5 - 

The complete winding shown in the form of a developed view is 
given in Fig. 59. The connections to the commutator bars are 

4— (T.5482) 
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also shown, and it will be seen that there are half as many bars as 
conductors. 

It is now necessary to find the brush positions, and this requires 
that the directions of the E.M.F.s should be inserted. As diagrams 
of armature windings are liable to be somewhat confusing, it is a 
good plan to draw the equivalent ring or spiral winding. The 
ring winding, now obsolete, consists simply of a solenoid wound 
on an annular ring, with equidistant tappings taken to the com- 
mutator bars. As there are no cross-overs of the end connections 
it is, very easy to understand. The equivalent ring is shown in 



Simple Lap Winding 

the bottom half of figure, and the directions of the E.M.F.s are 
obtained by reference to the actual diagram. Thus, if the E.M.F.s 
in the conductors under the N. poles are assumed to be, say, 
downwards, then those in the conductors under the S. poles will 
be upwards. There will, of course, be some conductors in the 
inter-polar gaps, but if there is any doubt as to the direction of the 
E.M.F. in any particular conductor it need not be inserted. Tracing 
the general trend of the E.M.F.s through the equivalent ring, we 
find that there are two meeting points of tw6 E.M.F.S and two 
separating points of two E.M.F.s. * These are obviously the positions 
at which the + and - brushes respectively should be placed. It 
may happen that, according to the position of the poles relative 
to the winding, some of the brush positions mhy apparently come 
at the back of the armature. The brush, in such a case, must 
obviously be placed opposite to this position, but at the 
front. 

The brushes of the same pojarity are connected together, and 
therefore the armature winding is divided into lour paths in paralle). 
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In general, the number of parallel paths through a lap winding is 
equal to the number of poles ; the terminal E.M.F. is equal to the 
E.M.F. induced in one parallel path ; the current delivered to the 
externa] circuit is equal to the current in each armature conductor 
multiplied by the number of parallel paths. 

7. Example of a Simple Wave Winding. Sometimes called a 
series winding. In the simple lap winding all the conductors can 
be included in the winding if the number of conductors N is an 
even number. Any even number of conductors will not necessarily 
do for a wave winding, for when a number of winding elements 
equal to the number of pairs of poles has been passed through, 
the winding returns practically to the starting point, namely, two 
conductors in front of, or behind, the starting point. Hence, 
the product of the resultant pitch and the number of pairs of poles 
must be two greater or less than the number of conductors. 

y X p = N ± 2 

tf ±2 

y 

v 


Mean pitch, i.e. - B - ^ = |- 


N± 2 
2 V 


As an example, take again 2p = 4 and let N be in the neighbourhood 
of 24 as before. We see that N = 24 will not do, because the 
quotient of (24±2) divided by 4 is not a whole number. N = 26 
will do, and we then have 6£ for the pole pitch. Suitable values 
for the partial pitches are therefore 


y __ 26±2 __ 

2 ~ 4 ” D 


Hence, y B — y v = 7, if we take y = 14. 

If we take y = 12, then one of the partial pitches must be equal to 7 
and the other to 5, and in such a case it is usual to make y B the 
smaller, because the value of y B fixes the width of the armature 
coils, and therefore the amount of copper used in the coil ends when 
multi-turn coils are used. The values y B = 5 and y f = 7 are used 
in the winding shpwn in Fig. 60. It is assumed that the winding 
is in front of the poles and that it is moving from left to right, the 
induced E.M.F.s being therefore downwards in front of the N. 
poles and upwards in front of the S. poles. The equivalent ring 
winding is now dr^wn, and it will be noticed that the conductors 
in this winding are numbered, not consecutively, but in the order 
ifi which they are connected together in the scheme of the winding. 
On inserting the directions of the E.M.F.s as obtained from the 
actual winding, we see that the winding divides itself electrically 
into two halves , namely , the portion of the winding lying between 
points P and Q on the equivalent diagram, and that lying between 


i 
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points R and P . In the first part, the E.M.F.s induced in the 
various conductors act in series with a general trend from left to 
right, while in the second part the general trend is from right to left. 
Hence, there can only bo two parallel paths through the winding, 
and therefore only two brush sets are required, one jfositive, the 
other negative. The brush positions are found as follows. The 
point P is the separating point of the E.M.F.s in the two halves of 
the winding, and it therefore corresponds to the position of the 
negative brush. But it is at the back of the winding and not at 
the commutator end. We thus have two alternative positions for 




Fig. 00 

Simple Wave Winding 


the negative brush, namely, points S and T on the equivalent 
winding, which correspond to the points on the actual winding 
from which tappings are taken to the commutator segments L 
and E respectively. For the placing of the positive brush, we see 
from the diagram that there are two meeting points of E.M.F.s, 
namely, Q and R , and both of these are at the back of the winding. 
They are separated by one loop oifiy, that composed of conductors J 
26 and 7, and therefore the middle point U of the loop is the required 
position. This corresponds to the tapping brought out to the 
commutator segment B. It appears, therefore, that the E.M.F.s 
in these two conductors oppose the E.M.F.s acting in the parallel 
paths in which they lie, but on referring to the actual winding it 
will be seen that they are each situated almost in the middle of 
an interpolar gap, the E.M.F.sr induced in them being, therefore 
very small. 
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For one positive brush position, we thus see that there are two 
alternative positions for the negative brush. Now consider the 
two conductors 26 and 7 situated between the points Q and Jl. 
The winding is moving across the pole faces so that its position 
relative to the poles as represented by the figure is only instant- 
aneous. We see that conductor 26 is just about to move from 
the influence of a S. to that of a N. pole, and the E.M.F. in it is 
therefore on the point of reversing. But conductor 7 is already 
past the point where its E.M.F. is reversed, so that its E.M.F. will 
not change in direction but will gradually increase in magnitude. 
This means that in a very short interval of time the point R will 
become the meeting point of two E.M.F.s, and since it is at the 
back of the winding, there will be two alternative positions for the 
positive brusli, namely, point U , which has already been considered, 
and the point V, corresponding to commutator segment H. 
Similarly, when the armature has moved a little farther forward 
the segment I adjacent to H will become the second alternative 
position for the positive brush. Hence, if one positive brush is 
making contact with segment B and not either of the adjacent 
segments, then the second positive brush, if used, should be in 
contact with both of the segments H and I . 

If brushes are placed in both alternative positions for both 
positive and negative, the effect is merely to short-circuit one loop 
of the winding between two brushes of the same polarity. Thus, 
whether only two or four brushes are used, the number of parallel 
paths still remains at two. Also these loops during the very short 
period of short circuit occupy a position almost symmetrical with 
respect to one of the poles, so that the actual E.M.F. acting round 
the loop and tending to produce circulating currents through 
the loops and connections to brushes of like polarity is very 
small. 

The E.M.F. developed by a simple wave winding^ therefore 
equal to that induced in one half of the total number of armature 
conductors all connected in series, whereas the current delivered 
to the external circuit is twice the current in an individual armature 
conductor. 

8. Multi-turn Windings. The single-turn windings, described 
above, are used* whenever possible. Such windings necessitate 
half as many commutator bam as armature conductors. If the 
voltage to be generated is high, particularly in a small machine, it 
will obviously be impossible to house only two conductors in a slot, 
one at the top ancTthe other at the bottom, since this would necessi- 
tate too many slots. In such a case, six or eight conductors may be 
placed in one slot, those at the top being taped together, and also 
those at the bottom. The coils so formed are still single-turn coils, 
since they each consist of three os four single turns, insulated from 
one another, and mounted together for convenience. 
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In the case of small machines it is necessary to adopt multi-turn 
coils. The winding in such a case is identical with that for 
single-turn coils, except that each loop of the simpler wind- 




Fio. 01 

Windings with Multi-turn Coils 


consists of several turns, and there 
coil side consisting of only one eler 


mg is replaced by a coil of 
the required number of turns. 
This is illustrated clearly by 
Fig. 61. Comparing the multi- 
turn lap and wave windings, 
it will be seen that the arrange- 
ment of the coils in the two 
cases is identical. It is only 
the arrangement of the con- 
nections to the commutator 
which decides whether the 
winding will be lap or wave. 

Since the construction of an 
actual winding is by no means 
obvious from an examination of 
the developed diagrams, such 
as those given in Figs. 59 and 
60, Fig. 62 has been drawn. 
This figure shows the actual 
arrangement of a four-pole 
lap-wound armature, having as 
many elements as the winding 
in Fig.59, namely, 24. Each coil 
are two coil sides per slot, each 
nent. There are, therefore, half 



Fig. 02. Four-pole Lap -wound Armature 


as many slots as elements, that is/ 12 slots in the example. It would, 
of course, be possible to tape up coils a and b into a composite coil 
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with two elements per coil side, similarly with coils c and d , and so 
on. In such a case the number of slots would be only one-half the 



Fig. 63 . Balance of K.M.F.s in a Lap Winding 

number required when there are only two elements per slot. Simi- 
larly, if coils a, 6, and c were taped up into a composite coil, likewise 



Fig. 84 . Effect of Brush Connections on Distribution of 
• Current in a Lap Winding 

d, e, and/, and so on, the winding would still be essentially the same, 
although it would now only require # one-third as many slots as when 
there are only two elements per slot. For a clear understanding of 
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the completed winding it is therefore necessary to realize that (a) the 
winding is arranged in two layers, and (b) that what appears to be 
a single coil on the armature may in reality consist of several quite 
independent coils all taped up together. This is indicated by a 
comparison of the number of commutator bars and of coil sides. 

9. Equalizer Rings. In a lap wind- 
ing any path from brush to brush 
consists of conductors under the 
influence of two adjacent poles" only 
and not all the poles. If the fluxes 
from all the poles are equal, the 
E.M.F.s induced in all the paths 
will be equal, and when there is no 
current in the external circuit there 
will be zero current in the armature. 
Actually it is impossible to obtain 
absolutely eqyal fluxes from each 
pole, the result being that the E.M.F.s 
in the various parallel paths are not 
equal. The resulting E.M.F. acting 
round the armature may give rise 
to large currents even with no external load. When the armature 
is delivering current the circulating current is superposed on the 
load current and produces unequal heating in the armature. 

Referring, again, to the lap-winding of Fig. 59, if we take the 
conductors lying between the first + brush and the first - brush 
positions, we see straight away from the equivalent ring winding 
that these are the conductors numbered 1, 8, 3, 10, 5, and 12. The 
poles influencing these conductors are the first north and south 
poles. Similarly with the other three parallel paths, the conductors 
in them are influenced by two poles only. It therefore follows that 
if the magnetic fluxes entering the armature from each of the poles 
are not exactly equal, the E.M.F.s induced in the various parallel 
paths will not be equal. Since the armature winding forms a closed 
circuit independent of any external connections to the brushes, and 
since, with respect to the armature itself, these paths are in series , 
we see that the E.M.F.s set up in the armature will not exactly 
balance out. Hence, a parasitic current will be set up in the armature 
winding, this current being independent of, and superposed on, the 
current due to the external load. In order to illustrate this point, 
the equivalent ring winding of the lap winding previously considered 
is reproduced in a modified form in Fig. 63 . The E.M.F.s in the four 
paths are indicated as E v E 2i E Zi and E A , their directions being 
indicated by the arrows. The resultant E.M.F. acting round the 
winding in a given direction, say, clockwise, is 
(E % + E'i) - (Ei + E 3 ) 

If these four E.M.F.s are exactly equal, their resultant will, of 
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course, be zero, and no parasitic currents will be set up round the 
winding. If they are not exactly equal, but have a resultant equal 
to, say, e, then a circulating current will be set up, its magnitude 
being equal to 


i 


e 

li 


where R is the resistance of all the armature conductors and their 
end-connections reckoned in series, and not the armature resistance 



b 

d 


+ *■“■+• 

Fig. 66. Siy-pole Lap Winding, showing Connections to 
Equalizer Rings, 36 Conductors 

as measured from brush to brush. This current will be quite inde- 
pendent of the external load on the machine, in fact, it will flow even 
when the brushes are lifted from the commutator. 

When the brushes are in place and the machine #is delivering 
current to an external load, the conditions are not quite so simple. 
In the simplified scheme of Fig. 03 it appears that since the four 
E.M.F.s, E v E 2 , E 3 , and E 4 , are not equal, the two positive brushes 
can be at slightly different potentials, and also the two negative 
brushes. Actually such differences of potential between brushes 
of like polarity cannot exist, because such brushes are joined together 
externally by copper straps of* negligible resistance. These connec- 
tions are shown in Fig. 64, in which the winding is again represented 
as a ring winding for simplicity. It is obvious that currents will 
flow along these*connections, and since their magnitudes are only 
limited by the resistance of the armature and the brush-contact 
resistances, they may assume very large proportions. In the figure 
they are indicated as 10 and 15 amp., while the load current is repre- 
sented as 50 amp. Now the load current divides into two halves 
of 25 amp. each at the brush connections, and those halves divide 
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again into quarters of 12} amp. each, through each armature path, 
these currents all being indicated in the figure. Hence, when we 
superpose the circulating current through the brush connections on 
to the true load currents, we find that the currents collected by the 
four brush sets are 40, 35, 10, and 15 amp., as indicated by the 
numbers in small circles. Actually each brush should collect 
25 amp. Obviously the overloaded brushes will give trouble ; their 
temperature rise will become much too high, and they will probably 
spark badly, no matter how their position may be adjusted. It is 
to be noted, however, that in the case of lap (not wave) windings, 
any very excessive unbalancing of the current in the different arma- 
ture paths is to some extent automatically checked by the effect of 
armature reaction, to be considered later. 

It will be seen that the conditions represented by Figs. 63 and 64 
are very different. Without the connections between brushes of the 
same polarity the brush potentials are incorrect, but when these 
connections are made, as in Fig. 64, the brush potentials are cor- 
rected, but at the expense of incorrect proportioning of the current 
between the various brush sets. Now, these connections put the 
potentials right, and therefore if similar connections could be made 
without involving the brushes at all, the potentials and current 
distribution at the brushes would be corrected. The clue is given by 
the fact that the brushes joined together are all at the same potential, 
and therefore all that is necessary is to join together by a permanent 
connection (i.o. not involving the brushes) points on the winding 
which should be at the same potential. Such points are very easy 
to find from the wiring diagram. Thus, in Fig. 59 conductors *1 and 
13 occupy exactly the same positions with respect to the two north 
poles, so that their potentials are the same. Also, conductors 8 and 20 
are at the same potential, and since conductors 1 and 8 form one 
loop, while 13 and 20 form another loop, the middle points of their 
end connections, namely, the apexes of the end connections joining 
1 to 8 and 13 to 20, could be connected together. Similarly other 
pairs which could be joined together can be easily found. Actually 
the number of points to be joined by any one connection is equal 
to half the number of poles. Such connections are called equalizing 
connections, and they are usually carried out by rings joined to 
tappings taken off from the back of the armature. ‘Fig. 65 shows the 
elementary scheme of equalizer connections, the number of rings 
in this case being three. A very large armature may have as 
many as 8 or 10 equalizer rings. A more complete diagram of 
equalizer connections is given in Fig. 66. Notice that there are 
three tappings to each equalizer, three being half the number of 
poles. 

10. Selective Commutation. Since eaph path in a wave-wound 
armature consists of conductors ^distributed under all the poles, 
inequalities in the fluxes from the poles do not produce inequalities 
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in the total E.M.F.s induced in each of the two paths. As a result, 
equalizer connections are not required with a simple wave winding. 
If more than two brush sets are used, then trouble with the brushes 
may be produced by what is called “ selective commutation.” The 
use of more than two brushes does not divide the armature into 
more than two parallel paths, but the current collected from the 
armature is divided between the brushes of like polarity. If there 
are differences in contact resistance, then it is easy to see from the 
diagrams in Fig. 67 that the currents picked off by the individual 
brush sets may be different. Thus # the two brushes A and B 
should each collect a current I, whore 21 is the load current, but if 
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the contact resistance of A is greater than that of B , A wMl obviously 
collect less current than B , so that B will be overloaded. Similarly 
with brushes C and D. The brushes must therefore be adjusted 
very carefully when more than two brush sets are used with a wave 
winding. The advantage of using the maxi- 
mum number of bjush Bets is that the current 
per brush set is reduced, and therefore the 
axial length of the commutatof is reduced. 

This gives a cheaper machine. 

11. E.M.F. Equation. Let $ be the flux 
per pole, Z the number of armature con- 
tractors, and N the speed in r.p.m. Divide 
the flux O into portions Q> v ® 2 , <D 3 , etc., 
embracing the various conductors, as in Fig. 68. Let x be the 
spacing of the conductors and t the time in seconds required to 
move the distance x. 
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E.M.P. induced in conductor 1 
== ^ X 10' 8 volts 
E.M.F. induced in conductor 2 


= X 10' 8 volts 


and so on. 


E.M.F. induced in all the conductors under one pole 


- - 1 X 10 8 + ^ X 10- 8 + 

t l 


= t x 10 8 (4\ + <D S -\- <I> 3 + 


= ®x 10« 


Now the time of one revolution = ^ minute 

N 


60 

= seconds 
N 

/. Time taken to move the distance x , which is l/Z of the 
periphery, 

• # 60 , 
t = seconds 
NZ 

E.M.F. induced in all the conductors under one pole 

<bZN • 

= — ; X 10’ 8 volts 


E.M.F. induced in al( the conductors under all the P poles, 
t/ all the condvctors were in series 


X P X 10® volte 


But there are, say, -4 parallel paths through' the winding, and the 



CONSTRUCTION OF D.C. MACHINES 95 


E.M.F. induced in the winding is the same as that in one parallel 
path, namely, 


„ <P ZN P lft , 

L = - X -7 X 10 ‘ 8 volts 

OU A 


Remember that for a lap winding A = P, but for a wave winding 
A = 2. 


Example. A two pole generator has an armature 12 in. long, 12 in. diameter, 
and the radial depth of the iron in the core is 3 in. Each polo subtends an 
angle of 120° and the dux density in the aft gap is 5,000 lines per sq. cm. If 
there are 200 conductors and the armature rotates at 1,000 r.p.m., find 
(a) the E.M.F. induced ; ( b ) the flux density in the core. 


Each pole subtends one -third of the periphery, 

7T x 12 

Area of air gap = 12 x — r — X 2-54 2 sq. cm. 


= 975 sq. cm. 

/. Flux per polo <P = 97 5 X 5,000 = 4,875,000 lines. 
Since P = 2, A also must be 2. 


E = 


<1>ZN 

60 


P 1AR 4,875,000 X 20 Q X 1,000 
X A * 10 “ 60 


X 



= 162 volts. 


The flux through the cross section of the core is one-half the useful 
flux, i.e. 2,440,000 lines. 

Cross section of core = axial length x radial depth 

= 36 sq. in. or 233 sq. cm. gross. 

A portion of this will be taken up by insulation between core discs, 
and if 10 per cent is allowed for this the net section wilj be 

233 X *9 = 210 sq. cm. 

T11 , . 2,440,000, 

Flux density m core = — r-rp: — = 1 1,600 lines per sq. cm. 


Examples on Chapter V. 

(1) The two-circuit armature of* a four pole generator has 51 slots, each 
siot containing 20 conductors. What will be the voltage generated in the 
machine when driven at 1,500 r.p.m., assuming the useful flux per pole to be 
0*7 mogalines f (London Univ. t 1915.) 

At is . — 357 volte . 

* (2) State Faraday's Law of magneto -electric induction, and find from firtt 

prim&plm the voltage of a four pole lap -wound continuous current generator 
having a pole flux of 2 x 10* lines, and 560 conductors running at a speed of 
980 r.p.m. How is the terminal -voltage affected by load T (London 
Univ., 1911.) 


Am . — 183 volts. 
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(3) Calculate tho resistance of an armature from the following data — 

Number of slots = 150. 

Conductors per slot = 8. 

Mean length, of one t'irn = 250 cm. 

Cross section of each conductor = 1-0 X 0*25 cm. 

Number of parallel paths through armature = 6. 

Specific resistance of copper at working temperature — 2 x 10** ohm 
per cm. cube. 

(If the resistance of one parallel path is calculated , the actual resistance will 
be one-sixth of this.) 

Ana. — 033 ohm. 

« 

(4) A four-pole armature is built up of 400 core discs each ^ in. thick ; 
the discs are 12 in. external and Bin. internal diameter. There are 600 
conductors and the armature is wave wound. If the flux density in the 
armature is 10,000 lines per sq. cm., and the speed is 1,000 r.p.m., what will 
be the E.M.F. generated f 

Ana. — 778 volts. 

(5) The exoiting winding of a dynamo has 2,000 turns per pole and the 
exciting current is 2 amperes. The armature, which is lap wound, has 600 
conductors, rotates at 1,200 r.p.m., and gives 100 volts. Calculate the 
reluctance of the magnetic circuit. 

Ana. — The reluctance of an individual magnetic path is 0*005. 

(6) A 40 h.p. f 500- volt traction motor has four poles. There are only two 
brush arms. Assuming that there are 41 slots and 123 commutator bars, 
make a diagram sufficient to explain how the Armature winding may be 
arranged and connected to the commutator. It is sufficient to show the 
connections of three coils. (London Univ.) 

(7) What is the object of equalizing connections on a c.o. generator, and to 
what class of winding are they applied ? Cive a diagram to show the way in 
which these equalizers are connected up to the armature winding. (London 
Univ., 1909.) 
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ARMATURE REACTION AND COMMUTATION IN D.C. 
GENERATORS 

I. Armature Reaction. Armature reaction is the effect of the 
magnetic field set up by the armature currents on the distribution 
of flux under the main poles. Consider an armature rotating in 
a clockwise direction in a bi-polar field, as shown in Fig. 69. Let 
the brushes make contact with those conductors which lie in the 
geometric neutral plane (G.N.P.). 

Then all the conductors under 
the N. polo carry currents whose 
directions are inwards, while the 
currents in the conductors under 
the S. pole are outwards. This 
distribution of armature currents 
is magnetically equivalent to a 
solenoid carrying current, and we 
therefore see that the armature 
sets up a M.M.F. directed along 
the brush axis, in this case from 
right to left. The main M.M.F. 
is downwards, and if we represent 
these two M.M.F.s by the vectors 
OA and OB respectively we have 
OC for the resultant M.M.F. The 
magnetic neutral plane (M.N.P.) 
is perpendicular to OC, but on no 
load, when there is no armature 
reaction, M.N.P. is coincident with G.N.P. The effect of armature 
reaction is thus to shift the M.N.P. round in the direction of rotation. 
The magnitude of the shift obviously depends upon the length 
of OA, and therefore on the magnitude of the armature current. 
The lines of force produced by the armature reaction take the 
path across the pole faces, & shown by the dotted lines. Each 
line of force crosses the air gap twice, and, comparing the directions 
of the armature^ and main fluxes, we see that the field strength in 
the gaps is weakened under the leading pole tips and strengthened 
under the trailing pole tips. Tho distributions of gap flux density 
on load and on no load are shown in Fig. 70, curves I and U. If the 
armature teeth are not saturated the weakening of the field under 
the leading pole tips will be eqfual to the strengthening under the 
trailing pole tips and the total flux will be unaltered. The areas 

07 
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under the two curves in Fig. 70 will thus be equal. If the teeth are 
Btrongly saturated on no load the ampere-turns producing the 
armature cross magnetizing field, as it is called, will not be able to 
increase the flux through the teeth under the trailing half of the 
pole to the extent that they are able to demagnetize the teeth 
under the leading half. The result is that, on the whole, there will 
be a certain amount of demagnetizing action as well as distortion 
of the main field 

2. Position of Brushes. Since the meeting and separating points 
of two E.M.F.s occur at thp magnetic neutral planes, and the 
brushes are placed at these points, it is obvious that the brushes 
must be given a “ forward lead ” in order to bring them into the 
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resultant M.N.P, This condition is shown in Fig. 71. The total 
armature M.M.F., OA, still acts along the brush axis and it can 
now be resolved into two components, the cross magnetizing com- 
ponent, OB, acting along the G.N.P., and a demagnetizing com- 
ponent, OC, acting in opposition to the main M.M.F., OD . The 
resultant, OE , of all these M.M.F.s is of course perpendicular to 
the M.N.P. We see that when the brushes are given a forward 
lead the armature exerts a definite* demagnetizing as well as dis- 
torting effect. The armature distorting, or cross magnetizing 
ampere-turns are those lying above the horizontal WX and 
below the horizontal YZ ; the demagnetizing ampere-turns are 
those lying between WX and YZ, and they are comprised within • 
an angular distance of twice the brush lead. The distribution of 
air gap density is now represented by curve III in Fig. 70. 

3. Armature Ampere-turns. It is obvious that the armature 
demagnetizing ampere-turns must be neutralized by adding extra 
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ampere-turns on the main field winding. It is, therefore, necessary 
to be able to calculate the armature ampere-turns per pole. Fig. 72 
shows a portion of a multipolar armature the brushes of which 

20 

have been given a forward lead of 0. There are thus - . Z demag- 

«5uU 

Q 

netizing conductors in each interpolar gap, that is - -- X Z on 

ubU 

either side of each pole tending to demagnetize it. These will act 
as though they were joined together as? shown, and they will produce 

Q 

qryZ X Z demagnetizing turns per pole. Hence, if / is the current 
ouU 

flowing in each conductor, demagnetizing ampere-turns per pole, 

AT ‘-m xZ1 ' 

The total ampere-conductors 
per pole, both cross and 
demagnetizing, 

* 2/ 

2 P 

Total armature ampere- 
turns per pole 

7/ 

*”4p 

Cross magnetizing ampere-turns per pole, 



cn.p 

‘ ' ’ 


\uo 


' 

Fio. 72 

Calculation of Armature Reaction 




Example. A four-pole generator has a wave wound armature with 722 
conductors, which delivers 50 amperes on full load. If the brush lead is 8°, 
calculate the armature demagnetizing and cross magnetizing ampere-turns 
per pole. 


Current per conductor I 



50 

2 


== 25 amperes 


AT 4 = ^ x 722 x 25 
= 400 

".-“xn(rg) 




1850. 
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4 . Commutation. Whenever a brush spans two commutator 
segments the winding element connected to those segments is short- 
oircuited. By commutation we mean the changes that* take place 
in a winding element during the period of short circuit Jby a brush. 
These changes are illustrated in Fig. 73, the winding elements 
being drawn as portions of a ring winding for simplicity. In 
(a) the element B is on the point of being short-circuited and 
it is carrying, in a direction from left to right, half the current 
delivered by the armature to the brush ; (6) shows the element 

in*the middle of its short circuit period, 
A B C X> and it will be seen that it is possible for 

0 0 0; 0 the curron ^ s to r e ac h toe brush without 

passing through this element; in (c) the 
1 W 1 1 same element B is shown immediately 

J — EmO — 111 — * after short circuit and in this position it 

wWk- is, or should be, carrying the full current 

if in a direction from right to left. We 

K r\ thus see that during the period of short 

circuit by a brush the current in a short- 
im TT circuited dement should be reversed and 

T H aTolcT — > brought up to its full value in the reversed 

mi * (6) direction. If the current in B has not 

V/ W attained its full value in the position 

ABC shown in (c), then, since element C is 

vQ QjQjr:'* carrying the full current, the difference 
Jl between the currents through elements 
—I ■ | ..l „ J , .1. C and B has to jump from the com- 

— “ — ^ 1 r > mutator bar b to the brush in the form of 
Wm' Arc ( c ) a spark. Thus the cause of sparking at 
. the commutator is the failure of the 

Fio. 73 current in the short-circuited elements • 

Commutation to reach the full value in the rove rsed 

direction by the end of short circuit. The 
curve of current against time in such a case is shown in Fig. 74 , 
curve I ; what is required is a curve of current similar to curve II. 

5. Reactance Voltage. The difficulty experienced by the current 
in attaining the full value in the reversed direction by the end of 
short circuit is dye to the fact that the rate of change of current is 
so great that the self-induction of the coil sets up a back E.M.F. 
which opposes the reversal. Since the current in the coil has to 
change from + / to - /, the total change is 2/.« If t is the time of 
short circuit and L the self-induction of the coil, then the average 
value of the self-induced E.M.F. is 

r 2/ 

Lx 7- 

This is oalled the “ reactance voltage." The self-induction, is 


m‘ Arc 

hi 

Fio. 73 
Commutation 
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here a composite quantity, being made up of the true self-induction 
of the short-circuited coil and the mutual inductions of its neigh- 
bouring coils. An approximate value for L can be determined 
by Hobart’s Rule. Fig. 75 shows an armature coil ; the sides AB 
and CD are embedded in iron, whereas the triangular ends are free. 




Fia. 74 Fia. 75 

Current Changes in .a Short-circuited To Illustrate Hobart's 
ELEM feNT # Rule 


For slots of normal proportions, Hobart has found by experiment 
that 1 amp. flowing through a coil of a single turn produces a flux 
of 4 lines per cm. of embedded length, and 0*8 line per cm. of free 
length. Hence, l x and Z 2 are the total em- 
bedded and free lengths respectively, flux 
ampere* due to the whole coil 

= 4Zj -j- 0-8Z 2 for a single turn coi 
and 4 nl x -{- 0-8 nl 2 for a coil of n turns. 

The self-induction of the coil is therefore 
Flux per ampere X No. of turns X 10 ® 

= w 2 ( 4Z X + 0-8Z 2 ) x 10 8 henrys. 

The effect of neighbouring coils can be taken ^^Jbnts U jn T 
into account by writing for t]ie effective co- l ap winding 
efficient of self-induction of a short-circuited coil 



L 


( Total flux through coil per ampere, 
due to seff and neighbouring coils 


X No. of turns X 10 8 


, Fig. 76 shows the disposition of the short-circuited coils in a 
lap winding. The flux per ampere through one coil due to the 
embedded length is twice that which would exist if the coil had no 
neighbours, but the flux due to the free length is not influenced 

by the neighbours. t 
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Total flux per ampere through a coil of n turns 
=3 8^! + 0*8n/ a 

and the effective coefficient of self-induction is 

L = w 2 (8Z 1 + 0-8Z 2 ) X 10 8 henrys. 

This applies to the case of a brush short-circuiting only one 
coil at a time. If the brush width is such that it short-circuits 
m coils at a time, then, since these m coils will probably lie in the 
same slots, the dux through a coil will be increased m times. We 
then have 

L = mn 2 (8l x + 0-8Z 2 ) X 10* 8 henrys. 

This expression shows that L is proportional to the square of 
the number of turns in an armaturo coil. For good commutation it 
is, therefore, advisable to use single turn coils. This can be done 
in large machines where the large number of commutator bars 
required by such a winding does not make the bars too narrow, 
but it is obviously impossible with small machines. 

It is obvious from Fig. 75 that the period of short circuit is the 
time taken for a point on the commutator to move a distance equal 
to the brush width, Jess the thickness of the mica insulation between 
segments. Calling these w h and w m respectively, and the peripheral 
velocity of the commutator in cm. per second, v, we have 

Period of short circuit t = — — — seconds. 

v 

It is, of course, impossible to give maximum allowable values for 
the reactance voltage to cover all cases. In general, it can bo 
taken that it should not exceed 0*6 or 0*7 volt in noi^-intcrpole 
machines. For a large interpole machine it may be as high as 
15 volts. • 

6. Interpoles. There are two methods of making the current 
in the short-circuited element attain its full value in the reversed 
direction by the end of short circuit. They are known as E.M.F. 
and resistance commutation respectively. In E.M.F. commutation 
the short-circuited coil has a voltage induced in it which neutralizes 
the reactance voltage. This induced voltage must therefore bo 
in the same direction as the final* direction of the current. The 
magnetic field required to induce this E.M.F. is called the com- 
mutating field. One method is to shift the brushes so that they 
lie, not in the M.N.P., but in the fringe of the field produced 
by the next main pole farther ahead. This field will induce an 
E.M.F. in the required direction in the short-circuited coils, with 
the result that if the brushes are advanced sufficiently beyond the 
M.N.P., sparkless commutation will be obtained. This method is 
now obsolete because, since the effect of armature reaction is to 
weaken the field uifder the leading pole tips, and this weakening 



DIRECT CURRENT GENERATORS 103 

increases as the load increases, a very large brush shift is required 
when the load is heavy. Also the brush position has to be adjusted 
when the load varies, an obvious disadvantage. A better method 
of providing the commutating field is to make use of interpoles. 
These are small auxiliary poles placed in the geometric neutral 
planes, that is, midway between the main poles. Their polarity 
must, in the case of a generator, be that of the next main pole 
farther ahead, as shown in Fig. 77. Since the commutating field 
produced by them has to be proportional to the armature current, 
they are series excited (see Chap. VII). The neutralization of the 



Field Frame with Effect of Brush Contact 

Interpoles Resistance 

reactance voltage is thus rendered automatic when interpoles are 
used, and modern machines will operate between no load and 20 or 
25 per cent overload with fixed brush position without appreciable 
sparking; The most important advantage of the use of interpoles 1b 
that they raise the sparking limit of a machine to about the same 
value as the heating limit, so that for a given output*an interpole 
machine can be made smaller, and therefore cheaper; than a 
non-interpole machine. 

It must be noticed that for a given armature current there is a 
proper value for the commutating field, nnd that it is possible for 
this field to be Joo strong. In such a case the reversed current 
in the short-circuited coil is forced to too high a value by the end 
of short circuit, and sparking*at the commutator takes place in 
the reversed direction. This is called over-commutation and is 
illustrated graphically by curve III, Fig. 74. 

7. High Resistance Brashes. The second method of obtaining 
good commutation is to use high resistance brushes. When the 
current flowing from the right (Fig. 78) reaches the commutator 
bar 6, there are two parallel paths open to it. The first is straight 
across the bar 6 to the brush, the second, round the short-circuited 
element in a counter-clockwise direction and across the bar a. 
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With brushes having a low contact resistance there is no induce- 
ment for the current to take the second path. With carbon 
brushes, which have a high contact resistance, more and more of 
the current flowing to the brush from the right hand will be shunted 
round the element as the bar b passes the brush, because the 
area of contact of bar b with the brush is diminishing, and its 
contact resistance, r a , increasing, while the area of contact of the 
brush with bar a is increasing, and its resistance, r 19 therefore 
decreasing. Carbon brushes have therefore almost entirely replaced 
copper brushes. The disadvantage of carbon brushes is that they 
can only be worked at a current density of about 40-60 amp. per 
sq. in., as compared with 160-200 for copper brushes. This neces- 
sitates a larger commutator. The properties of a few grades of 
carbon brush are shown below — 



Max. Current 
Density, 
Amp. per sq. in. 

Max. Contact 
Resistance,. 
Ohms per sq. in. 

Pressure on 
Commutator, 
Lb. per sq. in. 

Copper . 

200 

•003 

1-5 

Ordinary Carbon . 

40 

•04 

20 

Eleotrographitio . 

60 

• 

•02 

20 


To illustrate the increase in contact resistance obtained by using 
carbon instead of copper brushes, take the case of the ordinary 
carbon brush. For the same area of brush, 

Contact resistance of carbon brush __ -04 __ ^ 

Contact resistance of copper brush ~~ .003 ~ 

But for the same current collected, the area of the carbon brush 
is 200/40 = 6 times the area of the copper brush. Hence, since 
the contact r&sistance is inversely proportional to the area, we have 
for the same current collected 

Contact resistance of carbon brush 13 

: s — = 2*6 

. Contact resistance of copper brush 6 

This is sufficient to give improved commutation. In practice, 
both E.M.F. and resistance commutation are used together in the 
same machine. * 

8. Compensating Winding. In the case of large direct current 
machines subjected to very violent fluctuations iq load, e.g. turbo- 
generators, motors for rolling mills, and colliery winders, it is usual 
to neutralize the cross-magnetizing effect of armature reaction by 
providing the field with a compensating winding. Whenever the 
load changes, the flux density in the air gap changes, as we have 
seen. A sudden change in load Will produce a sudden change in 
flux threading the armature coils, and this in turn will set up a 
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statically induced E.M.F. in these coils. The magnitude of this 
induced E.M.F. will depend upon the rapidity of this change of 
load, and it will be very high if the change of load is very great 
and takes place almost instantaneously. This induced E.M.F. 
will appear as a voltage between consecutive commutator bars, 
and if it is great enough it will give rise to a flash over, that is, an 
arc completely encircling the commutator, and thereby short- 
circuiting the whole armature. Since the distortion of the field 
which produces this phenomenon is caused by the armature con- 
ductors which lie under the pole faqes, it can be eliminated by 
neutralizing the magnetic effect of those conductors. This is done 



Fig. 79 

Multipolar Field with Compensating Windings 

by housing the compensating winding in the pole faces and con- 
necting it in series with the armature in such a way that the 
currents in the armature and compensating windings are in opposite 
directions. The arrangement of these windings on a four-pole 
interpole generator is shown in Fig. 79. 

9. Special Armature Windings. The methods discussed above for 
the prevention of sparking at the brushes are methods which are 
external to the armature itself. Obviously, if it is at all practicable, 
the armature itself should be wound in such a manner that its 
reactance voltage shall be as small as possible. This voltage is 
proportional to the self-inductioh of the coil undergoing commuta- 
tion, and is therefore proportional to the square of the number of 
turns in the coil. Thus, the fewer the turns per coil the smaller will 
be the reactance voltage, for which reason it is preferable to use 
only single- turn coils whenever possible. Again, when a brush spans 
more than two segments, two or more neighbouring coils may be 
undergoing commutation at the same instant, in which case they 
will induce E.M.F.S in one another by the process of mutual induc- 
tion. The total reactance voltage in any coil is thus the sum of its 
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own self-induced E.M.F. and the mutually induced E.M.F.s set up in 
it in virtue of the changes of current taking place in neighbouring coils. 
It is, therefore, desirable that these mutually induced E.M.F.s, as well 
as the self-induced E.M.F. , shall be made as small as possible. One 
solution is to design the winding so that if adjacent conductors are 
undergoing commutation at the same instant, they do not lie side 



by side, but are separated by a small band of conductors carrying 
the full current in opposite directions. This can be done by using 
what is called a “short-chord” winding, that is, a winding in which 
the rear' pitch, i.e. the coil width, is somewhat less than the pole 
pitch. Fig. 80 shows such a winding. In this winding conductors 
1 and 20 are undergoing commutation at the same time, but they 
are separated by the band of conductors numbered 24, 23, 22, and 
21. Similarly with conductors 13 and 8. 




CHAPTER VI T 

CHARACTERISTICS OF D.C. GENERATORS 

1. Types of Generators. Generators are usually named according 
to the manner in which the field or exciting current is produced. 
Not including generators with permanent magnet fields, e.g. 
• magnetos, there are four types, as ’illustrated in Fig. 81. These 
are the series wound, separately excited, shunt wound, and com- 
pound wound. In the series generator the field winding consists 
of relatively few turns of heavy cable or copper strip connected 
in series with the armature and the external load ; the separately 
excited generator has its field supplied from an independent source ; 
the shunt generator has its field connected across the armature 
terminals ; and the compound generator has both series and shunt 
excitation. 

2. Series-Wound Generator. The current which flows through 
the armature also flows through the field winding, and this fact 
determines the nature of the characteristics. If the flux per pole 
is plotted against the current, the armature beihg driven at constant 
speed, the magnetic characteristic is obtained, its shape being 
given by curve 1, Fig. 82. This curve starts a little way up the 
voltage axis due to the residual magnetism when the current is 
zero. If it were not for the demagnetizing effect of the armature' 
reaction this curve would give the total flux when the machine is 
delivering current to the external load, but because of the armature 
reaction the actual curve lies somewhat below this. (Curve II.) 
This curve gives to a different scale the E.M.F. generated in the 
armature, because this E.M.F. is proportional to tl\e flux. It is 
called the internal or total characteristic. The terminal voltage 
of the generator is equal to the E.M.F. generated, E , less the ohmic 
drop of volts in the machine. If R st and R a are the resistances of 
the series field and armature respectively, then, since each carries the 
load current /, the ohmic drop is 

* (K + R..)i 

and for the terminal voltage *E t9 we have 
E t = E - I(R a + R se ) 

The ohmic drop fs represented graphically by a straight line through 
the origin, and deducting ordinates of this line from corresponding 
ordinates of curve II, we obtain the curve of terminal voltage, 
curve III. This is called the external characteristic. We see that 
as the current "taken from a series generator is increased, the ter- 
minal voltage first increases according to an approximately linear 
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law, reaches a maximum, and finally decreases. If it is worked on 
the initial straight portion of the characteristic it will give a voltage 
approximately proportional to the current. , The booster (Chap. X) 
is a series dynamo of this kind. If worked on the drooping portion, 
and if so designed that this portion is nearly vertical, the dynamo 
will give approximately constant current, independent of the 
resistance of the external circuit. Series dynamos of this kind used 
to be employed for lighting a number of arc lamps in series, but 
they are now obsolete. 

If a straight line through the origin, such as OP, is drawn on the 
diagram, its gradient * 

, w Terminal voltage 

tan 0 = PM OM = — — 

current 

= Resistance of external oircuit. 
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Methods of Excitation 


Characteristics of Series 
Gknhratob 


Thus, if a series of such lines is drawn, the gradient of each 
QQg^esponding to a definite resistance, the points of intersection with 
thh external characteristic will give the terminal voltage and current 
which will be obtained when the external circuit has the correspond- 
ing resistance. Neglecting the initial ordinate due to residual 
magnetism we can draw a straight line OQ which 'is tangential to 
the characteristic. The resistance represented by f this line is called 
the critical resistance , since it is the greatest resistance with which 
the generator will be able to build up its magnetism. If the external 
resistance is greater than this, as 4 represented by OR, then since 
OR h&8 no point of intersection witfc the characteristic, the generator 
will not excite, and it will deliver no current. 
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3. Separately-Excited Generator. The excitation is here inde- 
pendent of the load current, so that if there were no armature 
reaction the flux would be constant as indicated by curve I, Fig. 83. 
Because of armature reaction the curve of actual flux is slightly 
drooping (curve II). This second curve gives to a different scale 
the E.M.F. induced in the armature, and it is therefore the total 
characteristic. The terminal voltage on load is the total E.M.F. 
generated, less the ohmic drop in the armature (not in the field 
in this case) ; hence, if we draw the curve of armature drop, RJ, 
curve III, and deduct its ordinates from those of curve II, we 



Fio. 83 Fin. 84 

Characteristics of Separately Characteristics of Shunt 

Excited Generator Generator 

obtain the external characteristic, upper curve III. We see that in 
this case there is a slight decrease in terminal voltage as the load 
increases. This decrease can be easily neutralized by a slight 
increase in exciting current. j 

4. Shunt-Wound Generator. When the external circuit is open 
the field winding can be regarded as being in series with the 
armature. The machine will therefore build up its own mag- 
netism, and will give full voltage on no load if the resistance 
of the field winding is less than the critical resistance. If thp 
voltage across the shunt field did not fall as the external load 
increased, this generator would have a characteristic similar to 
that of a separately-excited generator, but since a fall in terminal 
voltage causes a decrease in exciting current, the total decrease in 
voltage is greater than if the machine were separately excited. 
The external characteristic therefore droops rather more than if 
the machine were separately excited. If the load on the machine 
is gradually increased by decreasing the resistance of the external 
circuit, a* decrease in resistance . when the current is small will 
cause an increase in current. ' At the same time the increased 
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current will lower the terminal voltage, this, of oourse, tending 
to decrease the current. At first the effect of the decreased resist- 
ance predominates over the effect of decreased terminal voltage, 
but when the current has reached a certain value (much greater 
than the normal full load in modern machines) the load,resistance 
shunts the field winding to such an extent that the terminal voltage 
decreases more rapidly than the load resistance. Then a further 
decrease in external resistance actually causes a decrease in current. 
The characteristic thus turns back, and when the armature is actually 
short-circuited it cuts the current axis at some point A (Fig. 84). 
The same thing happens to the total characteristic, except that in 
this case it stops at some point B, the ordinate AB representing the 
voltage due to residual magnetism. Actually AB will, in such a 
case, be very small, because the magnetism will be almost completely 
neutralized by armature reaction : it may even be reversed. It is 
for this reason that shunt generators often fail to excite after 
they have been shut down through a severe short circuit. If a 
tangent line OP to the total characteristic is drawn, the resistance 
represented by the gradient of this line gives the minimum external 
resistance for which the generator will excite if it is made to excite 
on load. If the external resistance is less than that represented 
by the line OP it will fail to excite, and therefore deliver no 
current. There are thus two critical resistances for a shunt generator , 
one for the field and the other for the external circuit. 

If the terminal voltage on load is plotted against the load current 
the external characteristic is, of course, obtained. In order to be 
able to determine the total characteristic experimentally it is neces- 
sary to draw the curve of drop of volts in the armature, R a l, and 
the curvo of shunt current. If R th is the shunt resistance, then 
shunt current 


and the required curve is obtained by plotting I sh horizontally 
against E t ; it is, of course, a straight lino through the origin, 
but because of the high resistance of the shunt field it has a very 
steep gradient, as shown in Fig. 85. Now the armature supplies 
both load and shunt currents, so that for the ^armature current 
we have 

/.=</ + /*) 

where I is the load current. 

If we take any point P on the external characteristic and draw 
the perpendicular PM, then for the given terminal voltage, OM = /. 
Draw PA horizontally, then AB = and if we mark off MN=AB 
then 

ON ** OM 4 MN « (/ fc + I 9h ) = /. 
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Hence, the vertical RN is equal to the drop in the armature, and 
therefore if we produce MP to Q , making PQ = RN, the total 
length QM is the sum of the terminal voltage and total armature 
drop, that is the total E.M.F. generated. In this way a point Q 
on the total characteristic is obtained, and if other points are 
obtained in the same way, the total characteristic can be drawn. 

It is useful to be able to pro -determine from the magnetic 
characteristic what the external characteristic will be. The 
magnetic characteristic is the curve of open circuit voltage, or of 
flux, against exciting current, and it v can be pre-determined with 
considerable accuracy from design data, or can be determined 
experimentally. A resistance lino OA (Fig. 86) representing the 



Fig. 85 
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Generator 



Fig. 86 

Characteristic op Shunt 
Generator 


shunt resistance R th is drawn. If any ordinate PM V is drawn, 
then for a shunt current equal to ON we know that 

MN = voltage across shunt winding 

= voltage across machine terminals = E t 
But PN = total voltage generated 

•*. PM 9 = ohmic drop in the armature = R a I a 
PM oc / a 

• 

If a series of points is taken on the curve and the resulting values 
of the length MN plotted against tho corresponding values of PM 
the external characteristic will bo obtained. The ordinates will 
already be in volts and the abscissae can be converted to amperes 
by tho relations 

__ PM MN 

° R,'' * — R. 

External current / = / a - l th 
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As an example consider the following. A shunt generator has a 
total of 50 ohms resistance in the shunt circuit, this including the 
field winding as well as the regulator. Its terminal voltage is 25 
when run at 500 r.p.m., 113 at 1,000 r.p.m., and 200 at 1^500 r.p.m. 
Draw the magnetization characteristic for 1,000 r.p.m. and hence 
determine the terminal voltage at 1 ,000 r.p.m. if the resistance of 
the shunt circuit is reduced to 40 ohms. 

The 50 ohm line is drawn first of all. With 200 volts induced, the 
shunt current will be 200/50 = 4 amps., so that this line passes 
through the origin and the ppint (4,200) as in Fig. 87. The three 
points of 25, 113, and 200 volts lie on this line as indicated. Since 
the induced voltage on no load is proportional to the speed so long 
as the flux remains constant, the 25 volt and 200 volt points corrected 
to 1,000 r.p.m. are 

25 X - 50 volts 
o 00 

and 200 X = 133-3 volts. 

We thus have three points corresponding to 1,000 r.p.m*, viz. 
A , B f and C , and the origin makes a fourth point, so that we can 
draw the characteristic as a smooth curve through point O, A , B , 
and C. 

Finally, if the shunt resistance is reduced to 40 ohms, the shunt 
current at 100 volts will be 100/40 2-5 amps.^the 40 ohm line thus 
passing through the point (2-5, 100). *Its intersection with the 
characteristic is at the point D, showing that a* VI, 000 r.p.m. a 
shunt resistance of 40 ohms will give a terminal voltage of 126. 

5. Conditions for Self-excitation. From the previous discussions 
of the characteristics of the various types of dynamo, it will have 
been realized that there are certain definite conditions which have 
to be fulfilled before a series or shunt-excited dynamo will build up 
its magnetism, and thereby generate a voltage. These conditions 
are as follows — 

(1) There must be some residual magnetism in the field magnet. 
If there is, a voltmeter connected to the armatpre with the field 
disconnected will give a small reading. 

(2) This magnetism must be in the right direction with regard to 
the connections of the field winding to the armature. If the machine 
has been shut down through a short-circuit, tl\e magnetism may 
have become reversed through excessive armature reaction. In such 
a case, a moving-coil voltmeter connected to the armature will give 
a small back reading. As a result, when the small E.M.F. induced 
in the armature produces a current through the field winding, the 
field M.M.F. will strengthen the reversed lux and so build up the 
magnetism, and therefore the voltage, in the wrong direction. 
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The remedy is to connect the field winding to a separate external 
source which will set up a new residual magnetization in the right 
direction. 


WOOrprg 


7000 r.pin 


A jt 1000 r.p m. 


Field Amps. 

Fig. 87 

(3) In the casip of a series dynamo, the resistance of the circuit 
must be less than the critical resistance. 

(4) In the case of the shunt dynamo, the field is in series with the 
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armature with respect to the path taken by the exciting current, 
and consequently there is also a critical resistance for the field 
circuit of a shunt dynamo. There is almost invariably a shunt 
regulator in circuit, and failure to excite is often due to too much 
of this regulator being in circuit. 

(5) In the case of the shunt dynamo there is also a lower limit for 
the resistance of the external load, below which the machine will 
fail to excite if started up with the load switched on to the armature. 

6. The Compound-Wound Generator. The shunt generator gives 
a terminal voltage which falls off somewhat with increase of load. 
It is usual to include an adjustable resistance called the shunt 
regulator in the field circuit, and to cut out some of this resistance 
when the load increases. This can be done by hand, and the 
terminal voltage kept constant if the fluctuations in voltage are 
fairly slow, as, for example, with a lighting load. When the 
fluctuations in load are very rapid, as with a traction load, then 
hand regulation is impossible and it is necessary to keep the voltage 
to the required value automatically. Again, it js usual to connect 
a generator to a pair of feeding points by a cable called a feeder. 
From these feeding points radiate other cables called dis- 
tributors, across which the consumers are connected: The voltage 
across these feeding-points is kept constant. Now if each conductor 
of a feeder has a resistance R, then, when delivering current /, there 
will be a drop in the feeder of 21 R. Hence, if the constant voltage 
at the feeding points is E we have for the generator terminal voltage 

V t = E + 2 1R 

an equation which shows that the terminal voltage must rise with 

increase of load. Thin rise is obtained 
by providing a shunt generator with 
additional series excitation, the 
design being such that, over the 
working range, the series character- 
istic does not droop. The character- 
istics for the shunt and series turns 
separately are shown in Fig. 88, and 
that of the compound generator is 
obtained by adding ordinates of the 
two curves. The two component 
curves are somewhat concave down- 
wards, and the resulting curve is 
therefore the same. 

If the series excitation is such 
CilARAOTEBISTTCS OV COMPOUND that th(J terminal vo ltage, (HI full 

ENKRA B load ^ho same as Qn nQ l oa d' ^6 

generator is “ level ” compounded. If the terminal voltage rises 
with load it is “ ovpr ” compounded. The length PQ gives this 
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rise, and if such a generator is to maintain constant voltage at a 
pair of feeding points we have, obviously, 

PQ = 2 IR 

The length PQ expressed as a percentage of the voltage E at the 
feeding points is called the “ percentage compounding/* Example — 

E = 600 volts, R = -025 ohm, full load current 
/ = 1,000 amperes 

Drop in feeder 

21 R = 60 volts # 

Full load terminal voltage at the generator 
V $ = 600 + 60 = 650 

Percentage compounding 

X 100 - 10% 

There arc two ways of connecting the shunt field in a compound 
generator, called short and long shunt. These are illustrated by 
the alternative connections shown dotted in Fig. 81. The short 
shunt is flic more usual arrangement as it gives a somewhat higher 
voltage duo to the fa^t that the shunt field has the full armature 
voltage across it. In the long shunt arrangement the voltage 
across the shunt is the armature voltage less the ohmic drop in 
the series field. 

7. Efficiency of D.C. Machines. When calculating the efficiency 
of electrical machinery it is convenient to express power in electrical 
units, namely, watts. The efficiency of a generator is then 

_ Output _ Output 
^ Intake Output bosses 
The losses can be subdivided as follows — * 

I. Copper Losses. 

(а) Armature copper loss = I a *R a . About 30 to 40% of the total 
full load losses. 

(б) Field copper Iors ~ I $h l R th in a shunt winding ; I 11 8e in a series 
winding. Abou1«20 to 30% of total losses at full load. 

(c) Tho loss due to brush contact resistance. This can conveniently 
be taken into account by including tho brush contact resistance in the 
armature resistance. 

II. Magnetic or Iron Losses. 

(а) Hysteresis loss. Proportional to { (FI ux ) 1 • • x Speed}. 

(б) Eddy current loss. Proportional to {(Flux) 8 X Speed*}. 

These two losses are therefore approximately constant in a machine 
whose flux is approximately constant, e.g. shunt or compound machines, 
but variable in the case of a series machine. The two together represent 
20 to 30 % of the total losses at full load. 

5— (T4433) 
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. III. Mechanical Losses. 

(a) Friction at bearings and commutator. 

(b) Windage of rotating armature. 

Together 10 to 20% of total losses, independent of the load, and pro 
portional to the speed for small variations in speed. 


The magnetic and mechanical losses are often grouped together 
and called collectively the stray losses. 

The efficiencies of generators depend, of course, upon the output, 
average values for the full load efficiencies varying from 70 per 
cent for 1 kW machine to 95 per cent for a 1,000 kW machine. 

In the case of a shunt or compound machine the shunt copper 
loss and stray losses are constant. We can then write 


Total losses = Armature copper loss + Constant losses (W 9 ) 

= R a (l + I ih ) 2 + W § 
where I is the load current. 

Output = VI 

VI VI 

•• v ~ VI + Ii a (I + /.»)* + w, VI + Ii a P + IV, a PP rox - 
since I, h is small compared with I 


1 + 


( V VI 


Now the product of the terms in the brackets is a constant since 
E t is approximately constant, / being the variable. Hence, their 
sum is a minimum, and the efficiency, a maximum 



R a I 

V 


i rr e 

when t 7 t it 


VI 


when 


= IWj 

V^. 


Hence, if the efficiency is plotted against 
the load current, a curve of the form 
shown in Fig. 89 will be obtained, the 
position of the maximum being defined 
by the above value of the load current. 

Example. A 400 volt shunt generator 
has a full load ourrent of 200 amperes; its 
armature resistance is *06 ohm, and field 
resistance, 100 ohms; the stray losses are 
2,000 watts. Find the h.p. of its prime mover when it is delivering full 
load, and find the load for which efficiency of the generator is a maximum. 


Ftg. 89 

Efficiency Characteristic 
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I a = I + lih = 204 amp. 

Armature copper loss I a 2 R a = 204 2 x *06 = 2,500 watts 
Field copper \ossI th 2 R ah OT I th V = 4 x 400 = 1,600 watts 
Constant losses W e — field copper loss + stray losses 
= 3,600 watts 

Total full load losses = 2,500 + 3,600 = 6,100 watts 
Output VI =■ 400 x 200 = 80,000 watts 
Intake — 80,000 + 6,100 *= 86,100 watts 


H.P. of engine 


Tj = 


86,100 

746 

80,000 

86,100 


115 

•93, or 93% 


The load at which rj is a maximum is 

I = /M* 00 = 245 amp. 

V -06 

This is greater than the normal load because the armature resistance 
is on the low side for a, 400 volt generator of 80 kW output. 

Example. A series generator of total resistance 0% olim is running at 
1,000 r.p.m. and delivering 6 kW at a terminal p.d. of 100 volts. If the 
speed is raised to 1,500 r.p.m., and the load, adjusted to 8 kW, find the new 
current and terminal p.d. 


Assume that the machine is working on the straight portion of 
the characteristic ; then the flux is proportioned to the current, and 
the E.M.F. generated, proportional to the product of flux and speed. 

(a) Speed 1,000 r.p.m. 

Output 5 kW = 5,000 watts 

V = 100 I = = 50 amp. 


Drop in machine IR = 50 X 0-5 = 25 volts, and the total 
E.M.F. generated^! = 100 + 25 = 125 volts 
.\ 125 oc speed X flux 

oc spaed X current^ oc 1,000 x 50 . . . (1) 

(b) Speed 1,500 r.p.m. 

Let / = new current 

„ Output __ 8,000 
V ~~ T~ ~ ~l ~ 

Drop in machine RI = *5/ 

E.M.F. generated E % = V -f drop = - y - - + • 51 
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Again, E z oc new speed X new current 

. 8,000 . ey . y 

/. b *5/ oc 1,500 x / . 


Dividing equation (2) by (1), 

8,000 

^ ” 1500/ 


•5/ 


125 50,000. 

I == 49*6 amp. 


(2) 


Examples on Chapter VII. 

(1) A shunt dynamo gave an external characteristic as follows — 

Current 0 4 8 12 16 20 

Terminal Volts 89-6 88-6 87 84-8 82-2 79 

Its armature and shunt resistances were -22 and 45 ohms respectively. Plot 
its total characteristic. 

(2) The above dynamo, when connected short-shunt compound, gave the 
following terminal voltages for the same load currents 89*5. 89-9, 90, 90, 
89*5, 88*2. The resistance of its series winding was *10. Deduce its total 
characteristic. 

(3) If a dynamo is level compounded at 1,500 r.p.m., what will be tho 
nature of its voltage characteristic at 1,000 r.p.m., if the shunt regulator is 
not altered ? 

(4) Given the magnotization curve of a self-excited, shunt- wound generator, 
show how to determine the open circuit voltago with a given total resistance 
in tho shunt circuit. Show how to estimate tho riso in voltage when tho 
speed is increased by 10%, and explain how tho external characteristic of the 
machine may be estimated. (London Univ., 1922.) 

(5) Find how many series turns per pole are needed on a 500 kW com- 

pounded dyqaino required to give 600 volts on no load and 650 volts on full 
load, the requisite ampere-turns per pole being 7,900 and 11,200 respectively. 
The shunt winding is designed to give 500 volts at no load when its tempera- 
ture is 20° C. The final temperature is 60°C. (0. and G., 1923.) 

An *. — 4 series turns per pole. 

(6) A shunt generator has a full load current of 100 amperes at 110 volts. 
The stray losses are 500 watts and the shunt resistance is 55 ohms. If the 
efficiency at full load is 88 per cent, find tho armature resistance. Then 
find the efficiencies at one-half of full* load and at 50 per cent overload, 
assuming that tho voltage is kept constant at 110. At what load ourrent 
will the efficiency be a maximum ? 

An*. — (a) *075 ohm ; (6) 86 per cent ; (e) 87 per cent ; (d) 96 amps. 



CHAPTER Vril 

THE DIRECT CURRENT MOTOR 

1. General Principles. Any direct current generator will run as 
a motor, that is, convert electrical power to mechanical power, 
if its field and armature are connected to a suitable electric supply. 
The essential construction of a motor is identical with that of a 
generator, and when there is any external difference in appearance 
this is due to the fact that whereas the frames of generators can 
as a rule be open, those of motors are either partly or totally 
enclosed because of the rougher (mechanical) usage to which the 
latter are subjected. 

Fig. 90 (A) show r s one conductor on the armature of a generator 
rotating clockwise under a N. 
pole. Fleming’s right-hand rule 
indicates that the induced K.M.F. 
is inwards, and therefore the 
current in that conductor is also 
inwards. This current sots up a 
magnetic field, the linos of force 
of which are concentric circles 
round the wire and in a clock- 
wise direction (from the corkscrew 
rule). This field is seen to act in the same direction as the main 
field on the right-hand side, and in opposition on the left-hand side, 
the result being that the actual distribution of the linos of force in 
the resultant field is as indicated in Fig. 90 (/?), some of the lines 
being bent round the conductor. Mow magnetic lines of force are 
always in a state of tension, the bent lines of force setting up a 
mechanical force on the conductor much in the same way that the 
bent elastic of a catapult produces a mechanical force on the stone. 
In the case of the generator it will be noticed that ibis force is in 
opposition to the direction of motion. It is therefore called the 
magnetic drag, and it is this drag acting on all the conductors that 
the prime mover lias to do work against. For a current of 1 
amperes flowing in a conductor of l cm. placed in a field of II e.g.s. 
units the drag is given by 

dynes 

the denominator 10 being introduced because 1 amp. is one-tenth 
of the e.g.s. unit pf current. 

We have seen from the previous description of a D.C. armature 
that the conductors do not lie midway between the pole face and 
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a smooth armature core, but that they are all housed in slots. The 
above explanation, although convenient for the calculation of the 
torque of the armature, is not a correct description of the mechanism 
of torque production. Hence let the conductors lie in slots as in 
Fig. 91. In figure A the main flux is shown concentrated into tufts 
which pass into the tops of the teeth, while the armature flux 
is shown by the dotted fluxes embracing the slots. The directions 
of these fluxes correspond with those of Fig. 90. We see that the 
effect of the armature flux is twofold. Firstly, it increases the flux 
in the left-hand halves of the.teeth and reduces it in the right-hand 
halves, so that the distribution of flux density across the tooth 



Fig. 91 

Mechanism of Torque Production in a D.C. Machine 


section is no longer uniform. Secondly, it inclines the directions of 
the magnetic force in the air gap so that the tufts of lines of force 
are not radial but are disposed somewhat after the manner of 
figure B. Since the lines of force are in a state of tension the tan- 
gential component of this tension will set up a torque on the arma- 
ture, and from the figure we see that the direction of this torque 
is counter-clockwise. Hence in an actual machine with slotted 
armature the torque is not due to mechanical forces on the conductors 
themselves, but to the tangential component of the magnetic pulls 
on the teeth. 

2. Back E.M.F. Now suppose that the machine is uncoupled 
from the prime mover and that curasnt is sent through the armature 
and field from an external source. If the excitation of the field and 
the directions of the armature ourrents are the same as before, the 
magnetic drag will be set up in the same direction as before, and 
under its influence the armature will rotate. The machine will 
now be running as a motor. We thus see that for the same direction 
of armature currents and the same excitation, the direction of 
rotation of a motor is opposed to that of a generator — Fig. 90 (C). 

Now when the motor armature rotates the armature conductors 
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cut the lines of force of the field, and as a result, they have E.M.F.s 
induced in them. The direction of one such induced E.M.F. in an 
individual conductor is, of course, given by Fleming’s right-hand 
rule, and applying this rule to the conductor in Fig. 90 (C) we see 
that the E.M.F. is outwards, that is, opposed to the current . This 
induced E.M.F. in the case of a motor is therefore called the 
“ back E.M.F.” The supply E.M.F. has to do work against this back 
E.M.F. in forcing the current through the armature. If the in- 
duced E.M.F. in an armature is opposite in direction to the current, 
then the machine is motoring ; if ii is in the same direction as 
the current, the machine is generating. The magnitude of the 
back E.M.F.is, of course, given by the expression for the generated 
E.M.F. Calling the back E.M.F. E b> we have 


E * = iir X 2 X 10 ‘ 8 voltB - 


3. Speed of a D.C. Motor. The speed of a motor automatically 
adjusts itself to the load so that the electrical power required to 
drive the current through the armature is equal to the mechanical 
power required to drive the load. The load here includes all those 
losses in the motor which are produced by rotation, namely, the 
magnetic and mechanical losses. • 


Hence, E b I is oc Speed X (Total retarding torque). 

* ^x£x... 


Resultant E.M.F. acting in the armature circuit 
E-E„ 10" 

where E is the E.M.F. applied to the armature terminals. 
_ <S>ZN P ... 

, S—6 0- X A X '°" 


. a j x7 E — R a I a 6(L4 , A8 

Speed N = ■ —^A x X 10 8 

Now in modern machines the drop of volts in the armature, 
i? o / 0 , is small corftpared with E, so that wo have, approximately, 


N = I X (| X ~~ X 10» > 
<t> \Z P ) 


oc ^ so long as E is constant. 
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Thus the speed of a D.C. motor is inversely proportional to the 
flux per pole. 

4. Conditions lor Maximum Power. We have 
E = E b + R a I a 
EI m = E b I a + 7W 

This is an equation of power, the various terms having the following 
meanings — 

EI a = total p6wer supplied to the armature 
E b I a = power converted into mechanical power 

jB a / a * = power dissipated as heat due to the armature 
resistance 


Hence, mechanical power of the motor 


W m = EI a -RJ a > 


dWrn 

dl a 


E 2R a I a 
0 


and corresponds to a maximum when 
R a I a = E/2 or E b = Ef2. 


Thus a motor develops the maximum mechanical power when the 
armature current is such that the back E.M.F. is equal to one-half 
of the applied E.M.F. This is not attained in practice, since it 
necessitates a current well beyond the normal working range. Also 
an amount of power equal to the mechanical power developed 
would be wasted in heating the armature, so that, taking other 
losses into account, the efficiency would be well below 50 per cent. 


5. Torque. If P = no. of poles and A = no. of parallel paths 
through the armature, the current in each individual conductor is 



Consider that the flux per pole Q is divided into separate fluxes 
$ 2 ’ $ 3 ’ etc., which embrace the individual conductors, as 
shown in Fig. 92. ' 

Then force on conductor 1 = dynes 


xl 1 0A 


X l 


10*^4 
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force on conductor 2 


<V„ 

lOxA 


force on conductor 3 


= <M« 

iozi 


Total tangential force on all the 
conductors under one pole 

== ‘V.+^.+&Ll + 

10xA lOxA 10 xA 

. 

I Ox A 

Torque due to this force 



Calculation of Torque 
of a Motor 


_ <E/ a 

lOxA 


X r dyne cm. 


Now the distance x = 


2nr 

~Z~ 


Torque due to all the conductors under one pole 

Z 


-- fj-l X " X r = X - dyne cm. 
10.1 27ir 20w A 


Hence torque due to all the conductors under all the P poles 

I 

T = 


X ^ dyne cm. 
20jt A 


: l - X OI.Z X ?lb. in 

20rr X 981 X 454 X 2-54 ‘ A 


= 1-41 X 10 8 <D/ # Z X ^ lb. in. 

Example. A four-pole armature 5(Pcm. in diameter has 1.000 conductors, 
each of active length 25 cm. The pole span is two-thirds of the pole pitch, 
and the average flux density in the gap is 6,000 lines por sq. cm. Calculate 
the torque in lb. in. when each conductor carries 10 amp. 

No. of active conductors = those in the magnetic field 

= § of 1,000 = 667 

Force on each conductor = 6,000 x^0 X 25 _ 15 Q qqq dy nem 
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/. Torque exerted by each conductor 

= 150,000 X 25 = 3,750,000 dyne cm. 
/. Total torque = 3,750,000 X 667 dyne cm. 


3,750,000 X 667 
981 X 454 X 2 *54 


2200 lb. in. 


The equation for the torque can also be derived directly from the 
back E.M.F. equation, as follows. The power required to overcome 
the back E.M.F. is that which provides the mechanical torque. If 
the torque is T , the work done per revolution is T X r, since the 
work done by a torque is equal to the product of the torque and 
the angle turned through (in radians). The work done by the torque 
per second is thus 


T X 2tt X A760 
which must be E b l a . Therefore 
T = Ejl a -r (2 ttA760) 

<J>ZN P 

= x 2 x 10- 8 X I a X 10 7 ~ (2vriV/60) 


- 20* x A dyne Cm - 
, = 1-41 X 10: 8 0>/ o Z x j lb. in. 


= 117 x 10 - 9 0>/ o Z x ^ lb. ft. 

A 

* 

The multiplier 10 7 is to reduce the joules to ergs, which are dyne 
centimetres. ( 

6. Armature Reaction and Commutation. Suppose that the 
brushes are placed first of all in the G.N.P. (Fjg. 93), then if the 
armature is rotating clockwise the directions of the armature 
currents will be outwards under the N. poles, and inwards under 
the S. poles. The armature therefore acts like a solenoid whose 
axis coincides with the brush axis, as in the case of a generator, 
but in this case the armature M.M.F. OA is directed from left to 
right. OB is tlm main M.M.F,, and OC the resultant M.M.F. 
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We see that the magnetic neutral plane M.N.P., which is per- 
pendicular to OC , is now shifted backwards, instead of forwards 
as in the case of the generator. Also on comparing the directions 
of the lines of force of the armature cross field with the main field, 
we see that the main field is strengthened under the leading pole 
tips and weakened under the trailing pole tips. 

It is necessary to give the brushes a backward lead in order to 
bring the brush axis into the M.N.P. We can then divide the 
armature conductors into two groups, those lying above \VX and 



below rZ, and those lying between these two planes. The first 
group produces a cross field OB whoso M.M.F. acts from left to 
right, and the second group produces a M.M.F. OC which is in 
opposition to the main M.M.F. OD, and therefore sets ftp a demag- 
netizing effect. Thus when the brushes in a generator and a motor 
are set so as to be in the M.N.P., a demagnetizing action is set up 
by the armature in each case, but the cross magnetizing fields are 
opposite in direction. 

In some cases* motors are required to run in both directions 
without sparking. In such a case it is obvious that the brushes 
must be placed in the G.N.P. In order to cut down the distortion 
of the field produced by the cross field to a minimum, the field 
magnets are designed to be nearly saturated. At the same time 
the air gap is made rather longer than in the case of a motor running 
in one direction only. Since each line of force of the cross flux 
has to cross the same air gap twice, this causes a considerable reduc- 
tion in the total cross flux, thereby minimizing distortion. It is, 
of course, necessary to provide the excitation with additional 
ampere-turns to drive the flux Across the long air gaps, and such 
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machines are said to have “ stiff ” magnetic fields, the field system 
being magnetically strong compared with the armature. 

D.C. motors, like generators, are commonly fitted with interpoles 
in order to ensure good commutation. Jn either case their function 
is the same, namely, to force the current in a 
coil short-circuited by the brush to attain its 
full value in the reversed direction by the end 
of short circuit. Since the currents in the 
armature conductors flow in the reverse direction 
to those of the generator when the directions 
of rotation are the same, it follows the polarity 
of the interpoles must be reversed. Their 
polarity with respect to the polarity of the main 
poles and to the direction of rotation is, for a 
motor, as indicated in Fig. 94. 

7. Characteristics of D.C. Motors. There are three ways of 
exciting the field of a D.C. motor ; these are series, shunt, and 
compound, and the characteristics of the motor arc determined by 
the method of excitation. Consider first of all the scries motor. 



Motor 


Fia. 94 

Polarity of 
Interpoles 




Fig. Oft 

Characteristics of Series Motor 


The flux varies with the motor current, the relationship between the 
two being given by the magnetic characteristic (Fig. 95). If the 
flux due to armature reaction is deducted, the dotted curve in the 
figure will be obtained. Now we f have seen that the speed is 
inversely proportional to the flux, and therefore, if we plot 
reciprocals of the flux against current, the speed-current curve will 
be obtained. From its shape we see that the series motor is 
essentially a variable speed motor, the speed being low on heavy 
load and dangerously high on light load. For this reason the 
series motor is never run without some mechanical load on it, 
otherwise it might fly to pieces. If the saturation point is 
not reached, the flux d> is approximately proportional' to the 
current /. 
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Now torque T oc 0 x / 

But ® oc / 

/. T oc P 

On light loads the torque-current curve is therefore a parabola, 
but when / is so great that (D becomes nearly constant, T becomes 
proportional to I to the first power, and the curve becomes 
asymptotic to the dotted straight line through the origin, as shown 
in Fig. 96. 

Below the saturation point we have 0 proportional to I 


From the above we see that, so long as the iron is not saturated, 
the series motor exerts a torque proportional to the square of the 
current. Its starting torque is therefore very high, for which 
reason it is used in cases where heavy masses have to be accelerated 
quickly, e.g. for electric traction and for hoist work. The falling 
off in speed as the load increases is also a considerable advantage 
for such duties, since it automatically relieves the motor from 
having to carry excess loads. Thus, if a tram travelling up hill 
falls to half speed, the load on the motor is only half of what it 
would be if the tram raced up at full speed. 

If the speed-current and torque-current curves are drawn on the 
same diagram, then by measuring ordinates on the two curves 
corresponding to a series of values of current, the speed-torque 
curve can be drawn. This curve is sometimes called the “ mechanical 
characteristic,” and for a series motor it is similar* in shape to 
the speed-current curve. 

Example. A aeries motor tak'es 20 amp. at 400 volts to drive o fan at 
250 r.p.m. Its resistance is 1 ohm. If the torque required to drive the fan 
varies as the square of the speed, find the necessary applied voltage and current 
to drive the fan at^350 r.p.m. 


Assuming a straight line magnetic characteristic, 

T oc O X I oc P. But T oc N* 

350 

I oc N. Hence, new current = — - X 20 == 28 amp. 

250 

Motor back E.M.F. at 250 r.p.m. = 400 - (20 X 1) = 380 
Motor back E.M.F. at 350 r.p.m. = E - (28 X 1) 
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Now back E.M.F. oc <X> x N, i.e. oc I x N 
. E - 28 _ 28 X 350 
’ ' 380 20 X 250 

,\ E * 717 volts. 


8. The Shunt Wound Motor. For a constant applied' P.D. the 
exciting current is constant. The flux will therefore have its 
maximum value at no load, and because of armature reaction will 
decrease slightly as the load increases. For most purposes this 
decrease can be neglected, and the flux per pole, O, can be regarded 
as constant. We then have from the equation on page 121, 
speed 


N 


E - R a I a ^ GOA 
<t>Z P 


= K(E - R a I a ) where K is a constant. 

Let N 0 and l e be the no load speed and armature current, and 
N and I, the speed and current at any other load. Then 
N = K(E - R a I) 

N 0 = K(E-RJ 0 ) 


■ N _ N „E-R m I . N 0 - N R a I - R a l 9 

**E-R m I 0 ‘*F ~N~ C E-Bjt, 

This equation shows that since I 0 is small the drop of speed of 
a shunt motor from no load to any other load is proportional to 
the drop of volts in the armature at that 
load. This, of course, assumes zero arma- 
ture reaction ; actually, since the armature 
exerts a demagnetizing action, O will 
decrease as I increases, and therefore the 
fall in speed will not bo quite so great as 
indicated by the above expression. Since 
the full load drop in the armature is small 
compared wj£h the applied voltage, wo see 
that the speed-current curve of a shunt 
motor is a slightly drooping curve, as 
shown in Fig. 97. It instructive to 
deduce the drop of speed in another 
manner. Whatever the load on the motor 
may be, the back E.M.F. adjusts itself to such a value that 
sufficient armature current can pass to produce $ torque equal to 
the total opposing torque. Let the line A B represent the applied 
voltage, and let the 

4 j 1 . -___l b 

back E.M.F. be AC at a given load. Then BC is the resultant 
E.M.F. and represents to another scale the armature eurrent. 



Characteristic of 
Shunt Motor 
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Since ® is approximately constant, BC represents to still another 
scale the opposing torque. If the torque is doubled, C has a new 
position, C x , where BC 1 = 2BC. The back E.M.F. is now AC lt and, 
since the speed is proportional to the back E.M.F., the speed falls 
from AC to AC V If the torque is trebled, C moves to G 2 where 
BC 2 = SBC, and the new current and speed are represented by BC 2 
and AC 2 respectively. Thus, if the lengths of AC are plotted against 
the lengths BC, the speed-current characteristic is obtained. 


Example. A six-pole lap wound shimt motor has poles 20 cm. square and a 
flux density in the gap of 5,000. The armature is wound with 500 wires having 
a total length of wire of 24,000 cm. and -07 sq. cm. aroa. Find the speed 
of the motor with 100 volts on the terminals and 120 amp. in the line. 
(London Univ., 1912.) 


<D = 5,000 x 20 2 = 2 X 10* linos 


Resistance of all the armature wires in series 


2 24,000 

10° 07 

•7 ohm. 


Hence resistance of armature with 6 parallel paths 


K. = 



•0194 


Deducting, say, 5 amp. for the shunt current, th^ armature current 
will be 115 amp., and the drop in the armature, -0194 X 115 = 2 
volts, roughly. 


Back E.M.F. 
But 


E b = 100 -2—98 volts. 


60 A 


:.n 


10- 8 

60 X 98 X 10 8 
’ 2 x 10 6 X 500 
: 588 r.p.m. 


From the general equation for the torque of a D.C. motor, we 
see that, since O is approximately constant, the torque is pro- 
portional to the armature current. Hence, the torque-current 
characteristic is a straight line through the origin. The mechanical 
characteristic can be determined from the two electrical charac- 
teristics as before * It is a slightly drooping curve similar in shape 
to the speed-current curve. • 

Sometimes, when starting a shunt motor, it is found that it takes 
a very large current and runs at a high speed in the wrong direction. 
This phenomenon *s due to a break in the shunt winding. The 
demagnetizing effect of the sudden rush of current at starting 
reverses' the residual magnetism the field, and the only flux 
present is that due to armature reaction. This flux is comparatively 
weak and in the reverse direction to the proper main field, thus 
oausing the motor to run at high speed in the reversed direction. 
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Full Load 
\ ^'to rque 


Torque 


Fio. 98 

Characteristics of 
Compound Motors 


Since the armature drop of volts on full load is proportional to 
the fall in speed from no load to full load, and since the full load 
drop is only about 4% of the applied voltage on the average, the 
shunt motor can be regarded as a constant speed motor. If the 
drop in speed has to be made up, this can be effected *by inserting 
resistance in the shunt field, thereby reducing the flux. Shunt 
motors are therefore suitable for driving 
light machine tools and for all purposes 
where an approximately constant speed is 
required. 

9. Compound Wound Motor. The series 
field may be connected in the circuit so 
as to either help the shunt field or oppose 
it. In the first case the motor is “ cumu- 
latively ” compounded, and in the second 
case, “ differentially ” compounded. If 
the series field of the differentially com- 
pounded motor is so adjusted that the 
full load decrease in flux produced by it 
is just sufficient to make the full load 
speed equal to the speed on no load, then, for any other load 
within this range, its speed will be approximately constant. Its 
mechanical characteristic is shown in curve A (Fig. 98). This 
appears to bo an advantage at first sight, but there are two dis- 
advantages. In the first place, when the motor is being started, 
the shunt field will take some time to build up, and therefore the 
series field will be established first, owing to the initial rush of 
current through the armature and series field. The motor will 
therefore tend to start up the wrong way.* When the shunt field 
is fully established the total field will be so small that there may 
not be sufficient torque to run the motor, and the armature will 
take an excessive current from the supply. This difficulty can be 
overcome by short-circuiting the series field during starting, and 
only putting it in circuit when the motor is under way. The second 
disadvantage is that if the motor becomes overloaded, the resulting 
decrease in flux will tend to force up the speed so that the motor 
will be very seriously overloaded. In fact, when the current 
attains a certain value, the motor becomes unstable, and it begins 
to race like a series motor on no load. The motor is thus dangerous 
to use unless there is no possibility of the load exceeding the 
normal full load. 


The cumulatively compounded motor has an increase in flux as the 
load increases, with the result that the speed decreases, but not so 
rapidly as in the case of the plain series motor, because of the 
constant flux produced by the shunt field. The mechanical charac- 
teristic is therefore between those of the series and shunt motors, 
its nearness to one or the other depending upon the number of series 
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turns (Curve B , Fig. 98.). The falling off in speed affords relief 
to the motor if a sudden load comes on, and the motor is therefore 
used largely for driving heavy machine tools where sudden deep 
cuts may be taken. *This motor is also suitable for driving con- 
tinuous running rolling mills, for which duty it is coupled to a heavy 
flywheel. When a billet is inserted in the rolls the sudden increase 
in load causes the speed to decrease, with the result* that the fly- 
wheel gives up some of its stored kinetic energy, thereby taking the 
strain of the sudden peak load off both motor and supply mains. 



Non-automatic Starter Starter with No-volt and Overload 

Releases 


When the load is light, the speed rises and the flywheel acquires the 
kinetic energy it gave up previously. In this way, provided that 
the successive peak loads do not come on before the speed has had 
time to reach the full value again, the flywheel, in conjunction with 
such a motor, acts as a load equalizer. Its function is to look after 
all the sudden fluctuations in the load and to leave the motor and 
supply to cope wflth the steady average load. 

10. Motor Starters. For ail but fractional h.p. motors, a 
resistance should be placed in the armature circuit at the moment 
of starting, and then gradually cut out as the motor speeds up. 
The simplest arrangement of a starter for a shunt motor is showm 
in Fig. 99. The arm A makes contact with the studs connected 
to the starting resistance R, and also to a brass arc, B, by which 
the connection to the shunt field is made. This arrangement is 
perfectly satisfactory for starting, but it suffers from the dis- 
advantage that when the main switch S is opened to shut down 
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the motor, the arm A remains in the “ on ” position, and if the 
switch is again closed the armature is put right across the supply. 
It is thus obvious that when the switch is opened the arm should 
return to the “ off ” position. Also, for motors up to about 20 or 
30 h.p. it is desirable to incorporate an “ overload release ” which 
will disconnect the motor from the supply in the event of an over- 
load. For larger sizes it is better practice to leave this duty to a 
separate automatic circuit-breaker. A typical starter for a shunt 
or compound motor is shown in Fig. 100. The arm A is provided 
with a hinged armature, which is attracted by the coil of a “ no- 
volt ” release when in the “ on ’’ position. This release is connected 

in series with the shunt field. 
When the switch is opened the 
pull of this coil is removed and the 
arm is returned to the off posi- 
tion by a spring. The overload 
release consists of another coil, 
which carries the full line current. 
It attracts an armature which, 
when lifted, bridges two brass 
studs connected to the ends of 
the coil of the no-volt release, 
thereby short - circuiting this. 
The spring then pulls the arm 
back and stops the motor. The 
position of the armature of the 
overload release can be adjusted 
by a set scrow, and the release thus set to operate at any desired 
overload. 



Variations in Current and 

SrKED DURING STARTING 


•WAV/* V. W 


The grading of the steps of the starting resistance, and the time 
taken to move the arm across the row of contacts, should be such 
that, during *the operation of starting, the motor current is kept 
within upper and lower limits. This is 
illustrated in Fig. 101. The stepped 
curve shows the variation of current. 

As soon as contact is made with any 
stud the diminution in resistance causes 
the current to increase initially ; the 
motor then increases in speed with 
consequent increase in back E.M.F., 
so that the current decreases while 
the arm is held on that stud. When the current reaches the 
minimum value the arm is moved to the next stud, and the 
current again suddenly increases to the maximum value ; and so 
on. The variations in speed are illustrated by the dotted curve. 
In order to calculate the various steps of the starting resistance, 
It is necessary to assume values for the upper and lower limits of 


Fig. 102 

Calculation of Shunt 
Motor Starter 
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the current ; let these be I x and 1 2 respectively. Let r l9 r 2 , r 3 , etc., 
be the various steps, and let R v R 2l R 9f etc., be the total resist- 
ances between the various studs and the far terminal of the 
armature, as illustrated in the scheme in Fig. 102. On making 
contact with any stud the current suddenly jumps to the value I v 
and whern leaving any stud the current is I r Hence 

when leaving stud 5, say, / 3 = 

R h 

■^5 


where E h is the back E.M.F. 


= ^7r^ • • • • (1) 

where A is a constant. 

On first making contact with stud 4 the current jumps to I v 
but the speed has not time to change from N t 


•\ h = 


E-AN 


On the point of leaving stud 4 the speed has increased to 
say, N v 

.... (3) 

On first making contact witli stud 3, 

/>=^ .... ( 4 , 

Dividing equation (2) by (1), and (4) by (3), we hav 
^5 = {i and = b 


Hence, if we put y = y, we have, if there are n live studs, i.o. (n - 1) 

If . % 

sections in the resistance, 

Rn = i ^2 v 

. R n . t li, ’ 7 


Multiplying all the terms together, we have 

„ i 

V 1 - it 
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Now R x is the armature resistance, which is known. On making 
contact with the first line stud the speed is zero and the current 
is I v lienee 



Therefore, since y is known from the required ratio of the 
maximum and minimum currents during starting, n can be calcu- 
lated. The various resistances, R n , R n -i, R n - 2 , etc., can next be 
calculated, and the di If crenels of successive pairs give the required 
resistances, r x , r 2 , r 3 , etc. 

Example. As an example of the calculation of the resistance steps of a 
shunt motor-starter, take the case of a 30 h.p., 220-volt motor which takes 
113 amp. when running normally on full load. The motor has to startup 
against full load and the starting current has not to exceed 1J times the 
normal full-load value. Kesistance of armature circuit 0-02 ohm. 

Since the motor has to start against full-load torque, the minimum 
current during starting will be the full-load current of 113 amp. 
Hence / 2 = 113. 

I x - 1£ x 113 = 160-5 amp. 

and -A --- y = 1 *5 

/ o 


and 

Now 



220 

109-5 


1-3 ohms 


R l — 0-02, us stated. 



lt 2 -- 15 X R x = 1-5 X 02 = -03 

Similarly* R 3 =1-5 x li a = 1-5 x 03 = -045 

R t = I -5 X R 3 = 1*5 X -045 = -OOS 

R 6 = 1-5 x R t = 1-5 X -0(58 = -102 

R t = 1-5 X R 3 ■-= 1-5 X -102 = 153 

R 7 ~ 1-5 X R t = 1-5 X 153 = -23 

= 1-5 X R 7 = 1-5 X -23 = -35 

R t ---■ 1-5 x K 8 1-5 X -35 ■-=• -53 

R 10 = J 5 X R 9 =»l-5 X -53 = -8 

R u = 15 X R 10 = 1-5 X -8 = 1-2 

The total was to bo 1 -3, so R n — 1-2 will be nqar enough for most 
purposes, but if it is desired to keep to the value 1-3, the adjustment 
can be made when the individual steps have been calculated. We 
have 

r a = jR g - R x — -03 - -02 — -01 ohm 

r, = R 3 -R a = 045 - -03 = -015 „ . 

r 4 = R t - R t = 068 - 045 = -023 „ 
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-x 6 

-X* 

- -102 - 

-008 -- 

•034 ohm 



~ Hr 

- 153- 

•102 

•051 

h 

- X, 

-x. 

----- -23 - 

■153 - 

•077 ,, 

r 8 

-• A“ 8 

- X 7 

= *35 - 

•23 -- 

.]-■> 

j — »* 

u 

-x t 

~X, 

- -53 - 

■35 =- 

•IS „ 

ho 


-X 9 

- *8 - 

•53 - 


hi 

~ R n 

0 

1 

= 1-2 - 

■ -8 =- 



Thus there are 10 steps with 1 1 contacts, and, if desired, the deficit 
of 0*1 ohm can be divided equally among a few of the steps, say, 
r 7 to r n , making these *071), *14, -20, *29*, and *42 ohm respectively. 



Fio. 103 


Finally, for a motor of this size it may be desirable to attain the 
first rush of current in two steps, the first step allowing Ifi!) -5/2, say, 
85 amp. to pass. The total resistance in the starter must thus be 
220/85 = 2*6 ohms, the extra step therefore being 2*0- J-3 = 1-3 
ohms. 

11. Starters for Series Motors. These are usually controllers, 
that is, they can bo left in circuit for any length of time^since they 
also act as speed regulators. These controllers arc in the form 
of a rotating cylinder carrying segments which make contact with 
fixed insulated “ fingers.” A blow-out coil is also provided, its 
function being to extinguish any arc formed when a segment breaks 
contact with a finger. This blow-out coil is simply an electro- 
magnet, the lines «of force of which cross the space between the 
fingers and the segments, so thflt, when an arc is formed, it is 
acted on by a mechanical force perpendicular to the plane of the 
current and the flux, that is, in a vertical direction. The arc is 
thus blown out. The developed view of such a controller is shown 
in Fig. 103. It is arranged for both forward and reversed 
directions of rotation.* 

* The calculation of a starter for a series motor is beyond tlio scope of this 
book. For a complete solution, see Dover, Electric Traction , Smith, “Steps 
in the Starter of a Series Motor,” Jour. I.E.E., Vol. 68, p. 046, and Dover, 
Jour.I.E.E Vol. 60, p. 807. 


136 


ELECTRICAL TECHNOLOGY 


12. Time of Acceleration. The time required for the motor to 
attain full speed can be calculated as follows. It will be seen by 
the speed curves of Fig. 96 that the speed, and therefore the angular 
velocity co, is approximately proportional to the time if the starting 
handle is moved uniformly. Hence, the angular acceleration 
dco/dt is constant. Let I be the mean value of the current available 
for acceleration . Then accelerating torque 

T -{$L x .3) XIiyn ” m -. 


If K is the moment of inertia of the moving masses in gram, cm. 2 , 
then 


T = 




T 

K 



Hence, the time required to attain the full speed co. 


angular acceleration 



Example. A 50 h.p., 400 volt, 500 r.p.m. shunt motor takes on full load 
110 amp. Its armature has a moment of inertia of 200 X 10* gram. om.*. 
Find tha time taken to attain full speed if the maximum and minimum 
currents during starting are 150 and 120 amperes. 


Full speed angular velocity co = 62-5 radians per sec. 

Torque on full load = 33,000 X h.p. = g25 lb ft 
H * 2 t tX N 

= 71 X 10 8 dyne cm. 

The mean starting current is 135 amp; and therefore, since 110 of 
these are required to produce the load torque, the other 25 amp. 
are available for acceleration. A current of 1 IQ amp. produces a 
torque of 71 x 10 8 , hence the current of 25 produces an accelerating 
torque of 

25 

T = — X 71 X 10 8 = 16 X 10 8 dyne cm. 


dco 

dt 


T 

K 


co 


16 x 10 8 
200 X 16* 

52-5 


= 8 


# dco/dt 8 


= ^1=: 6-6 Bee. 
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13. Speed Control of D.C. Motors. 1. Rheostatic Control. 
Let an adjustable resistance R be placed in series with the armature 
making the total resistance in the armature circuit (R + /?„), then 
the back E.M.F. for any armature current I a is given by 

E b =E-(R + R a )I a 

At no-load, and with no-series resistance R in circuit the back E.M.F. 
is approximately equal to the applied P.l)., E . Since, for constant 



excitation, the speed is proportional to the back E.M.F., we have, 
denoting the no-load speed by N 0 — 


Now put 


N E - (R + H a )I a 
~N 0 zz= E 



E 




I 


R + R a - Rt 



For a given resistance R t the*speed is thus a linear function of the 
armature current I a> the graph of N against I a being a drooping 
straight line, as indicated in Fig. 104. The amount of the droop 
obviously depends upon the value of R ( , and therefore upon Ii 9 and 
obviously a whole family of speed-current curves can be drawn, each 
curve in the family corresponding to a definite value of R . 

We also see that for each value of R there will be a certain value, 
I mi of the armature current which just stalls the motor. This value 
is given by 
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0 = N 0 


( 


1 _ 

E~ 


) 


/„ = 


E 




Exam ple. A shunt- wound motor runs at 500 r.p.m. on a 200- volt circuit. Its 
armature rosistance is 0*5 ohm, and the current taken is 30 amp. in addition 
to the field current. What resistance must be placed in series with the armature 
in ordor that the speed may be reduced to 300 r.p.m., the current in the 
armature remaining the same ? If the load is changed so that with the inserted 
resistance the armature current is reduced to 15 amp., what then will be the 
speed? (London Univ.) 


From 

N = N ^1 


we have 

300 = 500 / 1 

-Hr 30 ) 


R t = 2*667 ohms 


R = R t - R, 

, = 2-667 - 0-5 = 2-167 ohms 

If the current falls to 15 amp., 
2*667 ohms, we have 

the resistance R t remaining at 


N = 500 A 

2-667 , A 

-Too x 15 


= 400 r.p.m. 


We can' also calculate the current which will just stall the motor. 
Thus with R t = 2*667 ohms, we have for this current 


_ E 200 
m ~ R t ~~ 2*667 


75 amps. 


The above example illustrates one of the disadvantages of this 
method of control, namely, that for a given value of the resistance 
the speed is not a constant, but is a function of the load current. 
Thus, with an external resistance of 2*167 ohms, the speed is 300 
r.p.m. when the current is 30 amp., but it rises to 400 r.p.m. when 
the current falls to 15 amps. This means that if the speed is to be 
kept sensibly constant on a rapidly-changing load* the value of the 
controller resistance must be varied to suit those changes. For 
precise speed control it can be said that the speed must be a function 
of the controller resistance only, and not a function of the load 
current, and because of this, more elaborate systems of control, such 
as the Ward-Leonard control described later, have been evolved for 
drives where precision of control is a necessity. 
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Another disadvantage of the method is that there will be consider- 
able loss of energy in the controller, particularly at low sjjeeds, since 
the resistance carries the full armature current. The intake of the 


Elcc 

■84 

(A 

|8 

&.§ 


Speed 

(A) 



do 


Speed 

(B) 


Fiu. 105 


armature circuit is EI a watts, while the power converted into 
mechanical power is E b I a watts. 

E l 

Efficiency of armature circuit = ~. a 

El a 


E-1L.I a - 



N 

~ N 0 

Power wasted in controller N 0 - N 
Armature intake ~ A e 


In other words, the power wasted is proportional to the reduction 
of speed. Thus, if the speed is reduced 60 per cent, the power 
wasted will be 50 per cent, and the efficiency will be 50 per cent. If 
the speed is brought down to zero, then the whole of the armature 
intake will be wasted in the contrtffier. The graph of power wasted 
in the controller against speed is a straight line, as illustrated in 
Fig. 105 (A). The disadvantage of this inefficiency is that it not only 
entails a considerable loss of energy, but it also necessitates a large 
and expensive controller with elaborate arrangement for the dis- 
sipation of the heat produced in it. 

In the above discussion we have assumed that the armature 
current has remained constant during the change in speed ; in other 
words, that the load has been one of constant torque. In the case 
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of appliances working on the centrifugal principle, such as fans, 
the torque is proportional to the square of the speed, and this makes 
a considerable difference to the efficiency of the rheostatic method. 

Let T — torque 
and T m = maximum torque 
at any speed Tec N 2 

But I a ocT 

I a cc N 2 = AN 2 , say, 

where A is a constant. At full speed N 0 the torque is T m> so that 
Im=AN 2 



For the speed N at any torque T , we therefore have 

N 2 _ T _ l* 

2 — W — j 

1 m 1 m 



Now the back K.M.F. is proportional to N, and we have 


E b = Ex 


AT 

N. 


Hence, drop of volts along the controller 



Hence, power wasted in the controller 


( drop along 
controller 


X current 





N 

K 


Now write 


s= r 
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W = EI m (l - r)r* 

= El m (r*-r>) 

when N = JV 0I r — 1, and IF = 0, 

when N = 0, r — 0, and FT — 0. 

We thus see that in this case the power wasted in the controller 
is zero at both extreme limits of speed, and by giving r a series of 
values between 0 and 1*0 it is easy to see that the graph of power 
wasted is of the form shown in Fig. 105 ( B ). 

Differentiating the expression for W with respect to r, we have 


dW 

dr 


2r-3r 2 


— 0 when r — \ 

Hence, the maximum loss of power will take place when the speed 
is two-thirds of full speed. Again, EI m is the full-load intake of the 
motor, W m , say. 

Maximum loss = W M 

- -148 

as against W m , when the load is one of constant torque. This shows 
that when the load is one whose torque is a function of the speed, 
the rheostatic method is no longer excessively inefficient. 

II. Field Control. We have seen that the speed of a D C. 
motor is inversely proportional to the flux per pole, and hence, if this 






Rheostatic Control. 




I vWvtvW- 


Id 


Shunt 


Series 


Field Control 

Fio. 106 

Methods of &perd Control 


flux is varied, the apeed will vary. This is accomplished by means 
of a shunt regulator in the case of a shunt motor, and a diverter in 
the case of a series motor, as shown in Fig. 106. This method is 
both convenient and economical, but obviously^it will only give 
speeds greater than normal. By a combination of methods I and 
II, speeds below or above normal can be obtained. If a large range 
of speed by the field control is required, the motor must be fitted 




142 


ELECTRICAL TECHNOLOGY 


with interpoles, because, owing to the high speed, the reactance 
voltage will be high, and owing to the fact that the field is weakened, 
the commutating field, if it is the fringe of the main field, will also 
be weak. Because of the high reactance voltage at high speeds, 
the commutating field must be strong if the motor is to run 
sparklessly. 

The necessary variations in shunt resistance to obtain a given 
change in speed can only be determined when the magnetization 



characteristic of the machine is known. Since the back E.M.F. is 


proportional to the product of the flux and speed, we have 
E^i oc OjiY i 

^2 OC S 




tin 

ti bl 



The oonditions of loading of the motor will enable the back E.M.F.s 
to be calculated, and the new flux 0 2 can then be determined from 
the above equation. A reference to the magnetization characteristic 
will then give the new excitation. 

Example. A 230-volt D.O. shunt motor whose magnetisation curve » given 
by the figures below, runs at no-load af 1,200 r.p.m. The resistance of the 
field magnet coils is 38*3 ohms. Find what resistance must be placed in series 
with the field magnet coils to increase the speed to 1,400 r.p.m. at no-load. 
(London Univ.) 


Amperes in magnet coils 


2 

3 

4 

Flux per pole in megalines . 

. 

. 

0*44 

0-8 

1-02 

115 


Since the armature resistance and current are not specified, we 
can take the back E.M.F. as being equal to the applied P.D., so that 
the expression simplifies to 
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O, = ^ x 


Ni 


The exciting current for full excitation is 

, 230 

38 - 3 ^° amp - 

-- 1-24 megalincs 
1200 


O a — = 1-24 x yjQQ — 1002 mcgaliues 


The magnetization curve is drawn in Fig. 107, from which wo see 
that the new value of the exciting current is 

l ex ‘2 ~ 3*28 amp. 

Hence, new total resistance in shunt circuit 
230 


= 3^28 = 70 2 ° hmS 




I A 




i r U, 


u uT (Q — 


f i 


n, 


r 

Via. 108 

Series Parallel 
Control 


Resistance in shunt regulator to in- 
crease the speed from 1,200 to 1,400 r.p.m. 

70-2-38*3 -= 31 9 ohms. 

III. Series Parallel Control. Thi3 
method, in conjunction with auxiliary 
rheostatic control, is used for electric 
traction. It requires two motors mechani- 
cally coupled, this coupling, in the case of 
a tram or locomotive, being supplied by 
the adhesion of the wheels to the rails. Consider two scries 
motors in parallel, as shown in Fig. 108 (B), and let them be taking 
a total current /. 

Then, speed oc Back E.M.F./Flux 

oc Applied E.M.F. /Current per motor 

approximately. 

* 1 2 E 

ocE-r- -or _ 

2 / , 

Again, Torque oc (Current X Flux) 
oc* Current 1 

OC il 

4 


Now consider the motors connected in series (Fig. 108, A ), and let 
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ill 

■the pair take the same total current as before. Then the P.D. 
across each motor is E/2, so that 

Speed oc .Ap plied KM.F _ 

Current per motor 



that is, one quarter of the speed attained by the motors in parallel. 

Also, Torque oc Current 1 
oc P 

that is, four times the torque produced by the motors in parallel. 

The various changes in connec- 
tions as the controller handle is 
moved up to the full speed posi- 
tion are shown in Fig. 109. At the 
four running positions, A, B, C, 
and D , the controller can be left 
in that position for any length 
of time, but the other positions 
have to be passed through fairly 
quickly, because the resistances 
cannot carry current for long 
periods. 

IV. Ward-Leonard Control. 
This method is commonly used 
where a very delicate speed con- 
trol over tho whole range from zero 
to full speed is required;- as, for 
example, with colliery winders. 
The method consists simply in 
working the motor with a constant 
excitation and applying to its 
armature sufficient voltage to give 
the speed required. A variable 
voltage supply is therefore required, and it is obtained from a motor - 
generator, or convertor, set. The Scheme is shown in Fig. 110. M is 
the variable speed motor. A is the motor, and B the generator of the 
convertor set. The variable voltage of the generator is obtained 
by varying its excitation by means of tho shunt regulator R. Speeds 
in the reversed direction are obtained by reversing the generator 
excitation as indicated diagrammatically by the reversing switch 
(R.S.). The convertor set runs always in the same direction. 

When applied to the control of very large motors, e.g. colliery 
winders or reversing rolling mills, the supply is nearly always an 








Fio. 109 

Connections of Series 
Parallel Controller for 
Different Speeds 
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alternating one, and it is often desirable to incorporate a load 
equalizing arrangement in order to keep from the supply the violent 
peak loads which occur in such cases. The necessary modifica- 
tions are shown in Fig. 111. The supply being alternating the 

motor A of the convertor 
set is of course a three- 
phase motor, and since D.C. 
is required for the excitation 
of the variable speed motor 
M and variable voltage 
generator B> the convertor 
set has an exciter E direct 
coupled to it. The flywheel 
for load equalizing is also 
Motor Generator coupled to the convertor set. 

Fiq - 110 Now if the flywheel is to 

Ward-Leonard Control keep the fluctuations in load 

from the mains, it must 
have its speed reduced when the peak load comes on, and have it 
raised again in times of light load. The necessary variations in 
speed of the converter set are obtained automatically by means 
of a “slip re- 
gu 1 a tor,” 
which puts 
resistance in 
the rotor cir- 
cuit of the 
motor A when 
the load in- 
creases and 
cuts it out 
again when 
the load de- 
creases. This 
resistance is 
generally a 
liquid resist- 
ance R y the Fig. Ill 

electrodes of Ward-Leonard -Ilgner Control 

which balance 

the torque of a small “torque motor” (T.M.) at normal load 
This motor is supplied through a current transformer (C.T.), 
and therefore carries current proportional to that delivered to 
the motor A. If the load suddenly increases there is a moment- 
ary tendency of the current taken by A to increase, and there- 
fore the current in T.M. tends to increase. This increases the 
torque exerted by T.M., and it therefore lifts up the electrodes, 
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thereby increasing the resistance in series with the rotor of A and 
decreasing the speed of the convertor-flywheel set. The re- 
verse action takes place when the load decreases. The Ward- 
Leonard Control with flywheel load equalizer is known as the 
Ward- Leonard- Ilgner Control . • 

The Ward-Leonard control can be modified in the following 
manner. Instead of obtaining the whole of its energy from the 
generator B , the motor M can have its armature connected in series 
with that of B y and with the supply, as shown in Fig. 112, with the 
result that the voltage applied to M is the resultant of the supply 
voltage and the voltage in B. Suppose that the excitation of B is 
adjusted so that its voltage is equal and opposite to that of the 



Fig. 112 


supply, then the resultant voltage will be zero and the motor will 
not rotate. As the excitation of B is reduced, the resultant voltage 
will increase, and the speed of M will therefore increase. With zero 
excitation of the generator the motor speed will be one-half of full 
speed. If, now, the excitation of B is reversed the generator will 
“ boost ” instead of “buck” the supply voltage, and the motor speed 
will increase still further. On full excitation when the generator 
voltage is equal to the supply voltage, the motor will be running at 
full speed. 

This method differs in two important particulars from the Ward- 
Leonard control. In the first place, the two machines B and M in 
the Ward-Leonard control are wound for the same maximum voltage, 
and this voltage is independent of the supply voltage. In the 
second method the maximum vcltage of B is equal to the supply 
voltage, while that of M is equal to twice the supply voltage. In 
the second place, the starting conditions for the Ward-Leonard 
control correspond to zero excitation of the generator B . Now the 
starting conditions are usually very heavy, which means that the 
generator has to be designed to fulfil the very difficult conditions of 
delivering a heavy current on a small excitation. This difficulty is 
overcome in the modified method, since the starting conditions 
correspond to full “ buck 99 by B t and therefore to full excitation. 
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Examples on Chapter VIII. 

(1) Prove the expression for the force on a conductor carrying a steady 
current in a magnetic field. Hence, find the torque on an armature carrying 
a total of 50,000 ampere-conductors, the diameter of the coro being 36 in., 
the length, 12 in., the pole arc being 70%, and the flux density in the gap, 
4,600. (London Univ., 1910.) 

An*.— 1,620 lb.-ft. 


(2) The flux in each pole of a four-pole motor is 2 X 10* lines. What total 
number of ampere-conductors must be carried by the armature to produce 
a torque of 400 lb. ft. T Provo any formulae you use for the calculation. 
(C. and G., 1908.) 

An*. — 42,600. 


(3) Prove that when a current is taken through a magnetic field, work is 
done. Hence, find the pole flux of a 50 h.p. four -pole motor having 30,000 
ampere-turns on the armature running at 800 r.p.in., the efficiency being *85. 
(London Univ., 1911.) 

An *. — 1 -28 megalines 

(assuming iron and friction losses to be one-tliird of total losses). 


(4) A shunt motor which is supplied with current at 440 volts, runs when 
unloaded and at atmospheric temperature at a speed of 1,000 r.p.in. After 
some hours its temperature rises 30 °C. Calculate the speed of the motor, 
assuming the voltage of the circuit falls to 435, that the armature current is 
85 amp., and that the armature resistance is 0-04 ohm. The temperature 
coefficient of the conductors may be taken as 0-44% per *C. (London 
Univ., 1914.) 

An*. — 1,130 r.p.m. 


(6) A 220 volt shunt motor running light takes 4 amp. The field resistance 
is 220 ohms, and the resistance of the armature (hot) is -5 ohm. W’hat will 
be the armature current when the motor is giving 6 h.p. ? Explain what 
assumptions are made in calculating this result, and what errors these 
assumptions are likely to involve. (London Univ., 1922.) 

An *. — About 24-5 amp. 

(6) Show that a shunt motor when allowed to speed up with constant field 
without altering the resistance of the armature, will increase in speed 
according to an exponential law. (London Univ., 1922.) 

(7) A 220 volt shunt motor takes 3*4 amp. when running light. The field 
current is 1*0 amp. When the armature is at rest it requires 6*2 volts to pass 
20 amp. through it.* Find the approximate output and efficiency of the 
motor when the armature current is (a) 20 amp., (6) 40 amp. (London 
Univ., 1916.) 

An*. — (a) 5 h.p., 81 per cent ; (6) 10*4 h.p., 86*2 per cent. 

(8) State clearly what information you would need to enable you to calculate 
a metallic starter with a given number of steps for a series motor. Calculate 
the resistance steps for a starter of a 500 volt shunt motor, given number of 
steps 12, maximum current during starting 20 amp., resistance between 
armature terminals 1 ohm. (C. and G., 1921.) 

An*. — 0 * 9 , 4 0 , 3 * 45 , 2 * 6 , 2 * 0 , 1 - 54 , 1 * 18 , 0 * 9 , 0 * 69 , 0 * 52 , 0 * 41 , 0 * 31 . 


8 — (T.5432) 
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(9) A compound- wound continuous current generator is used as a motor 
without any change of connections. Discuss its speed characteristic on a 
moderate fluctuating load and its behaviour on very large loads. For what 
purpose would such a machine be suited T Would there be any advantage 
m fitting it with a flywheel ? (London Univ., 1911.) 

(10) Find an expression for the force on a conductor carrying a steady 
current in a magnetic field. Hence find the torque on an armature- carrying a 
total of 26,000 ampere conductors, the diameter of the core being 36 in., the 
length 12 in., the polar arc 70 per cent, and the flux -density in the gap 6,000. 
(London Univ., 1912.) 

Ana. — 1,078 lb.-ft. 


(11) What is meant by the u mechanical characteristic" of an electric 
motor f Sketch the form it takes in the case of a shunt-wound direct-current 
machine connected to mains which are kept at a constant voltage. A 20 h.p. 
direct-current Bhunt motor has a full load efficiency of 88% when supplied 
with power at 200 volts, its armature resistance being 0*06 ohm, and its shunt 
resistance 80 ohms. Find approximately, indicating the assumptions made, 
the percentage change in speed from no load to full load, the voltage of the 
supply mains being kept constant at 200 volts (London Univ., 1924.) 

Ana. — 2*6 per cent. 


(12) A four-pole series motor has a magnetization characteristic given by the 
following figures — 

Amp. through field magnet — 


10 20 30 40 

50 

60 

70 

80 

90 

Flux per pole (megalines) — 

0*29 0*55 0*74 0*85 

0*92 

0*97 

101 

1*06 

1*08 


If the armature has 820 conductors and is wave wound, and the resistance of 
the armature and field magnet windings is 0*15 olim, estimate the speed at 
which the motor will run when supplied from a constant P.D. of 230 volts, 
when taking a current of (a) 45 amp., (b) 85 amp. Calculate also the torque 
in lb. -ft. which the motor will exert when carrying these currents. (London 
Univ., 1924.) 

Ana.— (a) 920 r.p.m., 76 lb.-ft. ; (6) 744 r.p.m., 175 lb.-ft. 



CHAPTER IX 

OPERATION OF D.C. GENERATORS IN SERIES AND 
IN PARALLEL 


1. Series and Parallel Running. It is usual to have several 
generators in a power station, so that the number of generators in 
operation at any time can be varied to suit the magnitude of the 
load on the station. There are two ways in which the generators 
can be connected to the load, namely, in parallel or in series with it. 
In the former, which is the method almost universally adopted, all 
the machines work at the same voltage, and the load on any 
individual machine is proportional to the current delivered by it. 
In tho series arrangement, all the generators deliver the same 
current, and the load on any machine is proportional to its voltage. 

2. Series Generators in Series. No difficulties are experienced in 
working any number of these machines in series (Fig. 113). The 
method is only rarely employed, the most import- 
ant example being the constant current trans- 
mission system which, supplies Lyons (Franco). 

In this system there are three generating stations 
in series, namely, Bozel, 54,000 volts; Mouticrs, 

30,000 volts ; and Fond de France, 36,000 volts ; 
the total voltage being therefore 120,000. The 
current is kept constant at 150 amp., and if 
the load varies, the generated voltage is varied 
by rocking the brushes round the commutator. 

In times of light load the generators not required 
for service are taken out of action by short- 
circuiting them. The constant current series 
system is known as the Thury System. 

3. Series Generators in Parallel. Let E x and E 2 be the E.M.F.s 
induced in the two machines (Fig. 114), and let R be the resistance 
of either. Then they will share the load equally so long as E x 
and E 2 are equal. Suppose that E x becomes slightly greater than 
E t , which, of course, is quite probable. Then a current given by 

. _ E X -E t 
2 R 



Fio. 113 
Series Genera- 
tors in Series 


will circulate in a clockwise direction round the local path shown 
by the dotted line/ The total current delivered by machine I will 
now be greater than that delivered by II, and therefore, because of 
the rising characteristics of series machines, the voltage E x will 
increase, while E % will decrease. The difference (E x - E % ) will 
thus increase, and so also will the circulating current. The effect 
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is thus cumulative, so that eventually, if there were no fuses or 
automatic switches in the circuit, the total current through II 
would be reversed. This would reverse E 2J and the resultant 
E.M.F. acting round the local path 
would be (E 1 + E 2 ), and the circula- 
ting current (E 1 + E 2 )/2R. The 
machines would then burn out. To 
prevent the possibility of reversal of 
either machine, it is obvious that the 
circulating current produced by in- 
equalities in voltage musf/ not be 
allowed to flow through the field 
windings ; this is done by connecting 
a heavy copper bar of negligible resist- 
ance across the two machines, as 
shown in the second figure. The 
circulating current is now confined to 
the armatures and equalizing bar. 

This arrangement is used in the 
“ braking '* position of a tramcar 
controller. The two motors are dis- Smib8 Curators Opkrattno 
connected from tho line and are con- n * “ AILl L 

nected in parallel .to the resistance. They continue to run because 
of the kinotic energy of the car, and they transform this kinetic 
energy into electrical energy which, in turn, is dissipated as heat in 
the resistances. The motors thus function 
as generators in the braking positions, 
and since they are series machines, it is 
necessary to inter-connect them by an 
equalizing bar. 

4. Shunt Generators in Series. When 
a high voltage is required it is fairly 
common practice to use two shunt genera- 
tors, both mechanically coupled and elec- 
trically connected in series (Fig. 116). 
Thoy then carry the same current, and 
thoy will share the load equally only so' 
long as each gives thq same voltage. . If 
each shunt field is connected to its own 
armaturfe, as shown in the first figure, any 
slight differences in voltage will cause 
differences in excitation, which, in turn, will increase the difference 
in voltage. There will thus be a tendency to throw more than a 
fair share of the load on to one machine. This is overcome very 
easily by connecting the two fields in series and applying the full 
voltage to them, as shown in the second figure. The excitations 
are now equal, and, since the speeds are equal, the machines being 
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mechanically coupled, the voltages are equal and therefore the 
loads on the two machines arc equal. 

5. Shunt Generators in Parallel. When a number of generators 
work in parallel, all their -|- terminals and all their - terminals 
are connected to two heavy copper bars called bus-bars. In the 
case of D.C. plant these bars are placed behind the switch-board, 
and they may be regarded as the b and - terminals for the whole 
station. The generators are connected to these bars through main 
switches, S l and S 2 , as shown in Fig. 116. Suppose that machine I 
is supplying the load and it is necessary to bring up II to share the 
load with it. The procedure is as follows. The incoming machine II 
is brought up to speed 
and its voltage then 
adjusted by means of 
its shunt regulator R 2 
so as to bo equal to, 
or 1 or 2 volts greater 
than, the bus-bar vol- 
tage. The polarity 
must also be the same 
as the polarity of the 
bus-bars. This adjust: 
ment is made by 
means of a moving 
coil paralleling volt- 
meter V, which can be connected either to the incoming machine 
or to the bus-bars by means of the plug arrangement shown. 
When the adjustment is made, the switch S 2 is closed. The 
machine II will now either motor or generate, according as its 
induced E.M.F. is less than, or greater than the bus-bar voltage. 
Since the speed is kept constant by the engine governor, the 
induced E.M.F. depends on the excitation only. Ip order to 
make the machine generate, its excitation must therefore be such 
that the induced E.M.F. is greater than the bus-bar voltage. 
After closing S 2 the excitation of machine II is therefore gradually 
increased and during this operation the load will be gradually 
transferred from I to II, the ammeter reading A 1 decreasing 
while A 2 increases. Thus, by adjusting the excitations, either 
machine can bo made to takp any desired share of the total 
load. If it is desired to shut down one machine, say, No. I, it is 
not good practice to open its main switch, partly because of the 
violent sparking which will take place at the switch contacts, and 
also because the whole of the load will be suddenly thrown on to 
No. II. The excitation in No. I is gradually reduced until the 
whole of the current is taken by No. II ; then the main switch, which 
is now carrying no current, is opened, and steam is finally shut off. 
The machine then slows down gradually, and its exciting current 
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as gradually dies away. It is thus unnecessary to open the field 
circuit while it is carrying current. If this is done, excessively 
high voltages will be set up because of the very high self-induction 
of the field winding of a large machine. 

The slightly drooping character of the voltage characteristic of 
shunt generators renders the proper division of load between them 
when working in parallel, automatic. The voltage characteristics 
of two machines are shown in Fig. 117, the point A being the origin 
for curve I, and B the origin for curve II. The base AB represents 
the total current delivered by the two machines. Since the 
machines are in parallel, they 4 must have the same terminal voltage, 
and this is obviously given by the length PM , where P is the point 

of intersection of the two curves. 
Hence, machine I delivers current 
AM and II delivers current BM. 
Suppose that, for some reason, 
the induced E.M.F. of machine 
I increases slightly, then itB cur- 
rent will increase, say, to A M v and 
that taken by machine II will fall 
to BM V Now for this new con- 
dition to be stable, machine I 
should experience an increase in 
voltage, while II experiences a 
decrease ; but just the reverse 
takes place, the voltage of I 
falling to QM X and that of II 
rising to RM V Such a state of 
affairs is thus impossible, and the machines automatically return 
to the condition defined by their point of intersection P . 
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-Total Current ► 

Fio. 117 

Operation op Shunt Generators 
in Parallel 


Example. shunt generator which gives a terminal voltage of 400 at no 
load, and 360 when delivering 100 amp., is working in parallel with one which 
gives 400 volts on no load and 350 volts when delivering 100 amp. If the 
voltage characteristics of each machine are approximately straight lines, 
find the common terminal voltage and the ourrent in each when they are 
sharing ja total load of 100 amp. 


If the two characteristics are drawn as in Fig. 113, and their 
equations are deduced, both referred to A as origin , we have for 
machine I, 

V = 400 -k x I where k x is a constant 
360 = 400 - k x x 100 ; k x = -4 

For machine II, 

V =*= 350 + k % l 

400 - 350 + k 2 X 100 ; k t - -5 
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Now let V be the common voltage and I the current in machine. 
Then, 

, V — 400 - *4/ 

V = 350 + 5/ 

Subtracting 0 = 50 - -9 1 I = 65-6 amp. 

/. F = 377-8 volts 

and current in machine II = 100 - 55*6 = 44-4 amp. 

6. Compound Generators in Parallel In all cases where genera- 
tors having any series excitation have to be connected in parallel, 
an equalizing bar has to be used, since otherwise there is the danger 
that a circulating current through the bus-bars and machines may 
cause a reversal of one machine. Fig. 118 is diagrammatic ; it shows 
the essential connections with- -Ran 

out any switchgear or instru- 
ments, while in Fig. 119 the [ ( “ \TRAcnoh 

actual arrangement is shown. 

The main switch is a three- 
pole switch, and all three poles 

-Bus Ban 



+ &ar 


r Equaliser 





Series 

Field 


Shunt ] 
Field 



Equalising 
Bar 




'LIGHTING 


+Bus Bar 


Fio. 118 Fig. 119 

Compound Generators in Parallel 


can be linked together so as to be closed or opened simultaneously, 
or tl^e equalizer switch can be separate. In the latter case the 
equalizer switch is closed first and opened last. In stations 
supplying a combined traction and lighting load it is usual to have 
separate bus-bars rfor the two loads. Also, for the lighting load, 
the compounding is not require^, the series fields therefore being 
left out of circuit. The bus-bars and connections for the lighting 
load are shown dotted, and it will be noticed that it is not the 
equalizer switch A 9 , but the middle pole B, which is idle when the 
machine is thrown on to the lighting bars. 

If the generators are provided with interpoles it is absolutely 
essential that the windings of these poles shall carry the same 
current as the armature. Hence, if compound interpole machines 
are worked in parallel, the equalizing bar is connected to the 
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junction of the series and interpole fields, as in Fig. 120, so that, 
in the event of the armatures carrying any circulating current, this 

current will flow through the interpole 

— | t windings and not be diverted from 

L them by the equalizer bar. , 

S 5 § Generator and Battery. When 

p a battery is used to supply a load, 

Ir w e mdbn e s% sg either altogether, or as a standby, 

arrangements have to be made for 
J ( )| charging, either when the voltage has 

IVy V^y| fallen to 1-8 volt per cell, or, more 

1 1 economically, while the load is actually 

Fro- on. Also, owing to the gradual fall in 

voltage during discharge, it is necessary 
to arrange that the number of cells in circuit can be gradually 
increased, so as to make up from time to time for this fall in voltage. 


Bus Bars 
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into the generator, voltmeter switch S A for paralleling the battery on 
to the generator, and the battery-regulating switch HR. This is a 
double selector switch, the bottom arm of which controls the numbers 



of cells in circuit during charge, and the top arm the number of cells 
during discharge. 

The functions of the automatic swatch are (1) to prevent the 
battery from discharging back into the generator, as explained 



Fig. 123 

above, and (2) to ensure that the battery and generator cannot be 
put in parallel until the generator voltage is in excess of the battery 
voltage by a small amount, usually 2 or 3 per cent. There are several 
switches of this type, and Fig. 122 shows the Neville type. The 
switch portion of this consists of a copper fork which dips into two 
mercury cups. This forms one extremity of a pivoted beam, the 
other end of which Is a magnetized armature, one pole of which can 
move in the air gap of a magnet wound with two coils. One coil is a 
series winding and the other a shunt winding, this latter being 
excited by the difference between the battery and generator voltages. 
The scheme is shown in Fig. 121. If the battery voltage is in excess 
of the generator voltage, the current through the fine wire flows in 
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such a direction as to hold the switch open. As soon as the generator 
voltage has exceeded the battery voltage by the required amount 
the reversed current in the shunt coil is of sufficient magnitude to 
close the switch , and the flow of current in the series coil then holds 
the switch closed. At the same time the shunt coil becomes short- 
circuited, thus preventing a wastage of energy in it. It will be seen 
that any failure of the current in the series winding releases the arm, 
and the counterweight lifts the copper fork out of the cups. 

In connection with the charging of a battery of accumulators, it 
is necessary to note that the generator must be shunt wound, since 
this type only is immune from the risk of a reversal of polarity in 
the event of the direction of the current in the battery and armature 
circuit becoming reversed. This point is made clear by Fig. 123, 
which shows that no matter what the direction of the main current, 
the shunt current, and therefore the machine polarity, does not 
reverse. 

Examples on Chapter IX. 

(1) Explain how two shunt dynamoc work in parallel, and how they share 
the load. A dynamo gives 200 volts on open circuit and 190 volts when 
delivering 60 amp. It is in parallel with a battery of cells which, when dis- 
charging gives an E.M.F. of 196. The resistance of the battery is *1 ohm. 
If the voltage characteristic of the dynamo is approximately a straight line, 
find how a current of ,100 amp. will be shared between dynamo and battery, 
and what the common terminal P.D. will be. 

Ana . — Dynamo current 30 amp., battery current 20 amp., terminal P.D. 
194 volts. 

(2) Investigate the effect of the resistance of the connections from com- 
pound generators to the equalizing bar, on the correct division of load between 
the machines. 

(3) Describe briefly the essential parts of a self-exciting dynamo. A given 
machine, when running, refuses to dovelop the required voltage at its terminals. 
Enumerate' possible causes of failure. (Inst. Elec. Eng., 1924.) 



CHAPTER X 

DISTRIBUTION 

1. System of Distribution. A low-tension distribution consists of a 
network of cables which can be divided into three categories, viz. 
(a) the “feeders,” which are the cables supplying power in bulk to 
a selected number of points called feeding points; (b) the “distri- 
butors,” from which current is tapped for the various consumers, 
these cables generally having the main street for their route; (c) the 
“service mains,” which are the small cables teed off from the dis- 
tributors and taken into the premises of the various consumers. 

\C 

} ^ S. Generating Station . 

A. Feeder. 

} C B. Distributor, 
f C. Service Mains 

. FF. Feeding Points. 

\C 

}C 

Fia. 124 Elementary Distribution Scheme 

A very elementary scheme employing one feeder, one distributor, 
and a number of service mains is given in Fig. 124. In this simple 
scheme the distributor is fed at one point only, but in actual schemes 
a long distributor may be fed at two points by means of two separate 
feeders, or alternatively the distributor may be arranged to form a 
closed circuit, and fed at any desired number of feeding points by 
means of a number of feeders radiating from the generating station. 
It will be shown in paragraph 10 that these arrangements give a 
much smaller drop of volts than a distributor fed at one end only. 

2. Effect of Supply Voltage on«the Size of Distributors and Feeders. 
By the size of a cable we always mean the cross section of the core 
carrying the current, and not the overall cross section. Consider 
first of all the case'of a feeder. Since there are no consumers tapped 
off from a feeder, it is immaterial what the drop of volts along the 
feeder will be, provided that it is not outside the range of com- 
pounding of the generators in the power station. A feeder can thus 
be designed from the poiut of view of current-carrying capacity, 
with drop of volts as a secondary consideration. The allowable 
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current density for a given type of cable laid in a given manner is 
not a constant, but decreases somewhat as the cable size increases ; 
this is because the cooling facilities improve as the size is reduced. 
As a rough approximation we can, however, assume that the current 
density is a constant. Now, suppose that the voltage of the system 
is increased n fold, then for a given power delivered the current is 

reduced to -th, and therefore the size of the cable is reduced to -th. 
n n 

There is thus a very appreciable saving m the price of the copper in 
the feeders when the supply voltage is increased. 

Now take the case of a distributor. There is a Board of Trade 
regulation which states that the variation of voltage at a consumer’s 

h v • H 

i a r a 

Fig. 125 

terminals must not exceed i 4 per cent of the declared pressure. 
Allowing, say, 1 % volt drop along the service mains, this means 
that the variation in voltage at any point in a distributor must not 
exceed ± 3 per cent of the declared pressure. We see from this 
that whereas a feeder can bo designed from the point of view of 
current-carrying capacity, a distributor must be designed from the 
point of view of drop of volts. Consider, then, a length AB of 
distributor, Fig. 125, let the current be /, and let the drop along it 

be V. Then its resistance is Ii — X. Now, suppose that the voltage 

is increased n fold, so that for the same amount of power delivered, 
the current is reduced to I In. In a distributor designed for a definite 
percentage drop, this percentage will be the same if the drop along 
the length Afl is increased to n V . The resistance of the same length 
of distributor will now be 

~ = nHl 
I/n 

Now, for a given length the cross section of a cable is inversely 
proportional to its resistance, showing that an increase in the 
working voltage of n times reduces the cross section, and therefore 
the weight of copper required to w 2 '. 

3. Effect ol Pressure on the Efficiency of Transmission. 

Let E x = voltage at station bus-bars 1 
E t — voltage at feeding points 
/ = current in feeders 
R = resistance of each side of a feeder, 
i.e. of both + and - Bides. 
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Then, Power put into feeder = E x l 
Power taken from feeder = E .J 

E I E 

Efficiency of transmission = — L- = — ? 

K j/ hi j 

Losses in feeder = 2 PR 


Suppose that 1 .000 kW have to he transmitted 1 mile, the feeder 
being worked at a current density ol 1 ,000 amp. per sq. in. Suppose 
that the consumer’s voltage E t is 100. Then, 

, Power delivered 1,000,000 innAA 
l - -jj- -‘-jjfc- - 10,000 amp. 

Hence, cross section of copper in cither -J- or - side of the cables 


a 


10,000 

1,000 


10 sq. in. 


Distance l = 1 mile = 5,280 x 12 in. 


Resistance of one side 


Z 

R = p X J -= _ “ 

H a 3 x 10 6 


X 


5,280 x 12 # 
!0 


= -0042 ohm 


Drop in volts in feeders 

= 2 IR = 2 X -0042 x 10,000 - 84 volts 


Station voltage 

B x = 100 + 84 » 184 
Efficiency of transmission 

=ig= 64 - 4 % 


Now supposo that the voltage at the consumer’s terminals is 1,000 
instead of 100. • Then E 2 = 1,000 and / = 1,000 amp. 

Cross section of copper iTi cables a = 1 sq. in. 

; t R = -042, and drop in feeders 2 IR = 84 volts, as before. 

• 

/. E x = 1,000 + 84 = 1,084, and efficiency = = 92% 

There is thus a considerable increase in efficiency when the 
voltage is raised. Also, the cross section of copper in the cables is 
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diminished in proportion to the increase in voltage, and this 
diminishes the cost of the copper in the cables in proportion. For 
these reasons it is desirable to transmit at a high voltage. Now in 
a D.C. system it is not possible to change the voltage between the 
feeders and distributors without using rotating machinery, and as 
this is undesirable, the feeders and distributors are worked at the 
same voltage. This means that the consumer’s voltage is the same 
as the voltage at the feeding points. Suppose, for example, that 
the load consists of lamps. Then since 200 volts is the highest 
suitable voltage for this purpose, the feeders must work at this 
voltage ; 200 volts is very lojv if a large amount of power has to 

be dealt with, especially if the feeders 
are long ones, and consequently 
with a simple two-wire system the 
efficiency of transmission will be low. 

4. Three-wire System. The above 
difficulty is largely overcome by 
using the three-wire system, which 
consists of two 44 outers ” and an 
Fio. 126 earthed middle wire (Fig. 126). The 

consumer’s apparatus or lamps are 
connected between one outer and the neutral, the result being 
that the transmitting voltage, i.e. the voltage between the 
outers, is twice that at the consumer’s terminals. This results 
in a considerable increase in efficiency, and economy in copper. 
The middle wire or neutral has half the cross section of either outer. 
If the loads on the two sides are unequal, then the difference 
current, called the 44 out of balance ” current, flows in the neutral. 
Thus if the + and - outers carry I x and 1 2 amp. respectively, the 
neutral carries (I x - / 2 ). If a three- wire and a two-wire feeder both 
transmit the same amount of power the same distance with the 
same voltage at the consumer’s terminals, and with the same 
efficiency, tlien the throe-wire feeder, if balanced, requires only 
five-sixteenths as much copper as the two-wire feeder. This is 
proved as follows. 

Let W = power delivered to consumer in watts 
E x = voltage at station 
and E % = voltage at feeding points 

W 

Then, in the two-wire system, current 2 = — 

" s 

Drop in both + and - sides, 



2 / 2 ?, 


2JP2?, 

E, 
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and E t = E t + drop = E t + 

h t 

where is the resistance of one conductor. 


Efficiency = 


E t 


E t 


2WR l 

E* 


In the three-wire system, the total voltage is doubled, and 
therefore, each outer will carry a current of W j2E t so long as the 
currents on the two sides are equal. • Hence, if Ji, is the resistance 
of each outer, 


Efficiency 


2E t 

~2 E t + 2WR 


2E t 


2 


Since the efficiencies are equal wo have 


Hence 


E 2 2 7? 

FT? . 

2 E 2 + 
ll % = 4 Ii l 


E + 2WR ' 

e ' + ~e^ 


Wli % 

E t 



\vr 2 

2 E 2 


Now the cross section, and therefore volume, of a conductor of 
given length is inversely proportional to its resistance. If we 
represent the volume of the copper in the two- wire system by 100 
we have 50 in each wire. 


Volume of each outer in the three-wire feeder 


50 

4 


= 12-5 


and volume of middle wire = 


12-5 

2 


6*25 


Total volume of copper in three-wire feeder 
= 12-5 + 6-25+ 12-5 = 31-25 

• Copper in 3-wire feeder __ 31-25 5 

Copper in* 2-wire feeder 100 16 

If the system is not balanced it is most convenient to compare 
the amounts of copper in the two cases by taking a numerical 
example. 


Example. A three-wire feeder whose outers have a cross section of 
0-2 sq. in., is 1 mile long. It carries 220 amp. in the + and 200 in the - 
outer, and the voltages across the two sides at the feeding points are 200. 
What siie of two-wire feeder will transmit 420 amp. at 200 volte with the 
same total loss T Compare the amounts of copper in the two feeders. 
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Taking the specific resistance of copper as j microhm per in. cube 
we have for the resistances of the cores of the three-wire feeder 

+ side, R = p 1 = — j X 12 = -21 ; 

¥ a 3 X 10* 0-2 

9 

side, R = *21 ; neutral R = -42. 

Hence, loss in feeder 

= 220* X *21 + 200* X -21 + 20* x *42 
= 18,770 watts. 

Let R = resistance of each side of the two-wire feeder 

2 x 420* X R x = 18,770, R t = -053 ohm 

Now the amount of copper in a feeder of given length is inversely 
proportional to its resistance ; hence, if we call the total amount 
of copper in the two-wire feeder 100, i.e. 50 per cent in each 
side, we have for the three- wire feeder 


Copper in + outer = x 50 = 12-6% 

'Zi 


Copper in - outer 


12 - 6 % 


Copper in neutral = X 50 — 6*3% 


Total = 31-5% 


5. Balancers. The generators supplying a three-wire feeder are 
all connected in parallel across the outers, and it is therefore 
necessary to fix the potential of the middle wire mid- way between 

t that of the outers. If this is 



not done the voltages across 
the two sides will not be equal, 
unless the currents taken from 
the outers are equal. 

The commonest form of 
balancer consists of two iden- 
tical shunt machines mechani- 


Fig. 127 cally coupled, and having 

Balance fob Three-wibe System their armatures and fields 


connected in series across the 


outers. The middle wire is connected to the junction of the 
armatures. Consider the arrangement shown in Fig. 127. Let R a 
be the resistance of each balancer armature. If the current I ± is 
greater than I v then the + side will be the more heavily loaded 
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and the* pressure on that side will tend to decrease. The armature 
of the balancer on the + side will therefore act as a generator, 
while the armature on the less heavily loaded aide, the -, will motor. 
Thus the effect of the balancer is to convey power from the 
lightly loaded to the heavily loaded side. 

Since the balancer armature on the -f- side is generating, its 
terminal voltage is 

Since the balancer armature on the -‘side is motoring, its terminal 
voltage is 

E t = E + lt tt ( Lx ~ 


where 2 E is the total voltage across the outers, and therefore 
twice the voltage induced in each armature 

Difference of voltage between the two sides of the system, 
E 2 — E 1 = — / 2 ) 

Hence, this difference is proportional to ; first, the “ out of balance 
current ( l x - 1 2 ) ; second, the armature resistance of the balancer. 



Fig. 128 



Fia 129 


For this reason balancers are designed with a very small armature 
resistance, and steps are always taken to arrange the loads on the 
two sides, so that the out of balance current will be as small as 
possible. 

The difference (E^-E^ can be reduced by cross connecting the 
balancer fields, as shown in Fig. 128. This causes the generating 
machine to draw its excitation from the lightly loaded side, which 
is at the higher woltage, and the motoring machine to draw its 
excitation from the heavily loaded side. 

Hence, the induced E.M.F. in the generating armature is greater 
than E , while that in the motoring armature is loss than E. This 
increases E x and decreases E 2 , the difference (E 2 ~E 1 ) being 
therefore decreased. Additional hand regulation of the voltage 
can be obtained by connecting an adjustable regulator in series 
with the balancer fields, as shown in Fig. 129 

6. Boosters. A booster is a generator whose voltage is added 
to, or injected into, a circuit, usually to compensate for a variation 
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in voltage, as, for example, the drop of volts in a feeder due to its 
resistance. A booster which is used to compensate for the drop 
in a feeder is called a “feeder booster.” Obviously it is a low 
voltage, heavy current machine. The booster in this case is a 
series generator connected in series with the feeder anjl driven c 
constant speed by a shunt motor. Since the drop in volts in 


feeder is proportional to the 
current, the voltage injected 
by the booster must also be 
proportional to the current. 
Hence, the booster must • 
work on the straight line 
portion of its voltage charac- 
teristic. The method of j 
connecting the booster in ' 


) Booster 


) Balancer 


Long Feeders 


Short Fe< 


Generator] 


Neutral 


Short Feeders 



Fio. 13a 


Fig. 131 


the circuit is shown in Fig. 130. The advantage of using a booster 
instead of, or in addition to, over-compounding the generators is 
that each feeder can be regulated independently, a great advantage 
if the feeders are of different lengths. The arrangement of a three- 
wire station supplying one 
set of short and one set of 
long feeders is shown in Fig. 

131. Notice that since there 
is a middle wire whose 
potential must be kept mid- 
way between the outers, it is 
necessary to have a booster 
on both the + and - sides 
for the regulation of the 
long feeders. The shaded 
rectangles in Fig. 131 repre- ' ~ fig. 132 

sent the various bus-bars. Booster Connections 

For some cases, e.g. a tram- „ 

way system, it is desirable to raise the voltage of the line at some 
distant point instead of merely at the generator end. This can be 
done by running a special feeder to the desired point and inject- 
ing a voltage into this feeder by means of a booster connected in 
series with it, as shown in Fig. 132, 
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7 . Negative Booster. The negative booster subtracts instead of adds 
its voltage to the system. It is used in traction systems to prevent 
the potential of the return rail from becoming too high relative to 
the earth. A Board of Trade regulation limits this potential 
to 4*2 volts because, if 

it becomes much greater i? + 

than this, the earth p T — ^ecqer 

currents set up produce — — «- 77 J 

electrolysis which causes Trolley Wire 

great damage to any -TfWflrs 

iron pipes in the ( )[/T\ » 

vicinity. The negative / 

bus-bar at the station j I I Return Track 

is always earthed, the J \ ' * T~ 

traction system having _r "-Feeder 

no middle wire, and “ fVBSf — 

therefore, the potential Negative 

of the rail will be posi- Booster 

tive relative to earth, Fio. 133 

and of increasing mag- Negative Booster Connections 

nitude as the distance 


Trolley Wire 


ReturnTrack 


-Feeder 


Negative 

Booster 

Fio. 133 

Negative Booster Connections 


from the station is increased. It is kept within the prescribed limits 
by means of a booster connected to the rail, as shown in Fig. 129. A 
second Board of Trade regulation limits the potential difference 
between any pair of points on the return rail to 7 volts, and to comply 
with regulation it is generally necessary to use several negative 
boosters. These negative boosters may be series excited, as in the 
case of feeder boosters, or they may be excited by having their fields 
connected across a resistance R in series with one of the feeders. 


The drop of volts in such a resistance will be proportional to the 
feeder current, and therefore, the excitation and the induced voltage 
of the booster will also be proportional to the feeder current. It is 
this second arrangement of exciting the booster field which is 
shown in Fig. 133. 

8. Battery Boosters. In the case of D.C. systems subjected to 
violent variations in load, as, for example, a traction system, it is 
common practice to “ float ” a battery of accumulators across the 
bus-bars as shown in Fig. 134. Let E x and E 2 be the generator and 
battery terminal voltages, and^ R the resistance of the circuit 
through generator and battery. Then generator current 



and if E t were constant, I would be constant, irrespective of any 
changes in the load. The battery would then constitute a perfect 
load equalizer, and the generators, working at constant load would 
be working under ideal conditions. In times of heavy load the 
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battery would discharge into the line by an amount equal to the 
difference between the line current and the current /, above. On 
light load the generator would charge the battery, the charging 
current being the difference between 1 and the line current. 
Unfortunately, the above simple arrangement is not practicable, 
because the battery terminal voltage E t is far from, constant. 
Thus, when charging a battery it is necessary to apply about 
2«6 volts per cell, whereas when a battery is discharged it may not 
give more than 1*8 volts per cell, so that there may be a 40% 
variation in the terminal voltage of tho battery. Suppose that the 
E.M.F. of a battery on no load is E ; then when it is being charged, 
its E.M.F. will rise to, say, E + e v Hence, if 1 is the charging 
current, and R the battery resistance, the charging voltage to be 
applied to the battery will be 

(^2 )charg* = H + e x + RI 

On discharge the E.M.F. will fall to, say, E - e 2 , and the terminal 
voltage for the same current I will be 

(E 2 ) discharge = ® ~ e 2 ~ -®/ 

Hence, (E 2 ) charge ~ 2 ,)diBchsroe ~ (^1 ^ 2 ) ~ f - 

Now, assume that e x = K x l and e 2 = K 2 I, then the difference 

between tho torirfinal voltages on charge and discharge becomes 

(K x + K 2 + 2 R)I 

that is, proportional to /. Hence, if a voltage is injected into the 
battery circuit and this voltage reverses with the battery current 




and is proportional to it, the terminal voltage will be kept 
constant. The booster which injects this voltage is called a 
“ reversible battery booster.” If the excess voltages e x and e a 
wero rigorously proportional to*/, and the characteristic of the 
booster were a perfect straight line through the origin, then the 
simple arrangement shown in Fig. 135 would give the necessary 
constant battery voltage E % . Unfortunately, neither assumption is 
strictly true, and therefore the boosters used in practice have to 
be much more complicated. 

There are several boosters which fulfil the necessary require- 
ments, one form, the Entz booster, being taken as an example. 
The arrangement of the Entz booster is shown in Fig* 136. The 
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most important part of this booster is tho regulator, which consists 
of two piles of carbon plates pressed down by a lover L. This lover 

is pulled down -on one side by a 
spring, IF, and on tho other side 
by a solenoid, S, in series with tho 
line The booster is separately 
excited, its field being connected 
direct to the exciter armature, while 
the exciter field is connected to the 
middle point of the regulator and 
the middle point of tho battery. 
When tho line current is equal to 
the normal full load generator cur- 
rent, no help is needed from the 
battery, and the spring is adjusted 
so that, with this current, the resist- 
ances of tho two carbon piles arc 
equal, thus producing zero current 
in tho exciter field and giving no 
voltage in tho booster armature. If 
the line current increases, tho 
solenoid is pulled down on the right- 
hand side, thus reducing tho resist- 
ance of the right-hand pile. The 
Fio. 136 exciter field now carries a current, 

Entz Booster and tho E.M.l?. induced in the 

booster armature enables the battery 
to discharge into the line. When the line current is less than 
normal, the pull on the solenoid relaxes and the left-hand pile has 
the smaller resistance. This reverses the direction of tho current 
in the exciter field and so reverses 
the direction of the E.M.F. induced 
in the booster armature. The bat- 
tery is then charged by the generator. 

In the case of all boosters which 
have to carry a violently fluctuating 
current it is necessar}^ that the volt- 
age they produce Shall follow, with- 
out any time lag, the variations in 
current. It is therefore necessary 
to laminate tho whole of the field systems of such machines. If 
this were not donfi the rapid fluctuations in flux would induce 
eddy currents in the solid iron, which, apart from producing heat 
and loss of efficiency, would prevent the necessary rapid change 
in flux with current, and thus cause the voltage variations to lag 
behind those of the current. 

If a booster is used merely to charge a battery it supplies current 



Fio. 137 

Irreversible Battery 
Booster 
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in one direction only, for which reason it is called an “ Irreversible 
Battery Booster/' The arrangement of such a booster is shown in Fig. 
137. It will be seen that the booster adds its voltage to the bus-bar 
voltage, and its voltage range must therefore cover the variation of 
battery voltage between fully charged and discharged sonditions. 
The booster in this case is shunt or separately excited, the necessary 
regulation being performed by hand. Sometimes a booster is 
used to charge individual cells if these have become discharged 
more than the other cells in the battery. Such a booster is 
called a “ Milking Booster." 

9. Calculation o! Feeders. •Kelvin's Economy Law. We have 
seen that the drop of volts is not a primary factor in the design of 
a feeder. A feeder can, therefore, be designed on the basis of current- 
carrying capacity and, where practicable, of minimum financial loss. 
The financial loss per annum occasioned by conductors of electricity 
is made up of (a) interest on the capital cost of the conductors, plus 
an allowance for depreciation, (6) the cost of the energy wasted in 
virtue of the ohmic resistance of the conductor. For a route of given 
length the weight, and therefore the cost, of the copper is proportional 
to the area of cross section. Hence, the annual value of the combined 
interest and depreciation is also proportional to the cross section, 
and can be written as £Pa, 
where P = a constant, 

a = cross section of copper. 

The ohmic resistance is proportional to 1/a, and therefore for a 
given curve of demand for a current throughout the year the energy 
lost in the conductor will be proportional to the resistance, and 

therefore proportional to -i . The annual value of this energy will, 


therefore, Be proportional to and can be written £ where Q 


is another constant. 

/Total annual £ / Po + «\ 

^ financial lossy ^ a) 

If plotted against cross section the graph of the loss Pa is a 
straight line, while that of Q/a is a rectangular hyperbola, as shown 
by curves 1 and 2 in Fig. 138. The graph of total annual loss is 
given by curve 3, and it exhibits a minimum tot that value of a 
corresponding to the intersection of the two component curves. 
The above argument has not been concerned with any insulating 
covering in the case of cables, or of insulators in the case of bare 
conductors, from which we see that for bare conductors the most 
economical cross section is that which makes the annual value of 



DISTRIBUTION 


169 


the interest and depreciation on the conductor equal to the annual 
value of the electrical energy loss due to the resistance of the 
conductor. 

It is to be noticed that a feeder cross section, as calculated from 
the law, will not always be a practicable one, because it may be 
too small to carry the current. 




Figs. V38 and 139. Illustrate Kelvin’s Law 


Example. If the cost of an overhead line is £600 x A (where A is the sec- 
tional area in square inches), and if the interest and depreciation charges on 
the line are 8 per cent, estimate the most economical current density to use 
for a transmission requiring full-load current for 60 per cent of the year. 
The cost of generating electrical energy is 0*5d. per unit. The resistance of a 
conductor one mile long and 1 sq. in. cross section is 0*43 ohm. (London Univ.) 

The value for resistance should obviously be *043 ohm, and we will 
use this figure. Consider one mile, and let the full-load current be 
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/, then in a two-conductor line in which each conductor 
resistance i?, power lost at full current 


= 2 PR 


is 


of 


=- 2 1 2 X *043 X -r watt 
A 


■086/ 2 

" A~ 


X 10" 3 kW 


The annual loss of energy is equal to that produced by the above 
loss taking place continually *for 60 per cent of the year, i.e. for 

(•6 X 365 x 24) hours. Hence, at £^^ per unit, annual value of 
the energy lost 

= £ ^ X 10 ' 3 X -6 X 365 x 24 x 

= £ -00094 - 4 
A 

The annual value of interest and depreciation 

= 8% of £600.4 = £48 A 
Hence, for minimum annual loss 

48.4 = 00094 ~ 

A 


Current density -7 = / _ = 226 amp. per eq. in. 

A y -00094 

We will- now consider the influence of the insulation in the case 
of a covered cable. For a given type of cable, e.g. with vulcanized 
india-rubber or impregnated paper insulation, for a given type of 
armouring, and for a given working voltage, the cost of the covering 
does not vary very much with the cross section of the cores, with 
the result that as a rough approximation we can regard the covering 
as adding a constant term to the cost of the cable. The annual 
value of the interest and depreciation can, therefore, be written 
£(Pa + R)> where R is another constant. The effect of this on the 
graph of interest and depreciation is to raise the graph of £Pa 
vertically through a distance equal to £R. Similarly, the graph of 
total annual loss, namely, £(Pa + Qja + R) is merely the graph of 
£(Pa + Qja) raised vertically through a distance £R, without pro- 
ducing any horizontal displacement in the point of minimum cost. 
ThiB is shown in Fig. 139. It follows from this that the insulation 
does not have any effect on the value of the cross section which 
gives the minimum annual loss, so that for an insulated cable the 
law can be stated as follows. The most economical cross section 
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is that which makes tho annual value of the interest and depreciation, 
due to the conductor in the cable, equal to the annual value of the 
energy lost. 

Example. A 500-volt, 2-core feeder, two miles long supplies a maximum 
current of 200 amp., and the demand is such that the copper loss per annum 
is such as would be producod by the full current flowing for six months. The 
resistance of a conductor ono mile long of 1 sq. in. cross section is *046 ohm. 
The cost of the cable including installation is £(6o -f 1*2) per yard, and interest 
and depreciation charges 10 per cent. The cost of energy is 0*5d. per unit. 
Find the most economical cross section, and plot curves of component and 
total annual losses. 


For one mile, cost of conductors in cable 
= £6u X 1760 
£ 10560a 

.*. Interest and depreciation 

= £1056a 

Power lost per two cores, per mile, with maximum current flowing 

- 2PR 

— 2 X (20Q) 2 X watts. 

u 

Annual value of energy lost 

= f (2 X (2<MV x X 10-3 x x _L 


480 


= £ 


33*58 


Hence, for the most economical cross section 

iorr 33*58 
1056a — 


a = = 0178 Bq. in. 

V 1056 

From the above figures we have for the three constants P = 1,056, 
Q — 33*58, and R ~ 211*2 for ea$h mile of cable, so that the curves 
are aB shown in Fig. 140. 

10. Calculation of the Drop of Volts in Distributors, (a) Distributor 
Fed from One End. We have seen that the main consideration in 
the design of distributors is the drop of volts. This drop depends 
upon the nature of the current loading of the distributor, and also 
on whether it is fed from one end only or from both ends. Consider 
first of all a distributor with concentrated loads, and fed from one 
end. Let i v i % , i a , etc., be the currents tapped off, and I v I v 
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eto., the currents in the distributor sections. Let r v r a , r 3 , etc., be 
the resistances of the distributor sections, and R v R 2 , R 3 , etc., the 



total resistances from the feeding point F to the successive points 
(Fig. 141). 

Then total drop = r 1 I 1 + r 2 l 2 + r 3 / 3 + . . . 

= r x (i L + i 2 + i 3 + . . .) 

+ ^2(^2 + *3 + • • •) 

+ r z(h + *4 + • • •) + • • • 

= h r 1 + h( r i + r a) + * 3 (*i + r a + r 3 ) + 

== “I - i 2 R 2 *■{— t 2 R 2 ~ J~ ... 

= 

Thus the drop at the far end of a distributor fed at one end is given 
by the sum of the moments of the various currents tapped off, about 
the feeding point. The drop at any intermediate point is equal to 
the sum of the moments of the currents up to that point, plus the 
moment of all the currents beyond that point assumed to be acting 
at that point. Thus the drop at the third tapping point will be 

"I" 4* (^4 4* H + • • *)^s 

= i\R\ + 4“ ^ 8^1 
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and similarly for any other intermediate point. The total drop, 
reckoning both conductors, will, of course, be twice the above value. 

(6) Three-wire Distributor Fed from One End. The drops in 
the two outers are calculated as above. In the case of the neutral, the 
currents flowing to it from the positive outer are reckoned positive, 
while the currents flowing from it to the negative outer are reckoned 
negative. If the total drop in the neutral is positive it is added to 
the positive drop and deducted from the negative drop; and vice 
versa . 

Example. A three- wire distributor, 300 yd. long, is Md at 230 volts on each 
side, and is loaded as follows — 

Yards from feeding point, + side 30 100 140 160 210 240 

Load . 20 40 60 10 26 30 

Yards from feeding point, - side 60 80 120 180 260 

Load . 30 25 35 60 26 



Fig. 141. Distributor Fed at One End 

The outers each have a resistance of 0-16 ohm, and the neutral has a cross 
section of one-half each outer. Calculate the P.D. at the far end on each side. 

Resistance per yard of outer 

= = 5 X 10 4 ohms. 

Resistance per yard of neutral 
= 10 X 10* 4 ohms. 

Drop in positive outer 

= (20 X 30 + 40 X 100 + ... 30 X 240) X 5 X 10' 4 
= 25660 X*5 X 10- 4 = 12;82 volts 
Drop in negative outer 

= (30 X 60,+ 25 X 80 + ... 25 X 260) X 5 X 10' 4 
= 25300 X 5 X 10- 4 = 12-65 volts 
Drop along neutral 

= {(25660) - (26300) { x 10 X 10' 4 
«= + 0-35 volts 
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Total drop on positive side 

= 12-82 + 0-35 
— 13-2 volts 

P.D. on positive side at far end 

= 230 - 13-2 = 216-8 volts 
Total drop on negative side 

= 12-66 - 0-35 
= 12-3 volts 

P.D. on negative side at^far end 

= 230 - 12-3 = 217-7 volts 

(c) Distributor Fed at Both Ends. The potential of the con- 
ductor will gradually fall from one feeding point, say, I\ (Fig. 142), 


(A) 

it z 2 ? 3 is ^ 7 »i& ■ 

Fi 

(B) 

ij i 2 U u xy U U ia 

Fig. 142 . Distributor Fed at Both Ends 

reach a minimum at one of the tapping points, and will rise again as 
the other feeding point F 2 is approached. There is thus some tapping 
point at which the potential is a minimum. Between I\ and M 
all the currents tapped off will be supplied from F v while between 
F t and M & 11 the currents tapped off will be supplied from F 2 . 
With regard to the point M itself, the current tapped off there will, 
in general, come partly from F x and partly from F 2 , and we can 
denote these two parts by x and y respectively. If the distributor 
were cut in two at M , x amperes tapped off at the end served by F v 
and y amperes tapped off at the end served by F 2i then the potential 
distribution would be unchanged, showing that, from this point of 
view, we can regard the distributor as consisting of two separate 
distributors each fed from one end only, as in Fig. 138 (2?). In 
order to calculate the drop we thus require to locate M t and then 
calculate x and y . This is done by means of the pair of equations 

x + y = i 6 

Drop from F x to M x = drop from F 2 to M a 

Example. A distributor is fod at both ends. It is a two-core cable half a 
mile long and of cross-section *05 sq. in. The loads tapped off are as- shown in 
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Fig. 143, the numbers along the distributor indicating yards. If the two ends 
F r and F t are at the same potential, which point will have the lowest potential, 
and what will be the drop at that point ? Take the specific resistance of copper 
as 0-7 microhm per inch cube. 

The beat method of locating the point of minimum potential ia 
to take moments about the two ends, and by comparing the sum 


160 


70 60 WO 46 75 05 . 


85 


700 


150 


y ^ f 

15 20 10 12 15 26 I'O 

Loads, in Amperes 

Fig. 143 


25 


30 


of these as the calculation proceeds, to make a guess at the point. 
This is done in the following table — 


Moment about F t in 
Ampere-yards. 

; 

Sums. 

Moment about F % in 
■Ampere-yards. 

1 

Sums. 

15 X 160 = 2,400 

2,400 

30 x 150 = 4,500 

4,500 

20 X 230 = 4,600 

7,000 

25 x 250 6,250 

10,750 

10 X 290 = 2,900 

9,900 

10 x 335 - 3,350 

14,100 

12 X 390 - 4,680 

15 X 435 = 6,525 

14,580 

21,105 

20 X 430 = 8,600 

1 

22,700 


The table indicates that the sixth tapping point from I\ is the 
required point. We then have for the two equations 

* + y = 20 

21105 + 510* = 14100 + 430y 

x = 1-7 amp. and y — 18'32 amp. 

Drop at M per conductor 

= 21105 + 510 X 1-7 
— 21973 ampore-yards 

D . t , pi * 0-7 X 10-« X 36 

Resistance per yard — ~ ^ 

=-- 50*4 X 10' s ohms 

.'. Drop per conductor 

= 21973 X 10« X 50-4 X 10 5 
= 11*1 volts 
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Hence, the total drop, reckoning both conductors, will be 22*2 
volts. 

We have now to consider the effect of the feeding points F 1 and F t 
not being at the same potential, this condition being, of course, 
very probable in an actual case. Suppose that there is a difference 
of v volts between the points F x and F v F x being at the higher 
potential. 

The quickest method is the following. We convert the v volts 
into ampere-yards ; F t starts off with this drop below F v and this 
value appears in the column for F t as an initial drop. The procedure 
is then as described above. Thus, in the above example, suppose 
that v is 5 volts. The resistance per yard is 50*4 X 10* 5 ohms, so 
that the initial ampere-yards for F % are 

5 0 4 | iQ - i = 9920 ampere-yarda 


The table then becomes the following — 


Moment about F v 

Sums. 

Moment about F v 

Sums. 




Initial = 9,920 

9,920 

15 x 160 = 

W' "i TBi 

lWir?TiB 

30 x 150 = 4,500 

14,420 

20 X 230 = 

W ii T tob 

irm ' yB 

25 X 250 = 6,250 

20,670 

10 X 290 = 



10 X 335 = 3,350 

24,020 

12 X 390 = 


Bit I ' 

20 X 430 — 8,600 

32,620 

15 X 435 = 


KrniS 



20 X 610 = 

10,200 

31,305 




The dividing point is thus the same. We have 
* + y = 20 

and 21105 + 510* = 24020 + 430?, 

giving * 

* = 12 2 and y = 7*8 

The voltage drops can be calculated as before. 

Cl 

(d) Drop in a Uniformly-loaded Distributor. 
Let i = current tapped off per unit length 
and r = resistance per unit length (Fig. 144) 





DISTRIBUTION 


177 


Drop at distance x from F 


( Sum of moments 
up to x 



Moment of the whole load beyond 
x % assumed acting at x 


) 


= J X idx . rx + i(l - x) . rx 
= | irx 1 + irlx - irx 2 
= irlx - \irx 2 

at the far end x = l i 

Drop = \irl 2 

= m X (rl) 

= \IR 


dx 

I 

idx 

i'lo. 144 


where I is the total current, and R the total resistance. 

Thus a uniformly-loaded distributor fed at one end gives a total 
drop equal to that produced by the whole of the load assumed 
concentrated at the middle point. 

Now let the distributor be fed at both ends. Then with both 
ends at the same potential the point of minimum potential is 
obviously the middle point. We can thus imagine the distributor 
cut into two at the middle point, thus giving two uniformly-loaded 


distributors fed at one end. 


R 

The resistance of each is and the 

Z 


total load in each is -. 


Drop at middle point 


i 1 R 
=* x 2 X 2 
= J IR 


Examples on Chapter X. 

(1) 600 h.p. at 600 volts is to bo delivered at a place 2 miles distant from 
an electrical generating station. Find the power and voltage of the generator 
required, if the loss in transmission is to be 14% of the power generated. 
Also determine the cross section of the cable required. (C. and G., 1909.) 

Ana . — 620 kW at 698 volts. 1-28 sq. in. 

(2) A three-wire feeder is half a mile long, the two outers having a cross 
section of 0*26 sq. ix^. and the neutral, 0*125 sq. in. If the voltage at the 
feeding points is to be 200 on each side, and the loads on the positive and 
negative sides are 130 and 100 amp. respectively, what voltages must be 
maintained on the two sides at the generating end ? 

Ana. — 216*04 and 203*4 volts. 

» 

(3) Calculate the power lost in the above feeder, and the efficiency of 
transmission. Find the resistance of a two-wire feeder which will transmit 
230 amp. at 200 volts and have the same loss as the three-wire feeder. Also 
compare the amounts of oopper in the two* and three-wire feeders. 

Ana . — *038 ohm per conductor ; 38 to 100. 
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(4) What is the “ time-constant ” of an electric circuit 7 Explain its 
importance in direct current working, e.g. in reversible boosters, and in 
alternating current working. How does it vary with the saturation of the 
iron of e circuit 7 (London Univ., 1912.) 

(5) Describe carefully the conditions under which a reversible battery 
booster has to work, and the functions it has to perform. Why is it not 
possible to use a simple series dynamo, driven at a constant speed, as such 
a booster? 

(6) Describe one form of balancer for balancing the voltages on a three-wire 
D.C. supply system. Make a diagram of connections, showing how it is 
connected to the mains. (London Univ., 1921.) 

(7) Make a diagram of connections showing the necessary machines in the 

supply station of a three-wiro f continuous current system. What is the 
object of a balancer, and how does it act 7 If the supply voltage on each side 
of the three-wire system is kept at the same value at a feeding point, what 
is the effect on the voltage at terminals of lamps on each side, if the load on 
one side of the system is greater than on the other 7 (C. and G., 1914.) 



CHAPTER XI 

TESTING OF DIRECT CURRENT MACHINES 


1. Types of Tests. The methods of testing electrical machines can 
be divided into three classes, direct, indirect, and regenerative. 

In the direct method the motor or generator is put on full load 
and the whole of the power developed by it is wasted. For a genera- 
tor the load usually consists of a waiter resistance, the output of 
the machine being used in heating the resistance. For a small 
motor a brake can be applied to a water-cooled pulley and the 
load adjusted until full load current is flowing. Then if W x and 
W . z are the tensions in lb. on the tight, and slack sides of the brake 
band, r the radius of the pulley in ft., and N the speed in r.p.m., 

Motor output == brake h.p. 

h 33,000 1 


hWLzE&X™ watts 
.‘{3,000 


If I is the total current taken from the line, and E the voltage 
applied to the motor terminals, 

Intake =» El watts 


Hence, Efficiency, rj = 


Output _ 2,ttN(W x - W 2 )r 746 
Intake El 33,000 


== 17-3 


N(W X - Wi)r 
El 


% 


If a test of this kind is applied to a series motor the brako must 
be tight before the motor is switched on to the supply, otherwise the 
armature may fly to pieces. 

A simple brake test like the above is suitable for small machines, 
but for a large motor it is preferable to direct couple it to a generator, 
and to load the generator by means of a resistance. The generator 
is carefully calibrated by determining the various losses in it before- 
hand, and its efficiency at different loads is thus known. Hence, 
if the generator output is measured by moans of an ammeter and 
voltmeter, its intake can be calculated. This intake is obviously 
the motor output. 

The testing of large machines by the direct method entails a 
considerable loss of power ; in fact, in the case of a very large 
machine, there mdy be no facilities for a direct test. 

2. Indirect Methods. These consist in determining the losses 
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and predetermining the efficiency from these. The amount of 
power required is that to supply the losses only, bo that there is no 
difficulty in applying the method even to very large machines. 
The disadvantage is that the machine is running light during the 
test so that, although the efficiency can be calculated 9 with fair 
accuracy from the results obtained, no indication is given cu» to the 
temperature rise on load, or to the commutating qualities of the 
machine. 

The simplest of the indirect tests is the Swinburne test, and it 
can only be applied to shunt or compound machines. The machine 
is run light as a motor, anci the armature current I 0 measured. 
The armature resistance and field resistance are also measured, 
and the temperature of those windings observed. Since the 
machine will be hot when running under normal conditions, the 
probable hot resistances are calculated, a temperature rise of 50° C. 
being assumed. Then if R is the measured armature resistance, 
the resistance after a temperature rise of 50° C. will be 

R a = tf(i + 50a) 


where the value of a, the coefficient of increase of resistance with 
temperature, will bo fixed by the initial temperature. 

Let the suffixes p, 1, and 2 refer to zero temperature, t x 9 C., and 
t a ° C. ; then 

R t = 7f 0 (l + a 0 t x ) 

R t = R 0 ( 1 + a 0 t 2 ) 



Now let' a x be the temperature coefficient corresponding to the 
initial temperature t v Then wo have 

= -®i(l ~f" eti . $2 ^i) 


1 -f a x (t 2 - i x ) 


1 -f- a 0 t 2 
1 + ci 0 t x 


giving finally 

„ 

1 1 + ctb*i 


Thus, if we take the value a 0 = *00427 for pure copper, we have 
for, say, t x = 40° C. 


•00427 

““ ~ 1 + 40 X -00427 


= -00364 


and similarly for any other initial temperature. 

If a copper coil of resistance 100 ohms at 40° C. is heated tq 100° C., 
its hot resistance will thus be 
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*100 — -^4o(l + <*40 * 60) 

= 100(1 + 00364 x 60) 
= 121-8 ohms 


Similarly with the field winding. From the cold resistance of the 
armature the copper loss 1*11 is calculated, and from the cold 
resistance of the shunt field the field copper loss I^/R Bh is calculated. 
The sum of these two losses deducted from the intake EI 0 gives the 
friction and iron losses, that is, the stray losses. If now the calcu- 
lated field copper loss E 2 /R 9h , using the hot resistance, is added to 
the stray losses, the result will be the constant losses. Let these 
be W e . Then, for any armature current I a the armature copper loss 
will be I a 2 R at where R a is now the hot resistance. Hence, total losses 
of all kinds 

W t - I 2 R a + W e 
The field current will be 


and the line current will be 

l x — I a + / Bh if the machine is motoring 
= I a - I Blx if the machine is generating. 

Also, EI X is the intake when motoring, and El 2 is the output when 
generating. 

Hence, efficiency when acting as a motor 

__ Intake - Losses ___ El W t 
^ Intake EI X 

and efficiency when acting as a generator 

_ Output __ EI % 

^ Output 4* Losses EI t + W t 

Thus, if different armature currents I a are assumed, the efficiency 
at different loads can be calculated. 

If the machine under test is to function as a motor under normal 
conditions, its provable drop of speed on any load can be determined 
from the measured no load spegd N 0 from the expression 


N 


A'.x 


E-R a I Q 

E-R a I 0 


The drop in speed under normal working conditions will probably 
be somewhat less than this, because armature reaction on load 
will cause a decrease in total flux, and this will have a tendency to 
keep the speed up. The speed will also be altered if the brush 
position is different from that during the test. 
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3. Separation of Losses. The above method does not give any 
indication as to how the stray losses are divided between friction, 
hysteresis, and eddy current losses. These can be separated by 
the following test. The machine is run light as a motor, and a 
resistance R is placed in its armature circuit, so that ally speed 
can be obtained. (See Fig. 145.) The field is separately excited 
to the normal value and different voltages applied to the armature, 
the speed N and the armature intake being observed for each value 
of the voltage. It is preferable, although not absolutely necessary, 
to measure the intake by means of a wattmeter, as shown. 
The armature current l a is also observed, and the armature copper 
loss 7 a 2 i? a deducted from the observed intake. This gives the 



Fig 145 Fig. 140 


total stray- losses, say W. Now the various components of the 
stray losses arc all functions of the speed, and can be written 

Friction loss = AN + BN* 

Hysteresis loss = CN so long as the excitation is constant. 
Eddy current loss = DN 2 so long as the excitation is constant. 
A % B, (7, and I) are all constants. We therefore % have 
W = AN + BN 2 + CN -f DN 1 

or £ = (A + 0) + (B + D)N* 

N 

W 

Hence, if — is plotted against the speed N, a straight line will 

be obtained (Fig. 146). By taking two points on this line, not 
necessarily observed results, and substituting the corresponding 
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W 

values of ■ and N t a simultaneous equation will be formed from 
N 


which (A + C) and ( B + D) can be calculated. The losses for 
any speed can then be calculated. So far the losses have been 
separated into those proportional to N, and those proportional 
to N 2 , and such a separation is sufficient for most practical purposes. 
If it is required to determine each of the constants A, B , C, and 7), 
then it is necessary to repeat the experiment with a reduced 
excitation. This will not affect the friction loss, but the constants 
C and /) will be different, say, C" aud D ' respectively. Then the 

W 

equation to the new curve of — against N is 

A 


* - (A + O') + (B + D')N 


The terms (A + C*) and (B -f &’) can then be determined as 
before, and by subtracting (A -f C 9 ) from (A + 0) and (B + 7)') 
from (B -f 7)), the quantities (C - O') and (D-D 9 ) are found. 
Now C, the coefficient for the hysteresis loss, is proportional to the 
flux O raised to the 1 *6 power, and D is proportioual to <I> 2 . Hence, 
calling 0 and O' the fluxes corresponding to the normal and reduced 
excitation, we have 

C/VV*. ry _ (v\* 

c " ~ U> ; * d voy 

Again, the ratio O'/O w given by the ratio of the back E.M.F.s 
in the two experiments for any given speed. Knowing the applied 
voltage and the armature current, the back E.M.F. can bo calculated 
by deducting the armature drop from the applied voltage. The 
above ratios can thus be calculated and the constants A, B, C, and 
D then determined separately. 

For works testing it is generally sufficient to separate the stray 
losses into iron (variable) and friction (constant) losses, without 
analysing the run loss into its component hysteresis and eddy- 
current losses. Iff such a case the connection scheme of Fig. 145 is 
used, but the procedure is modified as follows: The motor is run 
at normal speed with normal applied volts and excitation, and when 
the wattmeter reading has settled down to a steady value readings 
of armature watts, volts, amps., and speed are taken. Next the 
excitation is reduced so that the speed increases, and the armature 
rheostat R is then adjusted to bring the speed back to the same 
value as before. Readings are again taken and the same procedure 
repeated over as wide a range of armature voltage as possible. The 
armature watts (corrected for armature copper loss) are then plotted 
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against armature volts. Since the speed is kept constant the friction 
and windage loss will be constant, but since the excitation is gradu- 
ally reduced, the flux per pole, and therefore the iron loss, will be 
gradually reduced. If the process could be continued until the 
armature volts were zero, then the flux would be zero and the iron 
loss zero. Hence if the graph is produced backwards to meet the 
watts axis the intercept on this axis will give the friction and 
windage loss. It is because the graph has to be extended in this way 
that it is desirable that the experimental results should cover as 
wide a range of armature volts as possible. If the watts are plotted 
against volts squared a straight line will bo obtained with a shunt 
motor, and the intercept can then be determined very easily. 

If the field current is observed along with the other data then the 
experiment will also give the magnetization characteristic. The 
observed volts V corrected for armature drop gives the induced 
E.M.F. 

V — R a I a 

and this E.M.F. plotted against the exciting current gives the 
magnetization characteristic. This test is very easy to carry out, 
except that at very low excitations the response of the motor to 
changes in the value of R may be very slow, and much time, there- 
fore, taken in bringing the speed to just the right value. The adjust- 
ments are greatly facilitated if the speed is observed by a stroboscopic 
method instead of by means of an ordinary tachometer. 

4. The “ Retardation ” or “Running Down” Test- This is 
another convenient method of separating the various losses. In 
this method the machine is run up to a little way beyond normal 
speed, and the supply is then switched off from the armature. 
As a result the armature slows down, its kinetic energy being 
drawn upon to supply the various losses produced by rotation. 
If / is the moment of inertia of the armature and a> its angular 
velocity at any instant, then losses due to rotation 

d 

W = ~ of kinetic energy 
dt 



To calculate FT it is therefore necessary to determine the curve 
of o) against t. There are several ways of doing this, the method 
involving the least amount of special equipment being to conneot 
a very high resistance moving coil voltmeter across the armature 
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terminals and to use* it as a speed indicator. It is calibrated for 
speed as follows. When motoring at constant speed, the speed, 
the applied voltage, and armature current are observed. The 
back E.M.F. is calculated, and the ratio of observed speed to 
back E.M.F. gives the required constant of the voltmeter when 
used as a speed indicator. If the machine is a very largo one, and 
takes a long time to slow down, the following procedure can be 
adopted. A circle of paper is pasted on the dial of a stop clock, 
and each time an observer watching the voltmeter gives a signal, 
a second observer marks the position of the seconds hand with a 
pencil. The first observer gives hisf signals each time the volt- 
meter needle passes ono of the mam divisions as the armature is 
slowmg down. Such a method naturally necessitates a certain 
amount of skill, but when experience has been gained very 
consistent results can be obtained. In the case of small machines 
the fall in speed is too rapid to enable such a method to be 
adopted. 

It is therefore preferable to observe, by means of a stop-watch, 
the time taken to slow down from a fixed voltage somewhat higher 
than the normal voltage, to the various main divisions below this 
on the voltmeter, the motor being brought up to full speed for each 
observation. Thus, suppose that 200 volts is taken as the reference 
mark on the voltmeter. The motor is brought "up to such a speed 
that the voltmeter reads somewhat higher than this, and the 
armature supply is cut off. The voltmeter needle immediately 
begins to fall, and the time to fall from 200 volts to 190 volts is 
observed. The speed is then brought up to full value, supply cut 
off, and the time to fall from 200 volts to 180 volts is observed ; 
and so on. The observed voltages are converted to speeds and 
the speed time curve plotted as in Fig. 147. To find the gradient 
dN/dt at any point P , it is usual to draw a tangent to the curve and 
to measure the intercepts OM and ON. The change «>f curvature 
is so small that it is necessary to make several trials, the positions 
M and N being marked in pencil, but the tangent line not being 
drawn. If the means of the various lengths OM and ON are 
taken, we have 

rfNfrft — (measured in units of A 7 ) 

ON (measured in units of t) 

Now, if the moment of inertia I is expressed in gram cm. 2 and oj 
in radians per sec.* then 

W = Io) X —ergs per sec. 
dt 


= la) X 


d(v 

a 


X 10' 7 watts. 
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If / is expressed in kilogram-metre 2 units, then, since the kilogram- 
metre 2 unit is equal to 10 7 gram, cm. 2 units, the equation for W 
becomes 


f.P.Af.) 



W = Ico X 


dco 

dt 


Again, co = 2n X rev. per sec 

= |?X N 
60 


and 


dcO _ 27T 
dt ”60 


Hence, finally, 


dN 

dt 



= 0 0109 IN~ 

dt 


so that, if I is known, the stray Josses W can be calculated for 
any speed N. 

There are several ways of finding /, the two most convenient 
being as follows. When the slowing-down curve has been obtained, 
a flywheel of known moment of inertia V is keyed to the shaft and 
the curve obtained again. Naturally, the time of slowing down will 
be longer. For any given speed the rates of change (! dN/dt ) and 
(dN/dtY aie determined as before. For the same speed the losses 
will be the same, since a smooth flywheel will not affect these 
appreciably, and we therefore have 

0 0109 IN - 0-0109 (/ + /') N (Ql'j 


/+_/' _ /dA 7 \ /(dN V 
/ \dt)/\dt) 



The second method consists in observing the time taken to slow 
down, say, 5 per cent in speed, then applying a known retarding torque 
and observing again the time taken to slow down the same 
amount. The retarding torque can be applied by means of a brake, 
but it is more accurate to apply it electrically, the method of 
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doing so being indicated in Fig. 148. The armature is controlled 
by a double throw switc h S which is opened when the slowing 
down under normal conditions is to be observed. When applying 
an additional retarding torque, S is thrown right over so as 
to connect tho armature to a non-inductive resistance as shown. 
The current I a through this resistance produces an additional loss 
of I a 2 (E f H a )‘ The current l a will of course fall as the speed 
falls, hut with a change in speed of not more than 5 per cent the 



Non -inductile 
Resistance $ 


Fro. 148 

change in I a will be so small that it will be sufficiently accurate if 
a second observer takes its initial and final values, the mean value 
being used in the expression. Call this additional load W' tvatts 
and let the losses corresponding to the mean speed bo W. Then, 
if dN is the change in speed and t and t' the times of slowing down 
without and with the extra load respectively, 

W = 0-0109/.Af — 

t 

W + W' =0 0109 IN — 

. I' 

. W + W' _ t 
ir t' 

W = I» " x — . 

i-t' 
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Example. On breaking the armature circuit of a separately excited motor, 
the E.M.F. induced in the armature falls from 200 volts to 190 volts in 30 sec. 
If a current of 10 amp. is taken from the armature by connecting it to a 
resistance immediately after disconnecting it from the supply, the same fall 
in E.M.F. takes 20 sec. Find the stray losses. 


We have N = JcE t where k is a constant 


.*. W - 0-0109 IN *— 

t 

= 0-0109 ME?— 

t 

The mean value of E is 195 volts, and without tho additional load 
dEjt is 10/30 = J. 

/. W = 00109** X J X 195 x I 

The mean value of the additional load is 195 X 10 = 1950 watts, 
and the corresponding rate of fall dE/l is 


O' + 1950 = 0-0109A* X l X 195 x I 
Subtracting, 

1950 = IbOlOflJfc* x * x 195 x / 

6 x 1950 


or 


M = 


0-0109 a 195 


W = 0-0109 X i X 195 X l9C ° 

0-0109 X 195 

= 3900 watts. 


6. Regenerative Methods. These methods require two machines, 
preferably identical. These are mechanically coupled, and are 
so adjusted eieetrically that one of them acts as a motor and the 
other as a generator. The motor supplies the mechanical power 
to drive the generator, while the electrical power developed in the 
generator is utilized in the motor. Thus, two machines of any size 
can be tested under full load conditions, and the power taken from 
the supply will be that required to overcome th6 losses only. The 
method is therefore invaluable where tests of long duration under 
full load conditions have to be made on very large machines. 
Such tests arc called ‘‘ heat runs,” because the object of tho test is 
to determine the final temperature rise of the machine. Regenera- 
tive tests were first introduced by Hopkinson, for which reason 
they are often called Hopkinson Tests. 

The method of procedure in the case of shunt machines is indicated 
in Fig. 149. Machine I is run up to full speed by means of the 
starting resistance, not shown, the main switch of machine II 
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being open. This machine will therefore generate, and when its 
voltage has been adjusted equal to, and of the same polarity as, the 
bus-bar voltage, this ad- 
justment being made by 
means of a paralleling 
voltmeter F, it can be 
switched on to the supply. 

Any required load can 
now be thrown on to the 
machines by adjusting the 
respective shunt regula- 
tors. The machine with 
the smaller excitation will 
act as a motor, because 
its back E.M.F. being less 
than that of the other, 
will admit a greater arma- 
ture current, and therefor** 
produce a greater torque 
Assuming, first of all, that the shunt, losses are the same in both 
machines, and that the armature copper losses ami also the stray 
losses can be equally divided between them, wo have 

Motor intake --= A7j 

Generator output — /s7 2 
Current from supply / 3 , say, = l x - I 2 
Motor intake — E(I 2 4- / 3 ) 



Motor output = YhE(l 2 j- / 3 ) w'hore rj , = motor efficiency 
Again, generator output= EJ 2 


Genera tor intake — El 2 \r] 2 where rj 2 =- generator efficiency 
But the generator intake is equal to the motor output, so that 


V1V2 


_ jt 

/. + /, 


By making the assumption of # cqual division of losses we also 
assume equal efficiencies. Hence, if we express either efficiency 
by rj, we have 


J h + 1. 


The error introduced by these assumptions will not be very 
important in the case of large machines, because the armature 
currents will not be very different, and the difference in the 
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excitations required to give the necessary circulating current 
through the armatures will not greatly affect the iron losses. In 
the case of small machines the armature currents and the excitations 
are very different in the two machines, and the efficiency, as 
calculated above, is far from accurate. The greatest evror is made 
in assuming that the armature copper losses are equal, because 
these losses are proportional to the square of the current. By 
calculating these losses separately, but assuming an equal division 
of stray losses, the error is reduced to a very small amount. The 
exciting currents are first adjusted till each of the ammeters A x and 
A 2 reads one-half of the ammeter A z . The machines are now both 
motoring light, and if I 0 is the current taken from the line, i.e. the 
reading of A z , the total excitation and stray losses in the two 
machines are given by EI 0 . We thus have for one machine 



these losses being assumed constant. If the excitations are different 
the ammeters A x and A s will carry different currents. Calling 
these currents A x and A 2 , and the shunt currents, a 1 and a 2 , then 

Current in motor armature / M = (A 1 -a 1 ) 

Motor armature copper loss R a I u 2 = R a {A x -a x ) 2 
Total motor losses W u = W x R a (A x - a x ) 2 


Again, motor intake 


*lu 


= EA X 
_ EA X - W M 
EA X 


In the case of the generator the armature current is 

h “ Ma + a t) 

Generator armature copper loss 

Kh 1 - R*(A 2 + a 2 )* 

Total generator losses == W x + R a {A 2 + a*)* 


Again, generator output = EA 2 

. „ _ EA t 

EA % + W Q 

In testing compound machines, the series coils are very often 
left out of circuit ; they can be kept in circuit if ^hat on the motoring 
machine is reversed. 


Example. Two shunt motors loaded for the Qopkinson test take 15 amp. 
at 200 volts from the supply. The motor current is 100 amp. and the shunt 
currents are 3 amp. and 2*5 amp. If the resistance of each armature is 0*05 
ohm, calculate the efficiency of each machine for its particular conditions of 
loading. 
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The motoring machine has the smaller shunt current, so that the 
distribution of current 13 as given in Fig. 150 . 

Total intake of set = 15 x 200 = 3,000 watts 

Copper loss in motor armature = (97 -5) 2 X 05 = 475 „ 

„ generator armature = (88) 2 x *05 387 ,, 

„ .. motor field =2-5 X 200 ^ 500 „ 

„ generator field = 3 X 200 = 000 


Total jr upper losses -- 1,902 watts 



Motor Generator 

Fro. 1:0 


. Total stray losses 

. Stray losses per machine 
Generator efficiency- — 
Output 

Field copper loss 
Armature copper loss 
Stray losses 
Total losses 
Intake 


Vo ^ 


= 3,000 - 1,1102 
= 3 ,040, say 

— 520 watts 

= 200 x 85 = 17,000 watts 

— 000 watts 

= 387 „ 

— 520 „ 

= 3,507 „ 

= 17,000 f 1,507 - 18,507 watts 
17,000 


18,507 


X 100 - x 92% 


Motor efficiency — 

Intake t = 200 X 100 = 20,000 watts 

Field copper loss = 500 watts 

Armature copper loss = 475 „ 

Stray losses = 520 „ 

Total losses = 1,495 ,, 

Output = 20,000- 1,495 =- 18,505 watts 

18,505 
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6. Series Motor Tests.* Because of the large variation in excitation 
of a series motor during normal working conditions, tests made with 
a fixed excitation are of little value. Again, no load tests are 
impossible because of the dangerous speed attained. For these 
reasons the testing of series motors is much more difficult than that 
of shunt motors. If the motor is not too large, a brake test can 
be made on it, but in the case of large machines it is preferable to 
make a combined test with two machines. There is, as a rule, 
littlo difficulty in obtaining a pair of identical motors, since most 
scries motors are used for traction work, and each tramcar has at 

least two. When a pair 
| machines is tested it is 
preferable to ensure that 
the iron losses arc equal, 
if this is possible. This 
necessitates equal excita- 
VV ^ VV J tions. This condition is 
L— ^ fulfilled in " Fields Test ” 

Fio. 151 by connecting the tw o fields 

Connections for Field’s Test in series. 'Ibis arrange- 
ment of the test is shown 
in Fig. 151. Machine I runs as a motor and drives machine II as a 
generator, the output of the latter being wasted in the adjustable 
load R. The connection of the generator and motor fields in 
series ensures that the stray losses in each machine will be the 
same. In making the test it is preferable to include no switch- 
gear in the connection between generator armature and load, 
since with this precaution there is no danger of the load being 
thrown off by mistake. 

Let E l •= supply voltage 
I t =r motor current 
E t = voltage at terminals of load U 
I % = load current 
Intake of whole set = E l l 1 
Output = E % I t 

Losses of all kinds W T = E 1 I 1 -E 2 If 

Total copper losses W e = \ (k a + 2i?„)/ 1 2 + R a I%\ 

Total stray losses 2 W g = If T - JF C 



/. Stray losses in one machine 


W m 



* More complete information on the testing of series motors is given in 
Electric Traction , by Dover. 
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The motor efficiency con now be determined os follows : the 
generator is working under such abnormal conditions that thore 
is no object in calculating its efficiency. 

Motor intake = E a I 1 where E a is the reading of V a 

Total motor losses = (R„ iJ,,)/, 2 + IF, 

= 1F h> say 




_E a I x -\V % 


E a l t 





L inc Booster 

Fig. 152 

Regenerative Test 


Load Scooter 


It is to be noted that the above test is not a regenerative test, 
since the output of the generator is wasted. A regenerativo test 
on series motors ^ 

is rather difficult . r 7 ^- 

to carry out, the 
best method being 
as follows. ( See 
Fig. 152.) The 
generator during 
the test is loaded 
back on the supply, 
the amount of this 
loading being regu- 
lated by a load 
b o o s t (i r , this 

booster being a small low voltage generator whose voltage can 
be varied between zero and a maximum. At the moment of 
starting it ia necessary to have a resistance load, R t across the 
armature as in Field’s Test, but when tho set is running this 
can bo cut out and the load looked after by the booster. The 
generator and motor fields are in series, so that the staay losses in 
the two machines are the same. In order to keep the voltage 
across the motor terminals AB constant, an adjustable resistance 
can be connected in series with tho motor, but if, as is usually the 
case, the supply is at normal motor voltage, it will be necessary 
to boost up the voltage in order to compensate for the drop in the 
generator field F •. This is automatically carried out by a second 
booster, called the line booster* and this second booster is series 
excited. 


Let E x = supply voltage and l x = motor current. 

Let E % = generator voltage and I 2 = current loaded back on 
the supply. 

/, Total losses in the two machines = E l I l - E t I % 

Total copper losses = (R a + 2i? M )/ 1 a + 2? 0 / a 2 
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The calculation of the motor efficiency is thus the same as in Field’s 
test and need not be proceeded with any further. 

It will be realized that, by the use of boosters, the motoring 
machine in Field’s test can be worked under normal conditions. 
In the Hopkinson test the motoring machine has its field* weakened, 
and therefore neither machine is working under quite normal 
conditions. This can be avoided by keeping the normal voltage 
across the field of the motoring machine, and increasing the field 
of the generating machine by means of a field booster. 

Where only a single-series motor is available for test the losses 
can be determined by methods similar to the Swinburne method as 
applied to a shunt motor. If there is a convenient source available, 
such as a battery or a low- voltage booster, the field can be separately 
excited and the losses then determined by running the armature 
on no load. In the case of the series motor it is necessary to make 
tests at a scries of values of field current covering the range of the 
machine during normal operation, and the P.D. to be applied to the 
armature will, in each case, be the rated voltage less the drop of 
volts in the series winding. 

By modifying the test as indicated in the connection diagram of 
Fig. 153 it is possible to dispense with the separate supply for the 

field winding. The motor is con- 
trolled by means of a rheostat R.,, 
and some of the intake current is 
diverted from the armature by 
means of the rheostat R v It is 
advisable to take a series of values 
for the field current and to calcu- 
late for each value the P.D. to 
be applied to tho armature, this 
P.D. being given by the expression 
( E-RJ „). This P.D. is then 
plotted against the current. When 
starting up it is advisable to make 
small so that the wdiole of R 2 
can be cut out without reaching a dangerous speed. The field 
current is now observed and R 2 is adjusted to give a reading of V 
corresponding to that on the curve. This may itequire one or two 
slight adjustments, after which the two currents, the volts and the 
speed, are observed. 

Next, the resistance R 2 is increased, and tho shunting resistance 
R { is adjusted until V again corresponds to the new value of the 
field current. Proceeding in this manner the whole range of operation 
of the motor is covered. The results are finally plotted so as to give 
curves of field current and armature watts, both against speed, as 
abscissae. Since the field resistance is known the field copper loss 
R ae can be determined, and also the armature copper' loss I 9e 2 
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R ai since during normal operation the scries field and armature 
carry the same current. Tlius the curv r e of total copper loss can be 
added, thereby providing all the data lor the predetermination of 
the efficiency at any operating speed. 


Examples on Chapter XI. 


(1) Describe in detail all the adjustments and tests you would make in 
determining the efficiency of a continuous current shunt motor by the “ loss M 
method at a given output. Deduco the formula for the cmrent corresponding 
with a load of W watts, supplied at V volts, assuming the loss tests have 
furnished the requisite data. (London Univ., 1910.) 


(2) A shunt motor running light at. 480 volts, takes a current of 2*6 amp. 
The resistance of its field winding is 800 ohm and of its armature 0*6 ohm. 
Determine the efficiency of the motor when loaded so that the current is 
40 amp., the terminal voltage being maintained at 480 volts. (London 

Univ " 191 3 > Ana. — 88-9%. 


(3) If you had to determine the efficiency of a very large motor, say, 200 h.p:, 
and the only supply available was one from which about 20 h.p. could be 
fcakon, what procedure would you adopt ? 


(4) You are required to determine the no load magnetization curve of a 
shunt-excited 500 volt, eight polo, continuous current motor intended to bo 
run at 1,000 r.p.rn. The source of excitation available is only 250 volts. 
The voltmeter available Jnly reads to 250 volts. Indicate how you would 
carry out the test, and give a diagram of connections. "(London Univ., 1920.) 


(6) Two direct current machines are separately excited and mechanically 
coupled for the Hopkinson test. The driving power is supplied electrically 
by a small dynamo, all three armatures being connected in Feries. If the 
voltages acroes the armatures of the machines under test are 200 and 160, 
calculate the efficiency of each machine, assuming that they are the same. 

Ana. — 89*5 per cent. 


(6) In performing the Hopkinson test on two shunt machines, the following 

results were obtained. Line voltage 200, line current 50, motor current 500. 
Shunt currents 6*0 and 5*0. Armature resistance of each machine -012 ohm. 
Calculate the efficiencies of the motoring and generating* machines as 
accurately as the data will allow. .in,.— Kaeh 94-9 per cent approx. 

(7) A separately excited motor ran at 1000 r.p.m. with 100 volts applied 
to the armature. On switching off the armature supply the volts fell from 
100 to 90 in 3 sec. A band brake giving 3 ft. -lb. whh next applied and the 
same fall took place in 1*3 sec. Calculate the stray losses. 

* A ns. — 326 watts. 

• 

(8) What are the difficulties in applying the regenerative test to two 
identical series motors ? Describe the test in detail and state how these 
difficulties are overoome. 



CHAPTER XII 

ELECTROLYSIS — SECONDARY CELLS— PRIMARY CELLS 

1. Electrolysis. A liquid conductor which undergoes chemical 
change on the passage of an electric current is called an electrolyte. 
The immersed conductors forming the terminals of the cell are 
called electrodes ; the positive .electrode is also called the anode , and 
the negative electrode the cathode. The products of the decom- 
position which takes place, in the cell appear at the electrodes. 
It appears probable that the splitting up of the molecules of the 
electrolyte takes place independently of the passage of current, 
the constituents wandering about haphazard in tilt* solution. These 
constituent parts of the molecule are called ions. The electrical 
conductivity of such a liquid is due to the fact ibat the ions carry 
electric charges, some positive, some negative. On the application 
of a potential difference to the electrodes the positively charged 
ions move down the potential gradient towards the cathode, and 
they are therefore called cations. The negatively charged ions 
move towards the* anode and are called anions. When an ion 
reaches an electrode it 4t gives up its charge ’’and ceases to bo an 
ion, the subsequent changes it undergoes depending on its chemical 
constitution. 

The metals and hydrogen are electro-positive in character, that 
is, they form positively charged ions, or cations, when in solution. 
The non-metals of tho chlorine group, e.g. Cl, Br, I, and PI, and 
also the acid radicals such as, S0 4 , N0 3 , P0 4 , etc., form anions 
when in solution. 

It is well known that an acid radical such as S0 4 cannot exist 
alone, but must always bo associated with the chemically equivalent 
number of hydrogen or of metal atoms. This does not apply to a 
radical in solution, because it is then associated with a negative 
charge, and in this condition appears to be stable. 

2. The Products of Electrolysis depend upon the nature of the 
electrolyte, i.e. whether base, acid, or a metallic ^alt. Consider a 
solution of a base such as NaOH. The caustic soda molecule 
splits up in solution into Na and OH, which now exist as a sodium 
ion, Na associated with a positive charge, and a hydroxyl ion, OH, 
associated with a negative charge. On applying a P.D. to the 
electrodes the sodium ions move to the cathode, give up their 
charge, and become free sodium atoms. They immediately combine 
with water to form sodium hydroxide, this change being accom- 
panied by the liberation of hydrogen at the cathode. The hydroxyl 
ion moves to the anode, gives up its charge, and becomes a free 
OH group. This group cannot exist alone unless it" is associated 
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with a negative charge, and it therefore combines with hydrogen 
from the water, thereby liberating oxygen at the anode. It will 
thus be seen that the products of electrolysis are hydrogen and 
oxygen, from which it would appear that the water only is decom- 
posed. It is obvious, however, that the Na and OH ions play an 
indispensable part in the process, for without them the liquid would 
be a non-conductor. 

With an acid solution, the products of electrolysis depend upon 
the nature of the electrodes. Take • the case of a solution of 
sulphuric acid. The molecules of acid split up into hydrogen and 
sulphion, S0 4 , ions, which on the application of a P.D. move 
towards the cathode and anode respectively. The hydrogen ion 
gives up its charge and is liberated as hydrogen gas. The S0 4 
ion gives up its charge at the anode and must now either combine 
with two hydrogen atoms or the chemical equivalent of metal 
atoms to form sulphuric acid or a metallic salt respectively. With, 
say, a platinum anode, the S0 4 is compelled to take the necessary 
hydrogen atoms from the water, thus liberating oxygen at the 
anode. With, say, a copper anode, the S0 4 combines with the 
copper to form copper sulphate, which passes into solution. There 
is then no liberation of oxygen at the anode, but the anode itself is 
gradually dissolved away. • 

As an example of the decomposition of a salt solution, take the 
case of a solution of copper sulphate with copper electrodes. The 
ions are Cu with a positive charge, and S0 4 with a negative charge. 
The copper ions move to the cathode, give up their charge, and are 
then deposited as metallic copper on the cathode. The S0 4 ions 
move to the anode, give up their charge, and then combine with it 
to re-form copper sulphate. The filial result of such an electrolysis 
is thus the transference of copper from the anode to the cathode. 

3. Quantitative Laws of Electrolysis. The phenomena of electro- 
lysis were thoroughly investigated by Faraday, who fofind that the 
weight of an element or radical deposited at an electrode is pro- 
portional to the quantity of electricity which has passed. Hence, 

^ w = weight of the deposit in grammes 

I = current in amperes 
t = time in seconds 
A = a constant for ct given ion 
then w =* Alt 

The constant A is. composite, its value depending upon the atomic 
weight and the valency It is obvious that for the electrolytic 
deposition of metals, or the liberation of gases, w will be proportional 
to the atomic weight, because each ion carries a definite quantity 
of electricity. Now the charge carried by an ion is proportional to 
its valency, for consider molecules of sulphuric acid and copper 
sulphate. The sulphion in the acid molecule is combined with 
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two hydrogen atoms, whereas it is only combined with one copper 
atom in the copper sulphate molecule. From this it follows that 
the copper atom, which is divalent, has, when in the form of a 
copper ion, twice the charge of a hydrogen ion, which is univalent. 
In other words, in order to carry a given quantity of electricity, 
only one-half as many divalent copper ions as univalent hydrogen 
ions will be required. Hence, the greater the valency of the ion, 
the smaller the number of ions required to carry a given quantity 
of electricity, from which it follows that the weight deposited is 
inversely proportional to the valency. The equation can therefore 
be written 


w = B . 2 It 
v 

where a = atomic wt. ; v = valency ; B — another constant. 

The constant B is equal to the number of grammes of hydrogen 
deposited by the passage of 1 coulomb of electricity, naine)j r , to 
0*00001038 gramme per coulomb. The quantity Ba t or a X 
0*00001038, gives the number of grammes of a univalent substance 
of atomic weight a deposited by 1 coulomb. Thus, in the case of 
silver, the atomic weight is 107*6 and the weight per coulomb is 
107*6 X 0*00001038,== 0*001118. The quantity Bajv gives the 
number of grammes of a substance of any valency v deposited by 
1 coulomb. Thus for divalent copper a = 63*2, v 2, and therefore, 
Bajv = 0*000328 gramme per coulomb. 

The quantity Bajv is called the electro-chemical equivalent ; hence, 
denoting it by z , we have 
w — zlt 

The quantity ajv is the chemical equivalent . 

4. Polarization, The relationship between the current I through 
an electrolytic coll, and the applied P.D., E , is given by an equation 
of the form 

E — e RI 

tfhere e is the back E.M.F. or polarization E.M.F. of the cell, and RI 
is the ohmic drop due to its internal resistance. In the case of a 
cell in which the electrolyte is a Balt of the metal of the electrodes, 
e.g. CuS0 4 with copper electrodes, the back E.M.F. is set up by 
concentrations of electrolyte round the electrodes. If the electrodes 
are not acted on by the electrolyte, e.g. platinum electrodes in a 
solution of H a S0 4 , it is due to deposits of gas. These concentrations 
of electrolyte, or deposits of gas, prevent the fresh arrivals of ions 
from reaching the electrodes, the result being that the ions are 
unable to give up their charges, and so set up a back E.M.F. 

Multiplying both sides of the above equation by /, we have the 
energy equation 

El - el + RP 
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The term RI * represent* the power used in producing heat, and the 
term el represents the power required to effect the chemical changes 
taking place. The energy absorbed in effecting the chemical changes 
during a time t is. therefore, elt y if I has remained constant. Other- 
wise, efldt. Consider the case of a dilute sulphuric acid electrolyte 
with platinum electrodes. Mixed oxygen and hydrogen will be 
liberated, and the potential energy of this mixture will of necessity 
be equal to the energy used i*± liberating it, e.g. to elt. Now whon 
1 gramme of these mixed gases is exploded, 3,780 calories of heat 
are evolved. The equivalent in watt-seconds or joules is 3,780 X 4*2 
= 15,870. Again, the passage of 1 coulomb of electricity liberates 

00001038 gin. of hydrogen and *00001038 X 1? gm. of oxygen ; 

2 

that is, 9-35 X 10 5 gm. of mixed gas'\s. The quantity of electricity 
required to liberate 1 gramme of mixed gases is therefore 10 s /9*35 = 
l*07xl0 4 coulombs. But we saw that the product elt was equal 
to 15,870. Hence, for the back E.M.F. c, in the case of such a cell, 
we have 


e 


15,870 
107 x To* 


1-47 volts. 


Hence, to electrolyze dilme sulphuric acid, of any electrolyte in 
which mixed oxygen and hydrogen are evolved, an applied P.D. 
greater than 1-47 volts is necessary. 

5. Accumulators. In the provious section we saw that an 
electrolytic coil could art up a back E.M.F. if there was a con- 
centration of electrolyte round the electrodes, or if there was an 
accumulation of gas on the electrodes. This back E.M.F. can also 
exist if the electrodes themselves are changed chemically. Tha 
most striking example of this phenomenon occurs with lead elec- 
trodes in a dilute solution of sulphuric acid. The a»id molecules 
split up into hydrogen and sulpbion ions, associated with positive 
and negative charges respectively. On the application of a potential 
difference to the electrodes the hydrogen ions travel towards the 
cathode, where they give up their charges and are liberated as free 
hydrogen. The sulphion ions give up their charges at the anode, 
and they then havo a choice of combining with either the lead of 
the anode, or the hydrogen of the water. Both reactions take place 
at the same time, but the most important is the combination with 
hydrogen of the water, so as to liberate oxygen. This oxygen at 
the moment of liberation is in the nascent, i.e. atomic form, and it 
therefore attacks the lead of the anode and forms in time a brown 
deposit of lead peroxide, Pb0 2 . On stopping the current and 
connecting a voltmeter to the electrodes it will now be found that 
the cell has an E.M.F. of 2 volts. If the electrodes are joined by a 
wire the cell will produce a current which will flow through the 
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electrolyte in the reverse direction to the previous current, and the 
cell will discharge. The following changes then take place. The 
hydrogen ions, carrying positive charges, now move towards the 
positive plate, which, as we have seen, is coated with Pb0 2 . After 
liberation of the charge, the hydrogen atoms combine »with the 
oxygen of the Pb0 2 , while the acid attacks the lead, with the 
formation of PbS0 4 . 

Pb0 2 + H a + H 2 S0 4 = PbS0 4 + 2H 2 0. 

At the negative plate, the sulphion ions, after losing their charge, 
combine with the lead to form PbS0 4 . 

Pb + S0 4 = PbS0 4 . 

Thus if the cell is completely discharged, both plates will be 
"coated with a whitish coating of lead sulphate. If the discharged 
cell is now charged again by passing current from an external source 
through it from positive to negative plate, the following changes 
will take place — 

At the negative plate PbS0 4 + H 2 = Pb + H 2 S0 4 
At the positive plate PbS0 4 + S0 4 + 211 2 0 = Pb0 2 

f 2H a S0 4 

From this it will be seen that on re-charging, the positive plate will 
re-acquire its brown coating of lead peroxide, while the negative 
plate will bo reduced to grey metallic load. 

The capacity of such a cell, that is, the number of ampere-hours 
that can be obtained from it when discharging, will naturally be 
very small, becauso of the small surface exposed to the acid. With 
repeated charging and discharging, the lead plates will become 
“ spongy,” and will present a much greater effective surface to the 
acid, the result being that the capacity will be greatly increased. 
This process of producing accumulator plates is called “ forming ” ; 
it is no longer used because of its high cost. A cheaper method is 
to use plates in the form of cast lead grids, the holes in which are 
filled with a paste of lead oxide. If red lead, Pb 8 0 4 , is used for 
the positive, and litharge, PbO, for the negative, both plates can be 
formed at the same time by immersing them in dilute sulphuric 
acid and passing current. The positive plate becomes further 
oxidized to Pb0 2 , while the litharge is reduced # to metallic lead. 
Such plates are not mechanically strong, and the paste is liable to 
fall out if the cell is severely used. In more modem processes the 
plates are formed by a very quick process. Thus, boiling in nitric 
acid to oxidize the load, and then reducing the oxide electrically are 
possible. It is usual to perform these two operations together by 
adding “ quick formation agents ” to the electrolytic bath. These 
agents, of which nitrates, chlorates, and acetates are oxamples, 
form unstable compounds with the lead, these compounds being 
immediately foizned into Pb0 2 by the action of the current. 
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Various types of formed and pasted plates are illustrated in 
Fig. 154. 

When a cell is charged the voltage gradually rises, remains in the 
neighbourhood of 2*3 volts for some time, and then rises again. 
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Types or Acoumdlatob Plates 


as shown by Fig. 155. At the.same time a large quantity of gas 
is evolved. The final rise is due to a concentration of sulphuric 
acid in the pores of the positive plates. If the charged cell is now 
left standing this strong acid diffuses into tho rest of the solution, 
and the voltage of the cell falls to about 2*2. Jf now the cell is 
discharged, the P.D. at the terminals remains roughly constant 
for a time, and then begins to fall. The final fall is very rapid if 
the cell is allowed to discharge completely, because of the dilution 
of the acid in the pores of the plates. In practice a cell should not 




Pasted Plates Formed Plates . 
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be allowed to discharge below 1*8 volts, otherwise there will be an 
excessive formation of sulphate which will be difficult to remove. 
Also, the plates may tend to buckle and the paste become loosened. 
For this latter reason the charge and discharge currents should not 
bo excessive, since too rapid chemical action is the maifl cause of 
buckling. 

The density of the acid is 1-21 when fully charged, corresponding 
to 28 per cent acid by weight. When discharged to 1-8 volts the 
density is much less, about 1-18, corresponding to 25 per cent acid. 
With varying densit\ T , tho conductivity of the acid varies, as shown 
in Fig. 156. It will bo seen* that a density of just over 1*2 gives 
the minimum specific resistance, and therefore, the minimum 
internal resistance of the cell. 

As stated before, the capacity of a cell is reckoned by the number 
of ampere-hours on discharge at the normal discharge rate. If the 
discharge rate is less than normal the capacity will bo greater, but 
with an excessive discharge rate the capacity will be very much 
reduced, as shown by Fig. 157. For a pasted positive plate the 
average capacity is about ( ampere-hour for each square inch of 
positive surface (reckoning one side) ; the normal discharge rate, 
about } amp. per square inch of positive surface. Temperature 
has a great effect on the action of a cell, rise of temperature increas- 
ing the E.M.F. siiglltly, and the capacity, very considerably. Thus, 
a rise of temperature of 30° C, will increase the capacity at normal 
discharge rate by 30 per cent. 

The efficiency of a cell can be reokoned in two ways — 

Quantity efficiency = ^P^e-hoya of discharge 
ampere-hours of charge 

Energy efficiency - vatt - ho ™ ° f - , di a ° har g e 
C watt-hours of charge 

If E is the terminal P.D. per cell, E x the E.M.F. per cell on charge, 
and E t the E.M.F. on discharge, then 

E « E x -f- RI 
E — E ^ • RI 

The average terminal P.D. during charge is therefore greater than 
during discharge, the difference being twice the internal drop RI, 
plus the quantity (E x - E 2 ). The E.M.F. during charging is greater 
than during discharging, because of the presence of the gases 
evolved. It therefore follows that the cnorgy efficiency is less than 
the quantity efficiency. Increase in discharge rate, as we have 
seen, reduces the capacity and therefore the quantity efficiency to 
a certain extent, but it decreases the energy efficiency still further, 
since the greater the discharge rate the smaller the terminal P.D. 
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of the cell. Average values are 00 per cent for the quantity 
efficiency and 75 per cent for the energy efficiency. 

Cells of the lead-acid type weigh about £ ib. per ampere-hour 
for ordinary construction, J lb. per ampere-hour for high discharge 
rate cells such as are used in power stations, and about 1 lb. per 
ampere-hour for cells used in electric vehicles. 

G. Testing. In order to carry out on a cell a test of any real value, 
it is necessary to make observations during charging and discharging, 
and to ensure that the electrical and chemical states of the cell at 
tho end of the test are the same as at the beginning. This is done 
by plotting the E.M.F.-timu curves and Sp. Gr.-time curves for 
successive charges and discharges until the curves are exactly 
repeated, the charge and discharge being performed at constant 
current. The cell is then said to be in tho “ cyclic state.” Then 


Quantity efficiency - disc^^ren^time 
charging current x time 

To determine the energy efficiency, readings of tho P.D. have to 
be taken at frequent intervals and plotted against time. The area 
of the curve gives the volt-hours, which, when multiplied by the 
constant current of charge or discharge, gives the watt-hours. 


B 


Energy efficiency = discharge current X volt-houra of discharge 
charge current x volt-hours of charge 

If E 0 is tho open-circuit E.M.F. of a cell, and E v the terminal 
P.D. when delivering a current 7, then 

E 0 - E x = drop of volts in cell = RI 

Resistance* of cell R = 

In this way tho resistance of a cell 
can be determined, but the method 
is not very accurate because (E 0 - E x ) 
is small. A bettor method is to 
balance the E.M.F. of the cell (7, in 
Fig. 158, against the drop along a 
potentiometer AB , using a milli- 
voltmeter (M.V.} in place of a 
galvanometer. The cell is then 
discharged at, say, I amp. through 
an adjustable resistance Rh, the milli- voltmeter then giving directly 
the drop in the cell. Hence, 

rea ding of M.V. 
current 



Fro. 158 

Measurement or Internal 
Resistance 


R 


7. The Alkaline Accumulator. The active materials in this cell 
are nickel oxide on the positive, and iron oxide on the 'negative, 
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plate. The electrolyte is a 21% solution of caustic potash, KOH, 
with the addition of a small quantity of lithium hydrate. The 
action of the latter is not yet understood, but it very materially 
increases the capacity of the cell. The exact formula of the nickel 
oxide is not yet established, but the action of the cell can bo followed 
by assuming the peroxide Ni0 2 , or its hydrated form Ni(OH) 4 
On discharge the OH ions of the KOH travel to the negative, the 
iron therefore becoming oxidized. The K ions travel to the positive 
and reduce the Ni(OH) 4 to Mi(OH) 2 . During charge the converse 
action takes place, so that the action can be represented by the 
reversible equation • 

Ni(OH) 4 + KOH + Fe ^ Ni(OH) 2 + KOH + Fe(OH) a 

It will be noticed that the electrolyte acts merely as a vehicle for 
the transfer of OH from one plate to another, and it docs not take- 
part in any ehemieal change. As a result, the density docs not 
change to the same extent as in the ordinary lead-acid cell. v 

The positive plate consists of a number of tubes made of per- 
forated steel ribbon, wound spirally, and held together by steel 
rings. The tubes are vciy heavily nickel plated, packed with 
alternate layers of nickel hydroxide and flake nickel, and then 
clamped in a steel frame, which is also nickel plated. The flake 
nickel is added because the hydroxide is rafher a poor con- 
ductor. The negative plate is made from finely perforated 
nickcllcd steel strip stamped into pockets, the pockets being filled 
with iron oxide. Here also the conductivity is not very good, and 
it is improved by adding a little mercury. In order to render the 
iron oxide susceptible to chemical changes in the cell, it is prepared 
by alternate reduction and oxidation of iron sulphide under KOH. 
The plates are separated from one another by hard rubber strips, 
and are held in a nickel-plated sheet steel container with welded 
seams. » 

The normal density of the electrolyte is 1*22, and this falls 
to about 1’16 during the first year’s use. A fresh electrolyte of 
density 1*25 is then added, this higher density being to compensate 
for the old weak solution left in the plates. 

The E.M.F. per cell when fully charged is I -4 volts, and it is 
usually allowed to^all to 1-1 before recharging. Actually, the cell 
can be completely discharged, pr even short-circuited, without 
damage, but it is not economical to allow the E M.F. to fall below 
about I volt. The efficiencies are lower than for lead-acid cells, 
average values being 80% for the quantity efficiency and 60% for 
the energy efficiency. The weight of the cell is about 1 lb. per 
10 ampere-hours. 

The effect of an increase in temperature is to lower the E.M.F. 
slightly but to increase the capacity, and there is a critical 
temperature of 63° F. below which the capacity falls off rapidly. 
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8. Primary Cells. The simplest cell consists of a vessel of dilute 
sulphuric acid in which electrodes of copper and zinc are placed. 
The copper becomes positive relatively to the zinc, and if the two 
are joined by a wire a current flows. The sulphuric acid is thereby 
decomposed, and the hydrogen, which travels in the direction of 
the current, adheres to the copper electrode in the form of small 
bubbles. This gas can bo regarded as constituting the positive 
of a new coll consisting of the elements hydrogen, sulphuric acid, 
and zinc, the E.M.F. of this cell opposing that of the original cell. 
The E.M.F. of the latter therefore dies away, the phenomenon 
being that of polarization. • Since any practical form of cell must 
have a reasonably constant E.M.F., polarization must be prevented. 
The problem is thus the prevention of the formation of free 
hydrogen. There are two methods : a metal can be deposited on 
the cathode instead of hydrogen, or the hydrogen can be combined 
with some other substance the moment it is evolved. 

The first method is used in the Daniel 1 cell, in which two liquids, 
copper sulphate and dilute sulphuric acid, separated by a porous 
pot, are used. The positive plate, of copper, is immersed in the 
copper sulphate, and the negative plate, zinc, in the dilute acid. 
When current flows, the direction inside the cell is from zinc to 
copper, the hydrogen thus travelling to the copper sulphate solution. 
Here it throws down copper and forms sulphuric acid. The S0 4 
ion attacks the zinc and forms zinc sulphate. This change is an 
oxidation and it supplies an amount of energy equal to the electrical 
energy supplied by the cell, plus the energy required to precipitate 
the copper. The electrodes are nqt changed, and therefore, there 
is no polarization, the E.M.F. remaining constant at 1*07 voltB. 

The second method is made use of in the Leelanch6 cell. The 
electrolyte is in thi3 case a solution of ammonium chloride, NH 4 C1, 
in which a zinc rod (the negative electrode) is dipped. When the 
cell delivers current, zinc chloride, ZnCJ, is formed, and the NH 4 
group acts as the carrier of positive electricity. The positive 
electrode is a carbon plate placed in a porous pot and packed round 
with a mixture of manganese dioxide and carbon. This mixture 
becomes permeated with the electrolyte, and the NH 4 ions are able 
to travel to the carbon plate. They are there split up into 
ammonia and hydrogen gas, the latter being o±idizcd to water by 
the manganese dioxide. The removal of hydrogen in this way 
is necessarily slow, and therefore the cell is only suitable for 
intermittent use. The energy in this cell is supplied by the 
formation of zinc chloride. 
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CHAPTER XIII 

ALTERNATING CURRENT CIRCUITS 


1. An Alternating Quantity is one which acts in alternate directions, 
and whose magnitude undergoes a definite cycle of changes in 
definite intervals of time. The graph f)i such a quantity is shown 
in Fig. 159. It will be seen that the graph repeats after regular 
time intervals, and one repeat is called a complete “ cycle.” The 
time T of one cycle is called the “ periodic time,” and the number 
of cycles per second, the 

■ ~ / 1 / 

T7ma 
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Graph oir an Alternating Quantity 




“ frequency,” /. Hence, 

T = Iand/=I 

2. The Simple Alternator. 

Consider a coil rotating with 
angular velocity co radians 
per sec., as shown in Fig. 

160, in a uniform magnetic 
field, and let time be reckoned 
from the instant the plan** 
of the coil includes the OX 
axis. In this position the 
flux O linking with the coil 
has its maximum value O mox . 

Hence, if the linkage is 
expressed as a function of 
the time <, 

<bN = cos cot, 

N being the number of 
turns on the coil. The 
induced E.M.F. in, the coil 

is equal to minus the rate of change of linkage. Denoting the 
instantaneous E.M.F. by e, 



“JSC 


Fig. 160 

Simple Altbhnatob 


e = - ~(0> m ax N cos cot) x 10* 8 volts 
at 

— (^>maxX (JO X 10* 8 ) sin rof. 

Obviously the quantity in the brackets is the maximum value of 
the E.M.F., Enax, land we can therefore write 

e «= E m x sin cot. 
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The induced voltage is therefore sinusoidal and, unless otherwise 
stated, alternating current calculations are always made on the 
assumption that the voltage and current are sinusoidal. 

It is obvious that in the case of the rotating coil, one complete 
cycle is gone through in one revolution, i.o. 2tt radians. » Ifence, the 
equation for the instantaneous voltage can also he written in the 
form 

e « E fnax sin 2 t t ft. 

Example. An alternating current, of frequency 50 cycles per sec. has a 
maximum value of 100 amp. Reckoning time from the instant the current 
is zero and is Incoming positive, calculate (a) the instantaneous value after 
1 /300th sec. ; (h) the time taken for the current to reach 80 amp. for the 
first time. 


(«) » “ I m „ an in ft. 


100 sin ^2n X 60 X j . . . angle i 


in radians 


= 100 sin ( 360 X 60 x -L ) . . 
\ • 300/ 


angle in degrees 


* 100 sin 60° =» 86*8 amperes 
(6) 80 =» 100 sin (2tt X 50 1) . . . angle in radians 
= 100 sin (300 X 50/) . . . angle in degrees 

360 X 60 X t = sin 1 0-8 = 63° approx. t = — 

360 x 60 

= *00295 sec. 


3. Effective Value. The effective value of an alternating E.M.F. 
or current is given by that direct E.M.F. or current which, when 
applied to a given circuit for a given time, produces the same 
expenditure of energy as when the alternating E.M.F. or current 
is applied to the same circuit for the same time. 

Consider an alternating current of any wave form (Fig. 161). 
Divide the base into a large number, n, equal intervals, each of 

seo., and let the mid ordinates be i v »„ i„ etc. Let this current 

be flowing through a resistance of R ohms. 

T 

Then energy expended in 1st interval = i x % R X — joules 

fi 

»» >• 2nd ,, = x — ?> 

Ti 

$9 h 3rd i» *=* i^R X — 9f 

ti 


eto. 
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Hence, total energy expended in time T 


= T x R 


( V + H + + 

V *1 



Now let I be the effective current ; then the energy expended in 
time T will be l 2 RT joules. By definition these two expressions 
for the energy are equal 


I 2 RT 


= TR^-J 


2 + il + »* 2 



• / ___ hi 1 *2 2 + *3 2 + » ■ '• 

V * 

Hence, the effective value is equal to the square root of the mean 
of the squares of successive ordinates. It is, therefore, sometimes 



Fio. 1GI 

called the “root mean square n (R.AI.S.) value. It is also 
called the “ virtual ” value. ,rf 

4. Average and Effective Values of a Sinusoidal Wave. We have 

t = E max sin 0 

where 0 ~ cot. A half wave is completed when 0 varies from 
0 to n radians. 

Hence, average value 



£S or Ejmaot 

IT ’ tt /2 


8— (T.5432) 
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Again, 


E\ 


•ft 


E 2 max sin* OdO 


TT Jo 

£= (1 - cos 20) dO 

- $ sin 20 J 


_ E 2 ™** 

277 

- i**, 

n Ema* 

E *" = vr 


The ratio is called the “ Form Factor ” of a wave. 

For a sinusoidal wave wo therefore have 

-in r;» j ^ max . ^ max 

Horn. Pactor= ^ 

== i'll 


5. Graphical Representation of Alternating Quantities. Consider 

a vector OP rotating with singular velocity co, where a» = 2nJ 

(Fig l (52 ) . Let the length of 


V 
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OP bo E max . Then at any 
instant the intercept on the 
Y axis will be 

OM = OP sin o)l 
= E n , sin cot 

Hence, OM ~ e, the in- 
stantaneous voltage. 

Now the axes OX and OY 
are fixed in space, and it is not 
necessary to include them in 
the diagram ; we are thus 
left simply with the vector 
OP. Finally, since the effec- 
tive value E bears a definite 


relationship to the maximum vaVue, namely, E mm jV 2, the length 
of the vector can be made equal to the effective value if desired. 

Hence, an alternating voltage or current can be represented 
by a simple vector. It is to be remembered that this vector is 
rotating, so that its position on a diagram gives the conditions at 
a certain instant of time. By drawing the OY axis and projecting 
the vector on to it, the instantaneous value at the particular instant 
defined by the position of the vector is obtained. 
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6. Phase Difference. Suppose two alternating quantities are 
represented at a given instant by two vectors, OP and OQ (Fig. 163). 
Then the angle <p between them is called the ‘‘ phase ” angle. 
With reference to the direction of rotation of the vectors, OP is in 
front of OQ , and OP is said to “ lead 99 OQ , while OQ is said to 
u lag ” behind OP. If the two quantities are also represented 
by wave diagrams as shown in Fig. 163, the phase difference tp 
is given by the relative displacement of the curves along the angle, 
or time, axis. With reference to such a diagram tho leading 
quantity is that which goes through its zero or crest value the 
first. The lag or lead obviously depends upon tho assumed direc- 
tion of rotation of the vectors, ana in all the vector diagrams 
following the direction is counter-clockwise. 

If the vectors are voltage vectors and tho leading 
vector is represented by 

e 1 = OP sin cot 

then the lagging vedtor will be represented by 
e % = OQ (sin cot- (p) 

If a number of alternating voltages act at the 
same time in a given circuit their resultant is 
given by their vector sum, just as the result uit 
of a number of forces acting at a point is given by 
the vector sum. The resultant voltage at any 
instant# is given by the algebraic sum of the 
instantaneous values. This algebraic sum is 
obviously the same as the algebraic sum of the projections of all 
the vectors ori the Y axis. 

7. The Addition of Alternating E.M.F.S, or Alternating Currents. 
In the great majority of alternating current circuits it is necessary 
to consider the combined action of several E.M.F.s, all acting in the 
circuit at the same time, or in the case of a branched 0 circuit, the 
action of several currents. One method of determining the resultant 
of a number of alternating E.M.F.s or currents is to regard their 
vectors as forces and to make the calculations exactly as in the case 
of a similar problem dealing with the effect of a number of forces 
acting at a point. For example, if there are two E.M.F.s acting at 
the same time, thfeir equations being 

e x = E x sin cot 

and e 9 = E 9 sin (cot + $) 

the vectors are of lengths E x and E 2 (maximum values) and their 
phase displacement <f>, with the result that their resultant is given by 

EP mmx = E E 9 -j- 2E X E 9 cos 

N»// = *707 X V E x * -jf~ E 2 -f- 2E x E 9 cos <f> 



O 

Fig. 163 
Phase 
Difference 
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. Alternatively, we have, dealing in instantaneous values, 
e = e l + e 2 = E x sin ot + E 2 sin (ot + <j>) 

■=■■ E x sin ot + E 2 (sin ot cos (f> + cos ot sin <f> ) 
= (E i + E 2 cos <f>) sin (ot -f E 2 sin 0 . cos cot 


This shows how we can resolve the total E.M.F.s into two sinusoidal 
components in quadrature with one another, the 
magnitudes of these two components (maximum 
values) being (E t -f- E 2 cos (/>) and E 2 sin (f> 
respectively. Denoting these by X and Y re- 
spectively, we see that they will form the base 
and perpendicular of a right-angled triangle 
(Fig. 161). Let the base angle of this triangle be 
0, then 



sin 0 


and cos 0 


(A 2 + Y*)i 
e -- X sin cot -f- Y cos cot 


X 

(X 2 + Y*)i 


— (X 2 + 7 2 )1 ( . sin cot -( . cos cot l 

l ( X * + 7 2 )i {X 2 + 7 2 )* ) 

= (X 2 + Y 2 )i (sin cot . cos 0 + cos cot . sin 0) 

= (X 2 + . sin (ot + 0) 

Thus the resultant E.M.F. is a sinusoidal E.M.F. of maximum value 

(X 2 + F 2 )l, leading the E.M.F. E x by 0 where 0 = arc tan X. 

X 

For tho effective value of the resultant, we have 
E etf “ ‘707 (X 2 + y a )i 

~ -707 \(E X -f- E 2 cos <f)) 2 + E 2 2 sin 3 
= -707 X V E x * + E 2 + 2E t E 2 cos as before. 

The special case in which E 1 and E 2 are of equal magnitude is of 
importance. Denoting each by E x we then have 

e = e x + e 2 --= E x sin cot + E t sin (cot + 

— E x Jsin cot -f sin (cot + <f>)\ 

= 2 E t cos ^ . sin ^ cot + ^ 

showing that the resultant is of maximum value 2E X cos <£/2, and 
therefore of effective 1*414 E x cos </>/2, and that it leads the compo- 
nent E x sin cot by ^/2. 

8. Pure Resistance Circuit. A pure resistance circuit is one 
possessing neither induet&nce nor capacity. Hence, if a current 
passes through the circuit no back E.M.F. will be set up by any 
change in current. The applied voltage has therefore to overoome 
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the ohmic drop only as in a direct current circuit. We thus have, 
using effective values, 

/ = L in phase with /'■ (Fig. 165). 

The power, w, in the circuit at any instant is tho product of the 
instantaneous voltage and instantaneous current. Hence, if the 



wave diagrams are drawn and the products of the ordinates at given 
instants plotted, the resulting curve will be the curve of power. 

We have w — e X t 
Let e == E max sin rot 

Then i l max sin ail 

and W == E max f max S™ 2 

= maxi maxi} - COS 2 tot) 

since sin 2 wf = £(1 - cos 2 cot). 

It is clear that the power, w , has a constant part \E % max l max and 
a fluctuating p*art - i E max I max cos 2cof, the latter averaging zero 
over a complete cycle. Now the power in a circuit, as measured by 
a wattmeter for example, is the average of the instantaneous power, 
w , because power is a scalar and not a vector quantity. Hence 

average power is f „ - 

° L • W = average of w 

= steady part of w 

~ h^max^max 

Emax v , I max rp T 

~ Vi X V2~ ! 

Thus the power in a pure resistance circuit is given by the pro- 
duct of the effective voltage and current. The fluctuating power 
has twice the frequency of the voltage or curreut. This is illustrated 
by the curve of power on the wave diagram. 
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9. Purely Inductive Circuit. A puro inductive circuit is one 
which possesses inductance only, but no resistance or capacity. 
The nearest approach to such a circuit is obtained by winding a 
coil of heavy section copper wire on a laminated iron core. Such 
a coil is called a “ choking coil.” The magnetic field set yp by the 
alternating current will bo alternating ; hence, its magnitude will 
be changing at every instant. Now a self-induced E.M.F. is set 
up whenever the magnetic flux, linking with a circuit, changes, and 
since there is no ohmic resistance, the applied E.M.F. has to oppose 
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the self -induced E.M.F. only. Hence, the applied E.M.F. is equal 
and opposite to the self-induced E.M.F. at every instant. 

Let i 35 l max sin cot 

Then self -induced E.M.F. at any instant 



4 = - Lcolf, . cos cot 

Hence, applied voltage at the same instant, 
e = - e' = + Lo)I max cos cot 

The applied voltage is therefore represented by a cosine function, 
and consequently leads the current (which is represented by a sine 
function) by 90° (Fig. 166). Again - 1 

E max = max. of (LcoI mxx cos cot) 

= Lnlmrnx 
E = Leal or / = 

Lco 

The quantity Leu is called the “ Reactance.” If L is in henrys and 
a) in radians per sec., the reactance is expressed in ohms. 

From the above we see that the current in a purely inductive 
oircuit lags 90° behind the voltage applied. 
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For the instantaneous power we have, as before, 
w — e x » 


If we put e = E max sin wl 


Then i = I max Bin 


in ( cat - ^ ) = 


I, nax cos Ojt 


to ~ - E ma Jmat 8U1 tot COS wt 
= - IfimaJmax sin 2ft>< 

and average power 

W ~ - \E mvix I maz x average of { sin 2col j 


We therefore see that the total power is zero, a result which at 
first sight is surprising when it is realized that both E and / are 
finite. The power is, in fact, a pure sine wave of double frequency 
and maximum value \E max l max = El. 

The power is alternately positive and negative, the alternate 
lobes of the curve bc&g of equal magnitude as shown in the 
wave diagram. This is explained physically as follows. When 
the current is zero, there is zero magnetic field. As the cur- 
rent increases, the magnetic field increases, and since work has 
to be done to create a magnetic field, the circuit has to supply 
positive power. This 
goes on until the current 
is a maximum. The cur- 
rent, and therefore, the 

magnetic field, now begin 

to decrease. Since the U -JE,~ A<- ^ 



field is decreasing, its 
potential energy also de- 
creases ; it is, in fact, 
returned to the circuit. 
This means that the coil 
is supplying power to 
the circuit, or in other 
words the power is nega- 
tive. When the magnetic 
field has become zero 



again, the whole of its F 10 - 

energy will have been 

returned to the circuit, and the total work done during the creation 
and destruction of the field will have been zero. Consequently, 
the average demand for power will have been zero. 
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10. Resistance and Inductance in Series. 

Let E ~ total applied voltage 

E x = drop along R, and E t = drop along L (Fig. 167). 
Then E x = IR , in phase with I 

and E t = Lcol , leading / by 90° * 

Draw 01 to represent the current I in phase and mark off OA = E v 
Then OA represents E x in magnitude and phase. Draw AB per- 
pendicular to 01 and equal to E r Then AB represents E t in 
magnitude and phase. Hence, OB, the vector sum of E x and E t , 
is the applied voltage E. We therefore have 

E = VOA*+ A& 

= / X VR* + (Leo) 1 


VR* (Lw)* 

'rhe quantity V Ii 2 ~f- ( Leo )* is called the “ Impedance,” and it is 
measured in ohms. It is represented by the symbol Z. 

Again, the vector OB represents the applied voltage in magnitude 
and phase, whereas 01 represents the current in phase. Hence, the 
current lags behind the voltage by an angle 



If each side of the triangle OA B is divided by / the new triangle so 
formed will have a base equal to R, perpendicular equal to Leo, 
and hypotenuse equal to Z. We therefore have the relation 

(Impedance) 2 = (Resistance) 2 + (Reactance) 2 
and this holds for any alternating current circuit. 

Now put e' = E max sin cot 

* = C max sill (U)l-<p) 

w = e X i — E max l max sin cot . sin (col - <p) 

:.w = E nax i max X av of | sin <ot . sin (cot - cp)\ 

= E ma * I max x av. of £ I cos <p - cos t (2 cot -<p)\ 


max v v x max 

“ X /~x cos cp 


V2 * V2 

= El cos <p 


The cosine of the angle of lag (or lead) of the current is called 
the “ Power Factor,” because it is the factor by which the apparent 
power El must be multiplied in order to obtain the true power. 
The presence of the term cos (2 cot - 9 ?) indicates, as before, that 
the power has a periodic component of double frequency.' In this 
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o&86 the positive lobes of the power curve (Fig. 168) are greater than 
the negative lobes, because positive power has always to be drawn 
from the supply on account of the 1 2 R loss due to ohmic resistance. 

It is useful to regard the above problem in another way. The 
current / lags behind E by the angle $?, as Bhown in Fig. 169. 
Resolve / into two components, one in phase with E and the other 
lagging 90°, or in “ quadrature ” with E . Then 
Component in phase with E> OA = / cos <p 
Power contributed by it = E x OA = El cos q> 

Component in quadrature with E , OB= I sin <p 
Power contributed by it = 0 (from par. 9) 

Total power = El cos q> 

The component . OA is called the working, or “ wattful/' com- 
ponent ; while OB is called the idle, or “ wattless, ” component. 

Example. An arc lamp (which may bo regarded as being non -inductive) 
takes 10 amp. at 50 volts. Calculate the impedance of a choker of 1 ohm 
resistance to bo placed in series with it in order that it may be worked off a 
200 volt 50 cycle supply. Find also tho total power used and tho power 
factor. 

The circuit and vector diagram are given in Fig. 170. Resistance 

of arc = = 5 ohms. Hence, total resistance R =-■= 6. Total drop 

10 * 

across this resistance III == 00 volts in phase with I. The total 
drop along the whole circuit is 200, and the drop, /£ L , along the 
inductance L is in quadrature with I. 

Hence, E L -- V (200 ) 2 - (60 ) 2 = 190-8 volts. 

In the vector diagram OA is the drop of 50 volts across the arc, 
AB the drop of 10 volts across the resistance in the choker, and 
BC the drop of 190 volts across the inductance of the choker. 
The vector sum OC is the total applied voltage of 200, and AC is 
the total drop across the choker 

= VlW+To 2 - 190*3 volts. 

The angle q> is the angle of lag of I behind E. 

Power factor == cos q> = — 0*3. 

Power in circuit El cos q> = 200 X 10 X 0*3 = 600 watts 
Or, = I 2 R t where R is the total resistance 

= 10 a X 6 = 600 watts 

11. Circuit Containing Capacity Only. 

Let C = condenser capacity in farads. 
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.If the voltage at the terminals has at any moment a value e, then 
the quantity of electricity in the condenser at that instant is 

<1 = Ce coulombs. 




Put 
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• • ^m«i — ^®fna« ^ 

I = CE co or -A - 
l/o cu 

Hence, the reactance of a condenser is given by i ICa ». 

Again, since the voltage is represented by a sine function and the 
current by a cosine function, we see that the current leads the 
applied voltage by 90° (Fig. 171 ). 


/„«, cos out 

w = E max I mox sin cut cos cot 
= i Um« Bin 2cot 
W = average of tv = 0. 

The total power in this case also is zero, and as before, it is periodic 
with twice the supply frequency. 

Since a condenser acts as an open circuit when connected in series 
with a direct current circuit, there is often difficulty in realizing how 
it is that the condenser can carry a current when placed in an 
alternating current circuit. When a continuous P.D. is applied to 
the plates of a condenser there is a momentary How' of electricity in 
the external circuit, which carries a sufficient quantity of electricity 
to the plates to make their P.D. equal to the applied P.D., after 
which all flow ceases. Similar^, if the plates of the charged condenser 
are joined by a wire, the quantity of electricity originally given to the 
condenser will flow in the opposite direction, thus producing a 
momentary current in the opposite direction, which ceases as soon 
as the plates are again at the same potential. This shows that by 
alternately charging and discharging a condenser it is possible for 
an alternating current in the condenser circuit to flow'. But this 
current is confined to the external circuit and does not in any way 
flow through the dielectric, and, since the path of the current is 
broken at the platfes, it follows that there must be alternate storing 
up and giving up of electrons by»tbe plates. 

The simple analogous hydraulic circuit of Fig. 172 will make this 
clear. The circuit consists of a tube in the form of a ring provided 
at one side with a piston, and at the opposite side with an expansion 
across which an elastic membrane is stretched. The whole tube is 
filled with water. If a steady pressure is applied to the piston in 
the direction indicated by the arrow there will be a displacement 
of water round the ring in a counter-clockwise direction, with conse- 
quent storing of water in the right-hand compartment and giving 


Again, if e = E max sin cot 


wo can write i = I max sin 


("' + i) - 
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up of water by the left-hand compartment. Equilibrium will be 
established, and all flow of water then cease, when the reaction of 
the stressed membrane is equal to the applied pressure. The estab- 
lishment of the stress in the membrane is thus accompanied by a 
momentary displacement of water, in exactly the same way- that 
the establishment of an electrostatic stress in the dielectric of a 
condenser is accompanied by a momentary flow, or displacement, 
of electricity. If the piston is released the membrane takes up its 



C 

Fig. 173 


unstressed position, accompanied this time by a displacement of 
water in the opposite direction. Similarly when a condenser is 
discharged there is a displacement of electricity in the reversed 
direction, this displacement ceasing when the P.D., and therefore 
the electrostatic stress, has been reduced to zero. This has been 
considered from a mathematical point of view in paragraph 18 , 
Chapter IV. 

Now, suppose that the piston is given a simple harmonic displace- 
ment, then there will be an alternating flow of water in the circuit, 
but it is obvious that this flow will be bounded by the elastic mem- 
brane, the current in no sense flowing through the membrane. In 
spite of this the flow of water in the rest of the circuit is exactly 
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the same as though the water did flow through the membrane, and 
similarly in the circuit of a condenser to which an alternating P.D. 
is applied. From this point of view we thus see that it is justifiable 
to speak of the current as the condenser current. 

12: General Series Circuit. Fig. 173 represents a circuit with 
resistance, inductance, and capacity all in scries. We have 

E* — RI in phase with / 

E l = L(oI in quadrature (leading) with 1 


E c in quadrature (lagging) with 1 


Draw 01 to represent the current in phase, and represent the above 
voltage drops by OA, OB, and 00 respectively. The resultant of 
OB and OC is OD , where 

OD = Lwl - L 
Co) 


Hence, for the total applied voltage' we have 


E = VOA* -f- 0D Z = / JlF + , J y 




K 


The total impedance is now 


and the reactance 


J !r - + { u ‘-U 

idance is now 

stance 


o 

1 ) 


/> 
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The condenser reactance is reckoned negative, and therefore, if it 
is greater than the inductive reactance Lay, the total reactance will 
be negative, as in Fig. 174. If the total reactance is positive the 
current lags behind the applied voltage ; if it is negative, the 
current leads. 

For the angle of lag we have 


tan tp = 


OD 

OA 
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<P 


tan 1 



tan 1 


reactance 

resistance 


Power factor = cos 




resistance 

impedance 


13. Electrical Resonance. If the inductive and capacity reac- 
tances, Leo and 1 /Ceo, are equal to one another in the general series 
circuit, then the total reactance is zero, and the current is given by 
the Ohm’s Law value E/R t and is in phase with E. In order to 
understand what is taking place in the circuit when this condition 
is fulfilled, imagine that the resistance R is zero, that a constant 
voltage E is applied, and that the frequency is varied from zero to 
a very high value. 

Then the inductive reactance X x — Leo = rLJ t and is repre- 
sented graphically by a straight line through the origin (Fig. 175). 
The capacity reactance 


X = 1 -- 1 

1 Ceo 27rCf 

It is therefore represented by a rectangular hyperbola in the fourth 
quadrant. The total reactance X = X x + X 2 , and the graph of X 

is also a hyperbola which 



crosses the frequency axis at 
some point A . 

At this point the total re- 
actance X is zero, and since the 
resistance is zero, the total 
impedance is zero. The cur- 
rent I is therefore theoretically 
infinite at this point, as shown. 
For frequencies greater than 
0 A , the inductive reactance 
predominates and the current 
lags. For frequencies less 
than OA , the capacity re- 
actance predominates, and 
therefore, the current leads. 


Leo 


1 

Ceo 


= /-L or/ = — /_ I 
V LC J 2iry LC 

This condition is said to be the condition for “ electrical reson- 
ance," for the following reason. When a condenser is discharged 
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through an inductive externa] circuit of small resistance, the 
discharge is oscillatory, the frequency of the oscillations being 



When the condenser is in an alternating current circuit it is 
periodically charged and discharged, and if the frequency of the 
applied voltage is such that the total reactance is zero, then it 
coincides with the natural frequency of electrical oscillation of the 
circuit. In an actual circuit, the resistance is, of course, never 
zero, and there are also iron losses taking place in the choker, and 
dielectric losses in the condenser. The current therefore cannot 
become infinite, but when R is small it may reach a very high 
value. The voltages across the choker and condenser which then 
occur, namely, 

E t — Leo/, and 25, = ~ 

may be many times greater than the applied voltage. There will 
thus be the danger of break-down of the apparatus. 

It will be seen that resonance is the result of tho coincidence of the 
applied frequency with the natural frequency of the circuit. It is 
useful to consider a mechanical analogy. Consider a mass M 
suspended by a spring S. If M is pulled downwards and released, 
the system will have a definite frequency of oscillation. If M is 
pushed downwards hy a series of timed impulses, then oscillation 
will take place, but no large amplitude will be set up if these 
impulses are not so timed as to occur each instant that the mass M 
is passing its equilibrium position in a downward direction. If the 
impulses are so timed, then a very large amplitude of oscillation 
will be set up, the amplitude being much greater than the dis- 
placement obtained if a steady downward force were applied. 

Example. A choking coil of resistance 5 ohms and inductance 0-0 honry 
is in series with a capacity of 10 micro-farads. If a voltage of 200 is applied 
and the frequency is adjusted to resonance, find the current,. and tho voltages 
across the inductance and condenser. 

Frequency for resonance / = 

^ JL / *° 6 

2 tt V 0-6 X 10 
= 05 



Current at resonance 1 = ~ == — = 40 amp. in phase 


with E . 
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Voltage across condenser 


I = 40 X 10 6 

Geo 10 X 277 X 65 
= 0,800 voits. 


Voltage across choker = I VR 2 + (Leo) 2 

= 40 X V25+T6" X 2tt X 657 
== 9,800 volts. 


14. Circuits in Parallel. In a direct current circuit we have 
for the total resistance of a combination of resistances, R v R v ll 3i 
etc. # 

R = R x R t - f 72 3 + . . .if they are in series 

I = i- + i- -f 2- + . . . if they are in parallel 
Jti Ilj li 2 

or O = O y + 0 2 + + • • • where O is the conductance, 

the reciprocal of the resistance. 

For a combination of impedances in an alternating current 
circuit, we have 


Z = Z x -\~ Z 2 -\- Z 3 + ■ • (vector sum ) if they are in series 


1 = ~ ~ + JL + • ■ • (vector sum) if they are in parallel 

z Z^ z 2 Z j| 


The reciprocal of the impedance is called the “ Admittance,” 7, 
so that 


7 = 7 X -f Y 2 -f 7 3 + . . (vector sum) 



X 



Impedance Admittance 
Triangle. Triangle. 

Fig. 176 


Just, as the impedance has two 
components, resistance R and 
reactance X, so also has the admit- 
tance, namely, the “conductance,” 
</, and “ susccptance,” 6. The 
impedance and admittance triangles 
(Fig. 176) are similar. 

b/g = tan <p = XjR 
also g 2 +b 2 = 7* ( 



The solution of these equations for g and 6 is 


X 2 + It 2 


g = mhoa 


6 


Jrnhos 
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If the admittances of a number of circuits in parallel arc represented 
on a vector diagram, as in Fig. 177, then 
X component of total admittance 
Y cos cp = Y x cos <p x + Y 2 cos <p t + F 3 cos <p 3 + * • • 

9 = 9i + 92 + 93 + • • 

Similarly, taking Y components, 

b = b x + + b % + . . 

Total admittance 

Y = V^+b i 
Total current 

/ = E x Y 

where E is the voltage applied to the branched network, and cp the 
phase angle of the total current with respect to E 

. , b 

w tan 1 - 

9 

lagging if h is positive, and leading 
if b is negative 

• *-<’ '■ \ > 

/N-'v 'v'vV ^ 1 

iVj ±< 2 

Fig. 1 7S 



Example. Two coils, oiim of resistance 2 ohniH and su'lf -induction 0*015 
henry, the other having n resist ancc ol 1 ohin and a self -induction of 0*08 henry, 
are arranged in parallel on a 100 volt, 50 frequency circuit. Find the magni- 
tudes anti phases of the currents flowing in each circuit., and of the resultant 
current flowing through the whole system. (C. and G.) 

This problem can be solved by considering each branch separately, 
calculating the current in each, and then determining their vector 
sum. In order to illustrate the method, the admittance method is 
used in the following calculation. Fig. 178 shows the circuit. 
co = 27 r/; Bj == 2 ; L x = 0 015 ; reactance X l = L x o) = 4*7 ohms. 


Impedance Z v = V2 a + 4-7 2 = 5*1 ; current l x = = 19*6 amp. 

Power factor of branch 1 *= R 1 jZ l = 2/5-1 = 0-39. 


R 

Conductance g x = — L = 0*0765 mho ; susccptance b x — -■ 


X' 


Z »« 


= 0-177 mho. 


Again, _____ 

R t ss 1 ; L t = 0-08 ; X t = L t co = 25 ohms ; Z x = V 25 a 4" 1* — 25, 
very approximately. 
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/ 


i 


!— = 4 amp. ; power factor of branch 2 — = -J- = 0-04 

25 25 


Conductance g a = ^ = 


X 

0 0016 mho ; susceptance b t = 

= 0-04 mho. 


Total conductance <7 = 9\ + 9i = 0 078 mho. 

Total susceptance 6 = + 6 2 = 0*217 mho (both acceptances are 

positive in this case). # 

Total admittance Y = Vg 2 + b 2 = 0*232 

Total current 7 = 100 X 0*232 = 23*2 amp. 


Power factor of whole circuit = ~ = 0*34. 

15. Graphical Solution of a Branched Circuit. Since the impe- 
dance triangle is right-angled, the locus of its apex is a circle on 

the base Z as diameter. Draw 
a base AB (Fig. 179) to repre- 
sent to scale the applied voltage 
E , and on it describe a semi- 
circle. Draw a chord AG 
inclined at an angle to AB, 
where (p } = tan 1 X 1 /R v Join 
GB. Then A G and CB measured 
on the voltage scale give the 
resistance and reactance drops 
respectively in branch 1 . 

Now the current in any 
branch is equal to the resistance 
drop divided by the resistance, and it is also in phase with this 
drop. Hence, to obtain 7 lf divide AC (in volts) by R v and mark 
off AE to represent I x thus found. 

Similarly obtain AF, the current / 2 in the second branch, the 
triangle ADB being the voltage drop triangle? for this branch. 
Then AG, the resultant of AE and AF, gives the total current 7. 
If there are more than two branches, then the individual branch 
currents are all found separately as above, the resultant of all of 
them being the total current. 

Now triangle AHB is the drop of volts triangle for the whole 
branched circuit, so that the side AH in phase with 7 is the resistance 
drop, and HB, the reactance drop. Hence, if AH and HB are each 
measured on the voltage scale and divided by 7, the equivalent 
single resistance R and reactance X are obtained. 


G 



ALTERNATING CURRENTS 


229 


16. Resonance in a Branched Circuit. Consider a circuit con- 
sisting of R y L y and C in parallel, as shown in Fig, 180. 

Impedance of branch 1, Z x = R 

Conductance of branch 1. a. = — = -1 

yi Z x 2 R 

Susceptance of branch 1 , 6, = 0 
Impedance of branch 2, Z 2 = Leo 
Conductance of branch 2, g 2 = O 

La, 1 



X 



■ ■ " ■ 

II 



Susceptance of branch 2, b 2 = 


Impedance of branch 3, Z 3 = — 

Cco 

Conductance of branch 3, = 0 


Z a 2 Leo 
1 


c 

Fig. 180 


Susceptance of branch 3, b 3 = - =•- - Ca, 

Total conductance g ~ g x + g 2 -f- g\ 

R 

b = + b 2 + 6 3 (algebraic sum) 

= -! -Cco 
La) 

r _vFrP-^+( I i o -c»)' 

mhos. 

/ = JP7. 

Phase angle of total current with respect to applied voltage 

w = tan 1 - = tan* 1 R ( - - - - Cw\ 
g \Lco J 

From these equations we see that the total current is a minimum 
when 1/Lco is equal to C(o t and the current is then in phase with 
the applied voltage. 

If the circuit contains L and C only in parallel, but no resistance 
branch, then total current 


Total susceptance 

Total admittance 

Total current 


E 
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bo that, if 1/Lco is equal to Cco t I will be zero. But the branch 
ourrents will be finite, namely E/Lcd and ECo) respectively. This 
apparent anomaly is explained by the fact that the two branch 
currents are exactly equal and arc opposite in phase, thqir vector 
sum, which gives the total current, being therefore zero. 

This phenomenon is called “ current resonance ” to distinguish 
it from the voltage resonance which takes place in series circuits. 
The condition for current resonance is the equality of inductive and 
capacity susceptanoes, namely, 


1 1 La) - C(o or a) 


/Jl 

V LC 


This is also tho condition for voltage resonance in a series circuit. 
Current resonance does not produce a dangerous rise in pressure. 

A useful hydraulic analogy of current resonance is shown in 
Fig. 181. A branched pipe has an clastic membrane across one 
branch and a column of 
mercury in the other. Tho 
elastic membrane possesses 
elasticity only, but no inertia, 




and it therefore corresponds to the condenser branch. The mercury 
possesses inertia only and corresponds to the inductive branch. It 
is possible for an alternating current of water to exist in the circular 
tube as a whole since this closed system will have a natural period 
of oscillation of its own. This alternating current can exist when the 
water in the main pipe is stationary, a condition which corresponds 
with the branched circuit when current resonance takes place. 

In Fig. 182 the characteristics of the circuit containing L and C 
in parallel are plotted against frequency, the applied voltage being 
assumed constant. 

Inductive susceptance ~ an< ^ represented by a 

rectangular hyperbola in the first quadrant. 
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Capacity susceptance = - Cco = - 27rCy, and is represented by 
a straight line through the origin. 

The total susceptance is the sum of these two, and the curve is 
a hyperbola which crosses the frequency axis. The total admit- 
tance is equal to the susceptance since there is zero conductance. 
We see that for one particular frequency the admittance is zero, 
and therefore, the total current at this frequency is zero. 

Since the applied voltage is constant, the curves of inductive 
susceptance, capacity susceptance, and admittance represent to 
scale the inductive, capacity, and total currents respectively. 

For frequencies below that whiclf makes the admittance zero, 
the inductive susceptance predominates and the total current is 
lagging. For greater frequencies the capacity susceptance predomin- 
ates, so that the total current leads the applied voltage. 

17. Circuit with Mutual Inductance. Since the magnetic field set 
up by any appliance may extend throughout a considerable space, 
it is inevitable that there must be many cases where the fiux pro- 
duced by one part of a circuit links with the windings in another 
part of the circuit. Thus changes in current in one part will be 
associated with induced E.M.F.s in the other part. If M is the 
coefficient of mutual induction in henrys and / A is the current in 
coil 1, then the mutually induced E.M.F. in coij 2 is given by 


As a simple numerical example, take the following : a coil carrying 
a current of 6 amp. (R.M.8.) at frequency 50 is adjacent to a second 
coil of resistance 20 ohms, and inductance 1 heiiry. If the mutual 
inductance is 0-5 henry, calculate the current in the second coil if 
its circuit is closed. 


** “ it [ siri wt \ x iV 

— (h)max 01 C0B wt X M 

• • (-^2 )max ~~ 

E 2 = M(oI t 

=; -5 X 2n X 50 X 5 
= 78*5 volts 

• j *■ - 

• ■ 1 “ + AY 

78-5 

~ vwrrnrzw 

— 025 amp. 
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The following additional example is taken from a London Uni- 
versity examination paper. 

Example. Two coils, with terminals T l T 2 and T s T k respectively, are placed 
side by side. Measured separately, the inductance of the first coil is 1,200 
microhenrys, and that of the second coil is 800 microhenrys. When T H is 
joined to T t the inductance between T x and T 4 is 2,500 microhenrys. What 
is the mutual inductance between the two coils, and what would be the 
inductance between T x and T a with T 2 joined to T € ? 

Lot L x and L % be the two self-inductances and M the mutual 
inductance, Fig. 183. Then, when the combination carries a current 
i, we have 


t, r 2 t 3 Zi 



Pig. 183 


Self induced E.M.F. in coil 1 = - L x ^ 

at 

Mutually induced E.M.F. in coil 
due to change of current in coil 

Self induced E.M.F. in coil 2 

Mutually induced E.M.F. in coil 
due to change of current in coil 

The - sign is given to M ^ when self and mutual fluxes are in the 
same direction, and the + sign when they are in opposition. 

,\ Total induced E.M.F. in the circuit „ 

= -(L 1 ±2M + L t )^ 

/. Equivalent self-induction of the whole circuit 
= L^ i 2 M L% 

the + sign now being taken when self and mutual fluxes are in the 
same direction, and vice versa. 

Since the total of 2,500 > (1,200 +' 800) we have 


ij 

i) 


= + M 


di 


_ T 


dt 

di 

dt 


I di 

= +M d, 
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1.200 + 2 M + 800 ^ 2,500 

M = 250 microhenry's. 

Hence, when the connections of coil 2 are reversed, total equivalent 
self-induction 

=■ 1,200 - 2 X 250 + 800 
~ 1,500 microhenrys. 

18. The Symbolic Method. When 
a number of forces acting at a point 
have to be combined into a single 
resultant, one method of determining 
this resultant is to resolve all the 
forces into two directions at right 
angles. The resultant is then the 
square root of the sum of the squares 
of the total OX and O Y components. 

Wo have already seen that alter- 
nating current problems can be 
solved by this manner. Thus im- 
pedance has two components, re- 
sistance and reactance, and if there arc a number of impedances in 
series the total impedance is given by 

Z = [\Z{R)\*+ 

Similarly, if there are a number of admittances in parallel the total 
admittance is given by 

y==[\m j *+ pw ]» 

A more generally applicable method is to express a vector in terms 
of two components at right angles in the following manner. In 
Fig. 184, a vector of length z is resolved into two components jc and y 
at right angles. In the symbolic notation the length of the vector 
is expressed in the form 

? = x + jy 

whore j = V - 1. 

• 

The quantity j , although an imaginary quantity, is here used to 
indicate a real operation, namely, that of rotating a vector in a 
counter-clockwise direction through 90°, and the appearance of the 
operator j in front of the component y means that this component 
is leading the x component by 90°. The operator j 2 in front of a 
vector, e.g. means that the a vector is 90° ahead of y, and 
therefore 180° ahead of x. Similarly if the operator is f, e.g. j*b t 
the vector b will be 270° ahead of x. If the operator is j 4 the vector 
operated on will be in phase with x. 


Y 



2/ 

y 


/\9 


0 

a? 

X 

Fio 

. 184 
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Hence we have, for any vector z % 
jh = - z 

j z z =■ -jz 
fa = 2 

Again, from the diagram 

x = z cos By and y = z sin 0 
z = z cos 0 + jz sin 0 

This is commonly written irf an abbreviated form 
z = z jO 

It can also be written in the foim 


the proof being as follows 

• = 1 + J0- i*72 - r.^73 + ■ • • 

a «d E -J0 - 1 - jO - + • • - 

Adding (1) and (2) and dividing by 2 

e i0 + e -i0 o 1 0 * 

2 ~ 1*2 + I*. 2 . 3 . 4 ' ’ * 

=-- cos 0 

Subtracting (1) and (2) and dividing by 2 j 

ejO- B -jO 03 05 

2j W ~1.2.3 + 1.2.3.4.5 - ' 


g)6 — g-jd 


— sin 6 


■■ j sin d 


Adding (3) and (6) we have 

E J0 — cos 0 + j sin 6 


whence 


? = z jO = z cos 6 + jz sin 0 = t . e i9 


0) 

Cl) 


(3) 


(4) 

(5) 
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In the case of an impedance Z made up of ohmic resistance R in 
series with reactance X t we have 

Z = R + jX - Ze # 

= z/0 

x 

where 6 — arc tan — 


The admittance can be expressed symbolically in the following 
manner — 



Y A - — 1 . 

Z~X+jX 


R -jX 


- (R+jX)(R-jX) 

R X 

R*-\-X* 3 ' K 1 \X 2 

g-jb Ye-# ---- Y /- 0, or Y \0 


We will now consider several applications of the method to 
ordinary alternating current calculations. 

(а) The Resultant of a Number of Alternating K.M.F.s 
all Acting at tiie Same Time in a Oiven Circuit. Suppose there 
are two E.M.F.s represented by 

e x E x sin cuf, and e» -- E 2 &in (wt -j- <p) 

Then taking E x as the reference vector, we have 
E l = E 1 +j.O 

and E 2 E 2 cos (p + j . E 2 sin cp 

E = E x + E 2 — + N 2 cos <p) j j . E 2 sin cp 

Writing E ■= X -f j • Y, we have 
X = (E\ + E 2 cos <p) 
and Y =■- E 2 sin $ p, thus giving 

i? = j(E x -f # a cos <p) 2 + iz7 2 2 s i nS 

and tan 0 = I = 

X + ^2 CuB 

(б) Simple Series Circuit. Fig. 185* shows a circuit consisting 
of two inductive resistances in series with one another, the resistances 
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and reactances 6 and 6, 3 and 7 respectively. A sinusoidal P.D. 
of effective value 200 is applied to the combination. Calculate the 
current and power factor, and the voltage drops along the two coils. 
The expression for impedance in symbolio notation is 
Z — 11 + jX 

# — (5 + 3) + j(6 + 7) ■= 8 + J13 
Put E = 200 -f j . 0 
20 ° 

' ~ 6 + jl3 


200 (8 -j 13) 200 (8 -y 13) 

(8 } j!3) (cS - jl3) 6+ +100 


6-88 -jll-16 


I = V(6-88)*'f (11-15)* = 13-2 amp. 


5 6 3 7 

|-vw — ■'Tsw' — wv — am 

-■*>—-+ — £2— A 
£ 

Fio. 18.5 

This is the effective value since we used the effective value of 200 
for the applied P.D. Again, the minus sign in the expression for 1 
shows that Lhe current lags behind E, the angle, tp, being 

<p = arc tan = 58° 16' 

ti'oo 

and P.P. .= cos <p = -524 

Again, for the voltage drops, we have 

A’, = IZ t = (6-88 -j . 11-15) (5 + j ■ 6) 

= (101-3 -j. 14-47) 

A’, = V(10l-3)* + (14-47)* = 102-5 volts 
its phase angle with respect to E being 

- 14*47 

(p x = arc tan - = arc tan - *1429 = - 8° 13 # 

i 

Similarly 

ft = IZl - (6-88 - j . 11*15) (3+j. 7) 

« 98*7 + j . 14-5 

E a = V (98-7)* + (14-5)* = 99-7 volts 
its phase angle with respect to E being 

w % = arc tan jjj* = aro tan *1471 = -f 8° 14' 

98*7 
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We have also as a check 
E = E x + E t 

= (101-3 - j . 14-47) f (1)8*7 f j . 14*5) 

= 200 + j • 0 

(c)* A Divided Circuit. When making calculations on a divided 
circuit it is often convenient to reduce the circuit to the equivalent 
series circuit containing resistance and reactance. Thus let the 
symbolic impedances of the individual branches be (/?, -\-jX x ) t 

/?,=/£ x^eze 

X 3 — 15’ 7 

* r fflnr k —— 

Rz~2Q Xz -‘3*9 
Fro. I8rt 

{R 2 4 jX 2 ), (/i 3 -f ;jX 3 ). etc., and the impedance of the whole 
branched circuit be (R + jX). Then, since 

/ — A /a A + • • • 

EE E E 

Ji+jX - R l +jX l + It.+jX, + R 3 fjX, + • • • 

Dividing throughout by E and rationalizing, we have 
It - jX R l -jX 1 R 2 - jX 2 R H -jX j 

R*+X 2 ~- Ti* + Xf + Hf+Xf + Rf + Xf~ rm ' * ' 

Equating real and imaginary parts, we havo 

R R x R 2 t R$ . 

W+~X * 3=8 RfVX? T r 2 2 +x 2 2 + R 3 2 +X 3 2 * * • 

and 

_* *L_. _**_ . _*JL_ , 

W + X* “ J R 1 *+Z, 1! + Ef + Xf + tf 3 2 -fX 3 2 ^ • 

In other words 

0 = 0i + 0a + 03 + • • • 

and b = 5^ + b 2 + 6 S + . . . 

the results thus being identical with those obtained by the admit- 
tance method. 

As a numerical example consider the following circuit. A resis- 
tance of 10 ohms is in series with an inductive reactance of 6-28, 
and the combination is parallel with a circuit consisting of a resis- 
tance of 20 ohms in series with a capacity of 100 m.f. The above 
branched circuit is in series with a resistance of 15 ohms and an 
inductive reactance 15-7 ohms, Fig. 186. Calculate the equivalent 
resistance, reactance/and impedance of the whole circuit. 
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The reactance of the condenser, Resuming a 50-cycle supply, is 
1 10« 

** = " 3146' = ~3l4 X 100 " 319 ° hmS 

The circuit is, therefore, as shown in Fig. 181. 

For branch 1 

*7 10 . 6*28 . 

^ ~ 10* +'6-28* 3 ■ iO a '+ ’6 : 28* “ ' 0/18 '- ? x * 04,> 
For branch 2 

20 - 31 *9 

^* " 20* + 31-9* ~ 3 * 20*1^369* = 0141 + 3 X ' 0225 
For the branched portion, we thus have 
F,. a =• (-0718 + 0141) - j( 045 - 0225) 

= -08.59 - j x -0225 

• v -0859 10-87 

• • a ” 4)859* -j- -0225* ~ 10 87 


and =.-= 2-86 and is positive 


Hence, for the whole circuit, we have 

R = JS,. 2 + R 3 10-87 + 15 = 25-87 ohms 
X = X va + X 3 =- 2-86 + 15-7 = 18-56 „ 

Z = (25-87* + 18-56*)* = 31-8 

In order to determine the manner in which a current divides 
between two parallel branches, we have the two equations 

J = h + !») 

and f} — ( 

h Zx ) 

These give 

h_ h 

l Zi +z, 

+ jX t . 

(ifj + r 3 ) +j{x j + J l 2 ) 

A ( Rj±Xl )* 

/- IM+Rtf + (X, + Z a )*j 

and similarly 

h ( *l±xi )» 

I ~ \ (R l +R^ + (X 1 + X s f] 

(d) Alternating Current Bridge Networks. Consider first of 
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The condition for a balance is thus 


h 

R a 


1 4- a*C JR J 




' wC. 


( X + oWfliJ) 


R<+j- 


l 

a,C t 


Equating real and imaginary parts, as before, this gives 

*1*4 = 


R 9 R X 


and 


** R ± 
<oC A 


1 + 2 
c oC'BsR* 


1 + oM*R*i 

This particular network is used for the determination of R v , without 
the necessity for the determination of <p xt hence if <p x is eliminated 
in the usual manner, we have 

R _ R * i + ow w 

* ~ 1 X o?R z R&S 
(e) Calculation’ of Power. Wo have 
E = 22(cos u + j sin a) 


and / = I (cos /? -f j sin p) 

(a - /J) being the phase difference between 22 and /. 

Multiplying these, we have 

El = 22/ { (cos a cos - sin a sin ft) + j (sin a cos /? + cos a sin /?) J 
= #/{cos (a + ft) + j sin (a + /?)( 

The real part of this is 22/ cos (a + /3), and this obviously is not 
the power in the circuit, since this should be El cos (a -ft). In 
addition, the imaginary part is El sin (a + p), and this also is not 
the correct expression for the reactive volt-amperes. Hence, when 
calculating power by the symbolic method, it is necessary to reverse 
the real part of cither E or /. Thus, if we leave E as written abov«| 
but write 


1 = /(cos ft -j sin P) 

then El = 22/ {cos (a - P) + j sin (a-p)\ 

The real term is the mean power, and the imaginary term gives the 
reactive volt-amperes. 

Alternatively we can write the voltage and current in the form 
E = Eeta ; / = le)P 
Reversing the sign of p, we have 

/, = Irrf 

Ef x = 

,» = EI\cm (a-p) -J-isin (a-p)\ 
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as before. The vector ‘obtained by reversing the real part of an 
original vector is sometimes referred to as the conjugate of the 
original vector. 

As an example let 
. E = 100 + j 20() 

/ - 25 +j 10 

Then E = VlOO 2 3 + 200 2 --- 223 0 
I = V 25 2 + iO 2 - 2d- 93 
a = arc tan jj|JJ = 03° 26' 

P — arts tan =21° 48' 

/. W = El cos (a — P) 

= 223*6 x 26-93 X *7474 0 
== 4500 watts. 

Alternatively, since the imag- Fio. 189 

inary voltage component of 200 is 

in phase with the current component of 10, while the real voltage 
component of 100 is in phase with the current component of 25. 
we have 

200 x 10 + 100 X 25 
= 4500 watts. 



Exampt.es ok Chapter XJV. 

(1) An alternating current of frequency 50 hap a maximum value of 
100 amp. Calculate (a) its value 1/ 600th second after the instant the current 
is 7ero ; (6) in how many seconds after the zero value will the current attain 
the value of 86-6 amp.T 

/In* — *«) 50 amp. ; (6) j£ 0 th sec. 

(2) Two currents represented by ij =- 50 sin vA and », =- 100 sin 4* 

are led into a common conductor. Find an expression for the total current 
the form i = J sin (cut 4- $?). If the conductor has a resistance of 
10 ohms, calculate the number of calorics produced in 20 min. 

Ans . — 28 X 10* calories. 


(3) Three voltage^ represented by e x — 20 sin tut, c % = 30 sin ot - * and 
e t * 40 oos Ccut - ~~J t act together in a circuit. Find an expression for the 

Atm.— IS max ® 62 * 6 . 


resulting voltage. 


(4) A wooden ring of mean circumference 50 cm. and a circular section of 
3 cni. diameter is uniformly wound with 400 turns of 1 mm. copper wire. 
Calculate its resistance, inductance, and impedance at frequency 100. Take 
the speoiflo resistance of copper to be 1*7 X 10'* ohms per cm. cube. 

Aim.— (o) 0-82 ; ( b ) 2-85 X IO" 4 * (c) 0-83. 
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(5) The air gap under the pole of a series motor is 0 06 in. in length, and 
the effective area is 80 sq. in. There are 5 turns of cable round the pole, 
having a resistance of 0*005 ohm. Assuming that the reluctance of the 
iron parts of the magnetic circuit is one fifth of the reluctance of the air gap, 
calculate the voltage drop in a series coil when 160 amp, R.M.S. at 26 cycles 
per sec. are passing through it. (0. and O.) 

An9 . — 21 volts. 

(6) A condenser and an inductive conductor are placed in series across 
alternate current mains, whose voltage is kept constant while the frequency 
is varied. Show by means of a curve how the current varies with the 
frequency. What determines the maximum value reached by the current ? 
If thi9 maximum occurs at a frequency of 20, and if the condenser has a 
capacity of 60 microfarads, whaf> is the value of the inductance T If the 
voltage of the mains contains a pronounced th.rd harmonic, how will the 
curve connecting current with frequency be affected ? (London Univ., 1916.) 

Ana. — 1-27 henrys. 

(7) An alternate current oircuit includes two sections A B and BG in 
series. The section A B consists of two branches in parallel. The first of 
these is formed of a non-inductive resistance of 80 ohms in series with a 
condenser of 60 microfarads, while the second consists of a resistance of 
60 ohms having an inductance of 260 millihenrys. The section B G consists 
of a resistance of 100 ohms having an inductance of 300 rnillihenrya. The 
frequency of the current is 60 cycles per sec. The voltage across the section 
A B is 600. What is the voltage across the section BG T (London Univ., 
1014.) 

Ana.— 960. 

(8) An air-cored choking coil is subjected to an alternating voltage of 100. 
Tho current taken is 0-1 amp., and the power factor 0-2, when the frequency 
of the current is 50. Find the capacity of a condenser which, if placed in 
parallel with the coil, will cause the main current to be a minimum. What 
will be tho impedance of this parallel combination (a) for currents of frequency 
60, and (6) for currents of frequency 40 ? (London Univ., 1914.) 

Ana. — 3-1 microfarads, (a) 3,000 ohms ; (6) 1,940 ohms. 

(9) A choke coil of negligible resistance connected across a 600 volt 
60 cycle circuit takes 1 amp. at. 0*8 power factor. What capacity must be 
placed in parallel with it in order to make the power factor of the combination 
oqual to unity ? (London Univ., 1921.) 

Ana. — 3-82 zn.f.s. 


(10) A coil having a resistance of 5 ohms and an inductance of *02 henry 
is arranged in parallel with another coil with a rosistauce of 1 ohm, and an 
inductance of *08 henry. Calculate the current flow ng through each coil 
when a pressure of 100 volts at 50 cycles is applied to them. Find the total 
current pitting, and estimate the resistance and inductance of a single coil 
which will take the Baxne current at the same power factor. (London 
Univ., 1922.) 

Ana . — 12*6, 3*97, and 15*9 amps. ; 3*2 ohms and *0175 henry. 

(11) A transmission line 40 miles long consists of two wires each *46 in 
diameter, spaced 5 ft. If the conductors are short-circuited at the far end 
what voltage at. frequency 26 must be applied to produce a ourrent of 
200 amp. in the loop so formed ? 


Ana. — 6,140 volts. 



CHAPTER XIV 

POLYPHASE CURRENTS . 


1. General Principles. Up to the present the alternating current 
systems we have considered have possessed only one electrical 
circuit, as in the case of two-wire direct current circuits. In 
alternating current working it is possible to use two, three, or more 
individual circuits in the same apparatus or machine. The voltages 
and frequencies in the individual circuits are the same, but they 
have definite phase differences, the amounts of these differences 
depending on the number of circuits or “ phases.** The complication 
involved is only small, but the advantages of polyphase over single 
phase working are enormous They may be summed up as follows — 

(а) For a given size frame a polyphase generator or motor has 
a bigger output than a single phase. 

(б) To transmit a given amount of power at a given voltage 
over a giveu distance, a polyphase transmission line requires less 
copper than a single phase line. 

(c) Polyphase motors 
have an absolutely 
uniform torque, whereas 
single phase motors 
(except commutator 
motors) have a pulsa- 
ting torque. 

(d) Single phase 
motors (except com- 
mutator motors) arc 
not self -starting. Poly- 
phase motors are self- 
starting. 

(e) The pulsating 
nature of the armature 
reaction in single phase 
alternators causes difficulty with parallel running unfess the 
poles are fitted with exceedingly heavy dampers. Polyphase 
generators work in parallel without difficulty. 

2. Relation of Output to Number of Phases. Imagine an armature 
with a uniformly distributed winding, and consider that portion 
of the winding lying in one pole pitch (Fig. 190). The points A 
and B are 180 electrical degrees apart, and therefore, the phase 
difference in the E.M.F.s induced in the conductors at A and B 
is 180°. Also, the change of phase from A to B is uniform, and 
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the vector polygon for a large number of conductors is a semicircle, 
as shown. For a given winding the maximum allowable current I 
is fixed. 

(а) Single Phase. All the winding is utilized and therefore the 
terminal voltage is the closing side of the whole polygon, that is, 
the diameter. Let this bo E x ; then output W x = E X L 

(б) Two Phase. Each phase contains ha|f the winding, and the 
closing sides for the two phases are the vectors AC and CB. Let 
these be E r 

* 22 . 

Total output, W 9 = 222,7 = 2 I 

= V2 W v 

Thus tho output of the same frame when used two phase is 41 '4 per 
cent greater than the single-phase output. 

(c) Three Phase. The closing sides for the three phases are 
AD t DF t and FB. Calling these E t , we have E t = \E X . Hence, 
total output 

W % = 322,7 = 1-5 E X I = 1-fiJFj. 

The increase in output in this case is therefore 50 per cent. 

(d) “ m ” Phase, where m is a large number. 

If the individual phase voltage is E m , then 

m . E m = circumference of semicircle = ~E 

m 2 

Output W m = mE m I 

^~E.l = 1-67 W x 
2 

The increase in output is therefore 57 per cent, and this is the 
maximum possible increase. Since it is only 7 pgr cent greater than 
thS three-phase output the increase docs not justify the extra 
complication, and it is only in exceptional cases that more than 
three phases are used. 

3. Two-phase Working. The armature has two distinct windings 
arranged so that there is a phase difference of 90° in the E.M.F.s 
induced in them. The alternator can be connected to the receiving 
apparatus by either four or three conductors, as in Fig. 191, the 
circuit with four conductors being the same as two independent 
single-phase circuits. 

Let E and I refer to line voltage and current, and E 9 and I 9 
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refer to phase voltage and current. Then obviously in the four- wire 
case, 

E = E v and l = I 9 . 

In the three- wire case the outers carry current /, = /„, and the volt- 
agerf between outers and middle wire are E = E v . The middle wire 
carries the resultant of the currents / in the two outers, and since 
these are 90° apart, the current in the middle wire is V2I. Similarly 
the voltage between the two outers is V2 E . In both four- and three- 
wire systems, the power 

W = 2EI cos <p # 

where q> is the phase of I with respect to E . 

4. Three-phase Working. The individual phases can be con- 
nected either in star (A), or in mesh or delta (A), as shown in 




Fig. 192. The £.M.F.s in the individual phases have a mutual 
phase difference of 120°. 

Consider first the mesh connection. The line voltages E are 
obviously equal to the phase voltages E v . The line currents are 
the vector differences of the two-phase currents fed into a given 
line. This is easily understood by replacing the ordinary three- wire 
arrangement by a six- wire, the three phases being thus independent. 
This is shown in Fig. 193. Since each line wire in the actual circuit 
carries the currents flowing in a pair of wires in the six-wire 
arrangement, it follows that to obtain the line current the difference 
and not the sum of the phase currents must be taken. The phase 
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difference oi X I P and reversed is 60°. Honce, in the case of a 
ourrent balance, that is, 

J, = = t l v = /„ say, we have 

/ = V3I,. 

Power 3i?*/, cos y 

a VS El COS 9P 

In the star-connected arrangement the line currents are obviously 
equal to the phase currents. The voltage E between any pair of 
lines is the vector difference of the voltages in the two phases 
supplying that pair. The phhso difference between the voltage in 
one phase and the reversed voltage in the next phase is 60°, bo 
that E = Vs Ep. 

Hence, W= 3 EJl 9 cos <p = Vs El cos <p 
as in the case of the mesh connection. 


If a middle wire is connected to the junction of the three phases, 
called the “ star ” point, the current in this wire will be the vector 



i.e. the three line currents equal and having the same phase angle 
with their respective phase voltages, then the line current vectors 
will be equal and will have a mutual phase difference of 120°. 
Hence, their vector sum is zero. The current in the neutral wire 
of a balanced star-connected system is therefore zero, for which 
reason the neutral wire is generally omitted. 

Example. A 100 h.p. three-phase star-connected motor works on a supply 
whose line voltage is 3,000. The motor effioienoy is 92 per oent, and power 
factor 90 per sent. Calculate the line current. 
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Motor intake W = . 

eiliciencv 


746 X 100 


•92 


From 


= 81,000 watts 
W = V3 El cos <p 
W 


81,000 


VZ E cos (p 
= 17*3 amp. 


VZ x 3,000 X -9 





6. Measurement o! Power in Three-phase Circuits, (a) Three- 
w A ttmeter Method. The wattmeters are arranged one in each 
phase as in Fig. 196, the total power being the sum of the three 
readings. This method is only used in special cases. If the star 
point is not available when the alternator is star-connected, an 
“ artificial star ” can be made by connecting three high resistances 
in star to the three line conductors. 

(6) Two-wattmeter Method. Consider the instantaneous 
values of the currents and voltages (Fig. 196). Since all three 
currents meet at the star point, 
the sum of their instantaneous 
values is zero, whether the system 
is balanced or not. 

•\ *1 4 " *2 4 * *3 = 0 . 

The instantaneous total power 
is the sum of the instantaneous 
powers in the three phases 

w . = «ih 4 " 4 - e t t 8 . 

Now the current i 2 does not 
flow through either of the watt- 
meter current coils, hence we can 
eliminate it. 

We have 

*» = - (h + »'i)- 



TWO -WATTMETER METHOD OF 

Measuring Power 
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And substituting this in tho equation for w , we have 

w =e l i x + e 8 i a - e m (t, 4- i z ) = i x (e x - e 2 ) + t s («a “ <* 2 ) 

Now (e x - e 2 ) is the instantaneous voltage across the pressure coil 
of wattmeter W l9 and (e s -e a ) is the instantaneous voltage across 
the pressure coil of W r 

w = (instantaneous power through W x ) + (instantaneous 
power through W % ) 

/. Total average power 

IP = av. power through JPj -f av. power through W t 
■» algebraic sum of the wattmeter readings. 

This is the most important method of measuring power in a 
three-phase circuit, since only two wattmeters are required, and the 
method applies whether the system is balanced or not 


r 



(c) One-wattmeter Method. This method can only be used 
when the system is balanced. The current coil is connected in one 
line, as in Fig. 107, the pressure coil being connected alternately 
between this and the other two lines, and the readings taken. In 
each case the wattmeter is connected exactly like one of the watt- 
meters in the two-wattmeter method, and therefore, the analysis 
following applies equally well to the two-wattmeter method when 
used on a balanced circuit. The current 1 through the wattmeter 
current coil is the vector difference of A / B and C / A , i.e. the vector 
sum of A I B and C / A reversed, as shown in the vector diagram. In 
this diagram the phase currents are shown lagging behind the 
phase voltages at an angle q> 9 cos xp therefore being the power factor 
of the load. 

1 = V3 I, 

where 1 9 is the numerical value of each of the phase currents. 
When the wattmeter is connected to the point JP, the pressure 
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across it is K E 9 , the phase difference between this pressure and I 
being (30° - 9 ?). Hence, if W x is the reading, 

W x — a E 9 I cob (30-9?) 

. = V3 EI 9 cos (30-9?) 

where E is the numerical value of each of the line or phase voltages. 

When the pressure coil is disconnected from P and connected 
to Q the phase relation between the current and pressure in it is 
that between I and C E A reversed , because to preserve a true cyclic 
rotation the pressure coil should have the end previously at P 
connected to A , and the end at A cqpnected to Q , the reverse of 
what is actually done. The phase angle between I and c E k reversed 
is (30° + <p). Hence, if FF a is the new reading, 

W 2 =- C E A I cos (30 + 9 ?) 

Hence, = V3 El v cos (30 + tp) 

W x + W x = 3 EI P cos 9 ? = total power. 

Again, 

W x - W 2= V 3 El v sin 9 p 


Wi -W t _ ± 


or 


W x + \V 2 
tan 9 p = 


Vs 

Vs 


tan (p 


Wi - W t 

W , + if, 


In this way the phase angle of the load current, and therefore, the 
power factor, can be calculated. 

For the second reading the phase angle in the wattmeter is 
(30 + <p ) ; hence 

(а) If 9 ? == 0 both readings will be the same. 

( б ) If <p < 60° the second reading will be positive and tho total 
power will be the sum of the readings. 

(e) If 9 ? = 60° the second reading will be zero. 

(d) If 9 ? > 60° the angle (30 + 9 ?) W1 ^ be > 90° and the second 
reading will be negative. In this case the total power is the 
difference of the t^o readings. 

It must be noted that the one- wattmeter method is only a special 
case of the two-wattmeter method, and the relationships deduced 
for it also apply to the two-wattmeter method when the system is 
balanced. 

6. Corrections to be Applied to Wattmeter Readings. Suppose 
that a wattmeter W is measuring the power in a circuit AB , Fig. 198. 
Then it is usual to connect the pressure coil across AB. If » is the 
instantaneous current in .42?, and i x the instantaneous current in the 
pressure coil, (» + i x ) is the instantaneous current in the current 
coil. 
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,\ Torque at any instant, which is proportional to the product 
of the instantaneous currents in the pressure and current coils, 
is proportional to i x (i + *i)« 

Now the current in the pressure coil is equal at any instant to 
e/R , since we can apply the ordinary Ohm’s Law equation Vhen 
dealing with instantaneous values. 


Instantaneous torque oc 



oc (ei + etj) 

Reading, which oc average torque 

oc average (of ei) + average (of ei x ) 

oc average power in AB + average 
power in pressure coil 




B 


W 


i', 



Fig. 198 




WATTMETER CORRECTIONS 


A correction for the power used in the pressure coil has therefore 
to be applied. In standard wattmeters this correction is applied 
automatically by means of a compensating coil. This is a small 
coil placed with its axis along the axis of the current coil, and having 
the same number of turns as the current coil, but connected in 
series with the pressure coil. It is arranged so that its ampere-turns 
neutralize the extra ampere-turns in the current coil due to the 
current i x 

When the current in the circuit AB is very small the pressure 
coil of the wattmeter is sometimes connected to the points A 
and C (Fig. 198). In this case the wattmeter reading 
= power in AB + power in current coil. 

In addition to the above corrections, it is necessary to apply a 
second correction when the wattmeter is working on a circuit 
whose power factor is less than unity. 

Let 0 = angle of lag in the main circuit 

<p = angle of lag of current in the pressure coil behind the 
pressure across it 

i = instantaneous value of main current 
i x ass instantaneous current in pressure coil. 
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Then from the phase relations shown in Fig. 199, in which the 
current i x is represented by the dotted wave, we see that if 

t = I maz sin cot ; then i x == I lmax sin (cot + 0 - <p) 
/.•Wattmeter reading oc average torque 
oc average of tt x 

oc average of I max I lmaz X £[cos ( 0 -<p)-co 3 \2wt + (0 — 9 ?)} ] 

Now the average of cos \2 cot + (6 - 90 )| is zero, because it is a 
periodic quantity. 

Reading oc ^ . cos (0* - <p) 

« I. ft 1 Utt C08 (0-<p) 

where R and L are the resistance and inductance of the pressure coil 


R 


X 4 cos (0 - <p) 


* I,t,E '" * VR* + (L®)» ~ R 
oc I 0 ffE 0ff cos <p cos ( 6 - 9 ?) 

omitting ^ because it is constant. 

But true reading should be proportional to I, ff E 0tf cos 0 . 


/. Correcting factor = .* ™ .™* ** . 

actual reading 

_ cos 6 
cos <p cos (Q-q>) 

or - 1 ± tan * £ 

1 + tan 0 tan ip 

In a standard instrument, <p should not be greater than 5' or 10'. 
In a switchboard instrument, especially if used with instrument 
transformers, <p may be as high as 5° or 10°. 

Example. A wattjfneter is measuring the power supplied to a circuit whose 
power factor is 0*7. Tho frequency is 60. The meter has a shunt winding 
whose self induction is 0*4 henry, and resistance 1,000 ohms. Calculate its 
percentage error. 

Power factor of load cos 0 = 0*7 /. tan 0 = 1*03 approx. 


tan <p = *!£ = 04 *? 14 = 0126 
Y R 1,000 

Correcting factor = - — * //P = 0-9 approx. 

6 1 + 1-03 x 0 126 

Error =* 10% 
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We will now show how the symbolic method can be applied to 
the calculation of the wattmeter correction factor. Let E be the 
voltage applied to the load and to the pressure coil. Then, taking 
thfe vector of E as the reference vector, we have 


E = Ee* 0 


Let I x be the load current, Z x the load impedance, and cos 8 its power 
factor. Then 


E 




e -id 


Similarly for the shunt circuit of the wattmeter we can write 







Now the torque on the moving coil is proportional to the product 
of the currents l x and 7 S , but when using the symbolic method we 
have to use the complement of I v namely, where 


Torque, 



. E +*9 


oc real part of I X 1 

oc real part of e ty-ft 

E* 

oc real part of z[Z x ( cos 9 “ ® + 5 B * n 9 “ ®) 


oc 


E* 

Z x Z t 


C08 (<p- 0). 


Now, if the shunt circuit acted like a pure resistance of value R 2 
ip would be zero. The above expression would then reduce to 
E* E* 

Z[R t 008 (~ = z[E f 008 6 - 

Hence the correcting factor is 

(^V O8 0"(& CO8 ^) 

Z t cos 6 cos 0 

R t cos (<p - 6) ~~ cos <p (cos (p cos 6 + sin <p sin 9) 

1 sec 2 <p 

~~ cos 2 90(1 + tan q> tan 0) “ 1 + tan tp tan 0 

_ 1 + tan 2 y 

1 + tan <p tan 6* 

which is the correction factor obtained previously. 
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7. Polyphase Vector Diagrams. Consider a star-connected 
alternator connected to a star-connected consuming device. Draw 
three vectors OA, 

OB, and OC to 
represent the phase 
voltages (Fig. 200) 

Then, on joining the 
ends, we obtain 
vectors AB, BC , 
and CA, which give 
the line voltages at 
the alternator ter- 
minals. If the line 
and load are non- 
inductive, the line 
currents will be in phase with the alternator phase voltages, so 
that the directions of OA , OB , and OC will also give the directions 
of the line currents. The drop of volts in a non-inductive line 
will be in phase with the line currents, so that, if we deduct 

lengths AA l$ BB V and 
CC „ where each length is 
equal to RI , R being the 
resistance of each line, then 
OA v 0B X , and OC x are 
the phase voltages of the 
load, and A X B V B 1 C X , 
C X A X , the line voltages at 
the load. 

Now let the line possess 
resistance R and reactance 
X per phase, and let the load bo inductive. The voltage triangle ABC 
for the alternator end is drawn as before, but the line current vectors 
01 19 01 t , and 01 3 will lag by equal amounts behind the phase 
voltages OA, OB, and OC. Draw AA V parallel to 01 x and equal 
to RI, where / is the line current. Then AA X is the resistance 
drop in line 1. Draw A t A 2 perpendicular to 01 x and equal to XI. 
Then A X A 2 is the reactance drop in the line. The total line drop is 
therefore AA 2 , anci the phase voltage of the corresponding phase 
at the load end is OA 2 . Similarly with the other phases. The 
line voltages at the load end are given by the sides A 2 B 2 , B 2 C V 
and C 2 A 2 of the triangle A 2 B 2 C 2 . 

In a symmetrical system, the alternator neutral N , and the load 
neutral N x (Fig. 201), will be at the same potential, so that they 
can be considered as joined by a cable of zero resistance and 
reactance. Hence, each phase can be considered separately. Let 
be the phase voltage of the alternator, and Z the total im- 
pedance of one phase of the whole system, including alternator, line. 


i ti 


E„ 


1 


Alternator 


Load 


Fro. 201 
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E. 

and load. Then line current I = — , and power factor cos cp 
R 

= — J8 being the total resistance of one phase of the system,. 

Z 

8. Calculation of Unbalanced Three-phase Circuits. When making 
calculations on balanced three-phase circuits, as, for example, three- 



phase machines working under normal conditions, it is usually the 
best to work in terms of phase voltages and phase currents, and then 
perform the calculation exactly as for a single- phase circuit. With 
unbalanced circuits this is not possible, and the laws of networks 
have to be applied. Consider the star-comiected network shown in 
Fig. 202. Take the vector of E BA as the reference vector, and let E 
be the numerical value of each line voltage, then we have 

= E + jo 

Em c^-j+j-SME 

E 0A J-866E 

Hence, for the circuit AN B , we have 

E +j0 = (rj + jx t ) /j - (r a + jx t ) /, . . (1) 

For the circuit BNC we have 

- *2 + J'866^ = (r 8 + jz 2 ) I 2 - (r 3 + jx 2 ) / 8 . . (2) 

We now have to find a third equation which is independent of 
(1) and (2) above, and we therefore cannot use a similar equation 
for the circuit CNA , since the information it would ghre is already 
contained in (1) and (2). We, therefore, use 

/i + /« + /» = o 


. (3) 
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( r i+j*i)/i “ ( r 2 +j* 2 ) /a + 0/j - E () 

• 0/i + (*% + j x 2 ) ft “ ( r i+i* 3 ) - j*8662^ =» 0 

/1 + /a "+/s +0 =0 

The solution can now be expressed in determinant form as follows 


- (»■« + **.) 0 

-E 

— 

0 -a 7 

(’■1 + j*i) 

(*•1 +;'*») -(»■»+;*») 



-(ft + j*,) -J-M6E 

) 0 

1 1 

0 


1 0 

1 


-!> 1 

- A 7 (rj +j Xl ) - (r t + jx % ) = (r 3 + ;>,) - (r a + ;*,) 0 

| -;*866J^ 0 (r t + >* w 0 (r, + >x,) - (r, + >*,) 

Oil 111 

Abbreviating this to the form 

Z±i _ ft __ /a _ 1 

we will evaluate » 4 , since this is necessary for the calculation of all 
three currents. On the other hand, it is preferable only to evaluate 
D v D 2 , and D 3 when numerical values are given for the circuit 
constants. We then have 

D i = ( r i + 5 X 1 ) ( r i + 5 x t) + ( r t + j x t) ( r t + 3 x t) 

+ (r*+j x 3) (*1 + j*i) 

Suppose, for example, that 

E = 100 volts R.M.S. 

fj = 1, r a == 2, r 3 = 3 
♦ x x = 2, = 3, x z = 4 


Then D x ■■ 

-(2+ ,3) 
(2+ >3) 

1 

0 

-<3+>4) 

1 

-100 

(50 ->86*6) 

0 

1 

j « -(140*2 +>723*2) 

: 

D , ” 

0 

-(3+/4) 

1 

* 

- 100 

(50 - ,7*86*6) 

0 

l + >2 

0 

1 

« - (523*3 + >413*4) 

D. - 

- 100 

I (50 ->86*6) 

0 

1 + >2 

0 

1 

-(2 + >3) 

(2 + >3) 

1 

- - (383 + >308*8) 
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D* = (1 + j2) (2 +j3) + (2 + j3) (3 + j4) + (3 + j4) (1 + j2) 
= (- 15 + j33) 

_ 140*2+^723*2 
• • /i 8 - - 15 + j33 

= 16*4 -jll-3 

- (523*3 + j413*4) 

* 2 ~ 15 + ;33 

«= - 4*52 + jl7*4 
38*3 + j309*8 
/s 15+j33 
= - 11*85-^6*12 

.% /j = 19*8, 1 2 = 18*0, 1 3 = 13*3 amp. 

This gives for the power intake of the circuit 

W = I,\ + 1 2 ^2 + 1 3% 

= 392 + 648 + 530 = 1,570 watts 
But we can also calculate this power symbolically; for example, 
suppose that the power is being measured by the two wattmeter 
method, as indicated in the figure. Then, remembering that we 
have to use the complement of the current when calculating power, 
we have 

W = IV 1 + W 2 

= real part of fiE k0 + real part of 1 2 E B c 
with the necessary reversal of sign as explained previously 
= real part of | (50 + j86*6) (16-4 + jib 3) 

+ (- 50 + j 86-6) (- 4*52 - jl7*4)| 

*= 1,570 watts, as before 

In the case of a mesh-connected system the calculation is much 
simpler, as the voltage across each phase of the load and the phase 
currents can then be calculated independently of one another. For 
this reason it is often desirable to reduce an unbalanced star- 
connected system to the equivalent mesh-connected system, or 
alternatively, a mesh -connected system can be converted to the 
equivalent star. Let the systems indicated in Fig. 203 be electrically 
equivalent, then the measured impedances between the pairs of 
terminals must be the same for the two loads 


Za 


?ab ( ?bc + Z ca ) 


. (1) 

?ab “h %bc "b 


_ z be ( Z e<t + Z ab ) 


• (2) 

Zoi + £#« + ?ea 

w 

_ ?ea (Za» + •?»«) 


. (3) 

+ z bt + z tm 
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These give 


^ 

'* Z a6 4 Z t ~+Z„ 

Zbt ■ Zab 


£» = 


Z^- 


Zab + ?be + Zc 
Zea • Zbc 
Znb + Zb c 4 Zn 



Thus, suppose we re-connect the limbs of the previous star- 
connected system into a mesh -connected system. Then 
Z ab =l+j2 
Zbc = 2+j3 
Z ca ~3+ji 

Zab + Zbc + Zen = 6 +j<) 


Za = 


Zb = 


(1 +j2) (3 + j4) 

6+J0 

(2 4- ,?3) (1 + j2) 


= -513 + j-9 
=■ -333 + j-66« 


Z„ = 


6 + jO 

(3 +j4) (2 + j3 ) 

6+jO 

9. The Drop of Volts in a Three-phase Line. We have seen that 
the inductance of the loop formed by a pair of parallel conductors is 


= l+jl-33 


L = 


14-8 x 10“ log 10 ^ henrys per mile. 


The inductance of a single conductor in the case of three conductors 
placed at tho corners of an equilateral triangle of side d is IL. For 


consider the individual phase 
current to be flowing in three 
separate loops of a six con- 
ductor line, as in Fig. 204. 

Let the currents in two of 
these loops be /, and /,. Then 
the actual current, / A , flowing in O 
conductor J, is the vector sum B 
of the currents 7, and / 2 . 
Again, the third loop is directly 


A A 



Fio. 204 
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opposite to tKb conductor A, so that the flux produced by it 
will not link with A , and therefore will not induce a voltage 
in A. It is thus not necessary to consider the third loop 
when calculating the inductance of A , and the E.M.F. induced 
in A is due to the current I t in B and / a in C. The E.M.F. 

induced in both conductors of loop 1 is L^I . Hence. E.M.F. 

r dt 

di 

induced in one conductor only of loop 1 , say conductor A , is \L 

dt 

Similarly, the E.M.F. induced in conductor A by the current i a 

in loop 2 is \L ^ . 

dt 

Total E.M.F. induced in conductor A 



Now i A ■= -f 
+ *2 = 

•* dt ~ dt dt 

/. Total E.M.F. induced in conductor A 



Hence, \L is the equivalent self-induction of a single conductor. 

In a single-phase line formed by two of the conductors and 
carrying current I v the drop, reckoning both conductors, is 

{(2/^)* + (IJco)*]* =J,X {42?* + (J La>Y \ * 

The drop per conductor in a three-phase line carrying a line current 

1 W { (W + (i = / 2 X {2?* + 

.'. Drop in potential difference between two conductors of the 
three-phase line carrying current / a , i.e. the drop, in line voltage 

*= Vz X drop per conductor 

= V3 /, x {2?* + i(Ico)*J* 

If the drops in the single-phase and three-phase lines are equal, 
then 

2, X {42?* + (Za>)*{» = V3I t X {2?* + *(£«>)*(» 

/, V9 
2, 2 
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If the line pressures and the power factors are the same in the 
single and three-phase lines, say, E and cos <p respectively, 

Power conveyed by single-phase line = EI X cos <p 


.Power conveyed by three-phase line = V‘3 A7, cos q> 
. Ratio of powers = = £ 


Hence, we have the following rule : The total drop of volts in a 
balanced three-phase system with symmetrically arranged con- 
ductors is the same as that in a single-phase system having con- 
ductors of the same diameter and spacing, operating at the same 



line voltage and the same power factor, and transmitting only half 
the amount of [»ower transmitted by the three-phase system. 

Example. A three-phase transmission lino consists of } in. conductors 
placed at the corners of an equilateral triangle of side 4 ft. The line ia 
20 miles long and supplies a loud of 5,000 kW at a voltage of 20,000 and a 
power factor of 0*8. The frequency is 50. Find the drop of volts in tho line. 


Resistance of one conductor R = 5 ohms. 

d/r - 48ft = 192 : lo gi« \ = 2 ‘ 28 

Inductance of a loop formed by two conductors 
L = 148 X 10- 4 X 2-28 X 20 = -068 henry 
Reactance of loop X = Leo = *068 X 314 = 21*3 ohms 

The current in a single-phase line using two of the conductors and 
transmitting 2,500 kW would be 


2,500,000 
20,000 X 0 8 


= 156 amp 


Resistance drop, ^42? in Fig. 205 = 2 x 5 x 156 = 1,560 volts. 

Reactance drop, BC = 21*3 x 156 = 3,330 volts. 
Voltage at generating end E has for its X and Y components 
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(E) x = 20,000 + 1,660 X *8 + 3,330 X -6 
= 23,250 

(E) y = 3,330 X -8- 1,660 X -6 
= 1,730. 

.\ E = V / (23,250) 2 + (1,730) 2 = 23,300 volts. 

.*. Voltage drop = 3,300 volts. This is also the drop in the 
actual three-phase system. 


Examples on Chaptkb XIV. 

( 1 ) A two-phase alternator having a voltage per phase of 1,000 and frequency 
50, has an inductive rosiBtance of 10 ohms and 0*1 henry connected to phase 1, 
and a condenser of 50 mf. capacity connected to phase II. If the alternator 
is working on a three-wire circuit, find the current in the common return. 

Ana. — 38*2 amps. 

(2) A single-phase and a two-phase three-wire system supply equal amount 
of power to transmission lines of equal length. If the maximum voltage 
between any two conductors is the same in the two cases, and the conductors 
are all worked at the same current density, compare the amount of copper 
used in the two cases. 

Ana . — 1 to 1*21. 

(3) A 60 h.p. three-phase motor is supplied at a terminal voltage of 500. 
Its efficiency is 85 per cent, and power factor 0*8. Find (a) the line current ; 
(5) the cost of running the motor at full load for 24 hours, the price of a 
B.O.T. unit being one penny. 

Ana . — 63*5 amps., £4 8s. Od. 

(4) Power in a balanced three-phase system is measured by the two-watt- 
meter method, and it is found that the ratios of the two readings are 2 to 1. 
What is the power factor of the system ? 

Ana. — 0*866. 


(5) In testing the power supplied to a three-phase induction motor by two 
wattmeters connected across the line wires, one of the wattmeters reads 
backwards at light loads, though its readings are forwards at heavy loads. 
Examine the reason for this and find what is the true power reading. (London 
Univ., 1008.) 

(6) A single wattmeter is used to ascertain the power supplied from three- 
phase mains. It is only possible to insert the current coil in one of the mains, 
but each of the other mains can in turn be connected with the pressure coil. 
Two wattmeter readings W 2 and W t are so obtained, the current coil being 
connected with one or other of the pressure coil terminals. Explain carefully 
why it is necessary to alter the pressure coil connections for the second reading. 
Under what circumstances can the power and power factor be accurately 
obtained from the readings of W 2 and W t ? Prove in each case the formula 
to be used. (London Univ., 1915.) 

(7) 500 kW at 11,000 volts are received from a three-phase transmission 
line, each wire of which has a resistance of 1*2 ohms and a reactance of 1 ohm. 
Calculate the supply pressure when the power factor of the load is (a) unity ; 
(6) 0*5 leading. (C. and G., 1922.) 

Ana, — (a) 11,055; (5) 10.985. 



CHAPTER XV 

THE TRANSFORMER 


1. Construction. A transformer consists essentially of a magnetic 
circuit linking with two distinct windings, the primary and 
secondary. Fig. 200 shows the elementary scheme of a trans- 
former. When the primary is connected to an A.C. supply an 
alternating flux will be set up in tfie core, and this flux linking 
with the secondary will induce an alternating E.M.F. in the 
secondary. The operation can thus be regarded as a case of mutual 
induction. 

There are three main types of transformer, the typo being 
decided by the disposition of the core. These are — 

1. “Core Type ” with single magnetic circuit. 

2. “ Shell Type ” with double magnetic circuit. 

3. “ Berry Type ” with distributed magnetic circuit. 

These are shown in Fig. 

206. The cores are built 
up of sheet iron, or alloyed 
steel, in order to keep down 
tho eddy current loss to a 
minimum. Averago thick- 
nesses are 0-5 mm. for a 
frequency of 25 and 0-35 
mm. for a frequency of 60. 
Fig. 207 shows the methods 


Fio. 207 

Construction of Joints 

of arranging the core strips, and it will be seen that joints in alternate 
layers are staggered, so as to avoid the presence of narrow gaps 
right through the cross section of the core. Such joints are 
said to be “ imbricated.*’ The cross sections of small transformer 
cores are rectangular, but in large sizes it is common to adopt an 
approximately circular section since this section has the smallest 
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Core Type. Shell Type. 



Berry Type. 

Fig. 206 

Types op Transformers 
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perimeter for a given area, and therefore requires less copper than 
the rectangular section. In large sizes the strips are arranged in 
packets, as in armature cores, the ducts between them helping with 
the ventilation. 

The windings can be either of the “ cylindrical ” or “ sahdwich u 

type, as illustrated in 
Fig. 208, the former 
type being used mainly 
on core transformers 
and the latter on 
shell. In elementary 
diagrams it is neces- 
sary to represent the 
primary and secondary 
windings as being 
placed on separate 
Fio. 208 limbs, but in an actual 

Transformer Windings transformer primary 

and secondary coils 
are arranged on each limb in order to keep down magnetic 

leakage. This is explained more fully in par. 6. 



2. Transformation Ratio. The ratio 

Secondary voltage __ E % n 

Primary voltago E x 

is called the “ Transformation ” ratio. 

Since the flux is alternating it can be written 

O = sin out. 

E.M.F induced in the primary, instantaneous value, 

€»' - X X 10-" volts 

cU 

where N x and N t are the numbers of turns on primary and secondary 
respectively. 

e x = - <I> wax to . cos cot . N x X 10* 8 
= - 27rO mxx N x f . cos cot x 10 8 
•• C^l )m«* = “27 X 10* 8 
and the effective value 
27T 

10 

= X 10 * 

Since the resistance of a transformer winding is very low, the 
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ohmic drop is small and the applied primary voltage, E v has 
therefore only to oppose the induced primary voltage E x . Hence 

E x = - Ei = 4*44<I> m<lx iV 1 / x 10* 

The voltage induced in* the secondary is 

E 7 ' = 4-44 D ma J,/x 10' 8 

by the same reasoning, and this is the voltage which appears at 
the secondary terminals on no load, i.o. on no load E 2 — E 2 . 

^ Cl 

Hence, transformation ratio 

h 1 N 1 

Obviously, the induced voltages E x and J? 2 ' are in phase with 
one another, and they are therefore opposite in phase to the applied 
primary voltage E v Hence E x and E 2 are opposite 
in phase. 

3. Primary No Load Current. On no load, i.e. 
with no current in the secondary winding, the 
primary carries a small current I 0 , which has two 
components — 

1. A magnetizing component Ip which lags 90° 
behind E v This is an idle component and its 
function is to produce tho magnetic flux. 

2. A working component 7^ which produces the 
necessary real power to supply tho hysteresis and 
eddy current Josses in the iron. This component is 
in phase with E v 

The no load vector diagram is therefore as shown 
in Fig. 209. For high efficiency and good regulation 
Ip and I m must both be small. 7 W is kept small 
by using low loss iron and not working at too high 
a flux density. 1 ^ is kept small by having a closed 
magnetic circuit, i.e. one without an air gap. Tf an 
air gap were cut in the core, then the reluctance 
would be increased to such an extent that, in order to provide the 
necessary flux as given by the equation E x = 4-44® mox N x f X 10' 8 , 
the magnetizing component Ip would have to be abnormally large. 

The separate components Ip and 7^ can be calculated as follows. 

Tho magnetizing force produced by Ip is given by 

_ _ 4irI/tN x 
102 





Fig. 209 
No Load 
Vector 
Diagram 


where l is the mean length in cm. of the magnetic path, 
flux density 


B 




ArrlpN 

~loT 


X fx 


Hence 
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B, 


±Tr{Ifi) max X N lf i 

10 / 


But E l = V 2 . ir<t>„.,NJ X 10' 8 
= V2.nB m „ANJ x 10- 8 
where A is the magnetic cross section of the core 
= 27rB mM AN if x 10 8 

_ (Bl)mog X 10*. 






Equating these two expressions for B max we have 


(/„) 


max 




I X 10» 

WAN^nf 


(effective values) 

%7T*AN*flf 


This is only approximate, since it assumes a sinusoidal form of the 
magnetizing component and constant permeability of the iron. 
Neither assumption is correct, as will bo shown in Chapter XXIII, but 
the equation gives a ready means of determining l ^ approximately. 
In order to calculate the working component /<*,, we have 

EJ<o = W h + W § 

where W h = hysteresis loss and W , = eddy current loss. 


Ica 


W h + w. 

E x 


For the hysteresis loss, we have 

W h = TfBmaxfV X 10 - 7 watts 


where V is the volume of the iron in c.c. An average value for 
tj is 0-002 for good quality transformer iron, and 0-00076 for alloyed 
steel containing 5 per cent silicon. 

In order to calculate the eddy current loss imagine a portion of 
one core strip of thickness t cm., as shown in Fig. 210. Consider a 
rectangular prism of dimensions Ixlxl. The area of the front 
face is t sq. cm., and since the flux enters this face at right angles, 
the eddy currents will flow along paths parallel to the long sides. 
Consider two such paths each of width dx and distant x from the 
oentre line. 

Area of rectangle enclosed by paths = 2x sq. cm. 

Maximum flux entering the rectangle 

= 2 B maa x lines. 
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Regarding the rectangle as a single turn, the E.M.F. induced in it 
will be given by the transformer equation 


E = 4-44<D, #bx .V/ x I0 « 

=* 4-44 x (2 B naa x) x 1 X / X 10’ 8 
= 8-S8 B, na Jx x 10 8 


The current set up is confined to the two long sides, the total 
resistance of the path being therefore 

p L = 2 P = 2 p 
a dx x 1 dx 

Hence, eddy current loss in the two strips 
& = X 10 18 (ix 


R 


prism considered 


2p 


= £ (SWH^/^JOJ 8 x xHx 


2p 



_ (8-88 )*B* nax p x 10 18 v „ 
48 ~p X 


Fia. 210 

Calculation of Eddy 
CUHKKNT Loss 


Now the volume of the prism is / X 1 X 1 c.c.s. Hence, eddy 
current loss per c.c. 

_ (8-88 )*B* max P x 10 » „ „ 

48p Xt 

Taking p as 12 x 10 6 ohm per cm. cube at a temperature of 50° C. 
the expression becomes 

13*6 X 10 12 B' 2 max pt 2 watts per c.c. 

W 9 = 13*6 x 10- u B 2 max pt*V watts. 


Notice that the eddy current loss is proportional to the square 
of the thickness of the core strips ; hence, the necessity for using 
thin strips. It is to be noticed in passing that whereas the flux in 
a transformer core is a purely alternating one, the flux in armatures 
is partly alternating and partly rotating. The above expression 
therefore requires correcting before it can be used to calculate 
eddy current loss in armature cores. 

Example 1. A transformer working on a 2,000 volt, 50 cycle circuit has 
300 primary turns. The core has a mean magnetic path of 100 cm. and 
cross section 1,000 sq. cm., the iron having a permeability of 1,800. The iron 
loss is 400 watts. Calculate the primary no load current. 
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The magnetizing current 


/ _ E t l x 10* 

M 8 nW^Aftf 

The working component 


0*3 amp. 


iron loss 


400 


primary volts 2,000 
Hence, no load current 

I. = VO-3 2 + 0-P = 0-36 amp 


0-2 amp. 


Example 2. When a transformer is conneoted to a 1,000 volt, 50 oyola 
supply, the core loss is 1,000 watts, of which 700 are hysteresis and 300 are 
eddy current loss. If the applied voltage is raised to 2,000 and the frequency 
to 100, find the new core Iobs. 

The hysteresis loss W h can bo written in the form PB^zf* and 
the eddy current loss W 6 in the form QB 2 max p : P and Q being 
constants. Now from the E.M.F. equation 

E = 4‘UB max ANJ x 10 8 

E 

we see that B ma(C oc — 

Hence, we can write for the hysteresis and eddy current losses 

W h = . W% = q E x 

where the constants P and Q now have different values. 

From the data given, we have 

700 — P x (1,000) 18 X (50) 0,6 ; 300 = Q X 1,000 2 
P = 700 X 1,000 1 * 8 X 50°' 8 ; Q = 300 X 1,000 8 

Hence, when the voltage is raised to 2,000 and the frequency to 
100 we have 

W h = (700 X l,000 i a X 50°* 8 ) X 2,000 i a X 100“ 0 8 = 1,400 
TF, = 300 X 1,000 2 x 2,000 a = 1,200 
Total core loss under the new conditions = 2,600 watts. 


4. Transformer on Load. Consider first of all a non-inductive 
load connected to the secondary terminals ; then a secondary 
current 7 a will flow, and / 2 will be in phase with E 2 . The secondary 
ampere-turns N 2 T 2 will tend to produce a secondary flux which, if 
allowed to exist, would disturb the flux conditions existing at no 
load. This would alter the primary induced voltage E x ' and the 
balance between E 1 and E^ would no longer exist. The presence 
of the secondary M.M.F. therefore necessitates the production of 
a primary M.M.F. equal in magnitude but opposite in direction. 



THE TRANSFORMER 


267 


This is provided by a load current I x which flows from the supply 
through the primary. Since the M.M.F. produced by this is equal 
to the secondary M.M.F., 

l-i&NJi 9 = 1-2 62V 8 7* f 


1 AT, * * /\ \ Y/l 

The total primary current / x is / ; /// 

therefore the vector sum of l x and / ! /// 

and for all but light loads can bo • y* ° ^ \t/y/r 

taken as equal to l x . We thus have Y ° 

/ A 

A approx. J r 

. v JS 2 \ (B) 

or / 7 ' 2 

The current transformation ratio Fio. 211 

is thus the inverse of the voltage Vector Diagrams fob Loaded 
transformation ratio. € . The vector Transformer 

diagram for the transformer on 

non-inductive load is shown in Fig. 211 (A), A similar action 
takes place if the secondary load has any phase angle q>. The 
induced primary current I x is always opposite in phase to the 
secondary current I 2 , and since I 0 is small, the total primary 
current I x is almost exactly opposite in phase to /,. (Fig. 211 (B).) 

, Since the induced 

| Ip primary and the second- 

A ,v3“ 1 ary ampere-turns always 

\ prf] \ f: [ Y : : , Pnmar sj £ neutralize one another, 

WVil | the flux on load is the 

[ | i | ii r zt samo as the ® ux on no 

1 | § j Ills \ CSi Secondary po load. Hence, the iron 

Va /<§ l\ h /; I ^ | losses are constant and 

J] y \ ! i '' '-Y 1 are independent of the 

/ | [ {<]' Primary | l oa d. 

7 ft $ 5. Effect ol Resistance 

& and Reactance in the 

Fig. 212 Windings. So far we 

Leakage in Transformers have assumed that the 

* windings have no resist- 

ance and no reactance. In an actual transformer both are always 
present, the reactance being set up by the leakage fluxes. The 
paths of these fluxes for cylindrical and sandwich windings are as 
shown in Fig. 212. The primary leakage flux is defined as 
that flux which links with the primary, but not with the secondary. 


Fig. 212 

Leakage in Transformers 
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Similarly, the secondary leakage flux is the flux which links 
with the secondary but not the primary winding. Since a leakage 
flux links with only one winding, it produces a self-induced back 
E.M.F. in that winding, and it is therefore equivalent to a small 
choker in series with that winding. * 

The effects of resistance and reactance are best understood by 

considering the case of 
_ T z an ideal transformer 

having no resistance 
and reactance of its 
own, but having 
separate resistance 
and reactance coils 
connected in series 
with each winding, as 
shown in Fig. 213. 


T T‘ 

wwv — 'rnnnT"!' 



Fig. 213 

Equivalent Circuits 


resistance of primary of actual transformer 
resistance of secondary of actual transformer 
reactance of primary of actual transformer 
reactance of secondary of actual transformer 

A 


Lot R l = 

R t = 

*i = 

X, = 

Represent the applied primary 
voltage by E x (Fig. 214). Let 01 x 
represent the primary current I x in 
phase, lagging any angle tp x behind 
E v Then primary resistance drop 
= R X I X in phase with I x , and re- 
actance drop = X x I x leading I x by 
90°. Represent these drops by OB 
and BC respectively. Then OC , 
the vector sum of OB and BC, is 
the total primary drop. Deduct- 
ing OC from OA, we obtain CA = 

E x \ the voltage across the primary 
terminals T X T X of the ideal trans- 
former. 

Drop the perpendicular CD on to 
OA. Then since in an actual trans- 
former OC is small compared with 
OA we have 

E x = E x - OD , approx. 

= E x - {R\I\ cos q> x + X x I x sin <p x ) 

Let K = voltage transformation ratio. 

Then the induced voltage in the secondary, namely, the voltage 
across the terminals T 2 T 2 of the ideal transformer is 
e; = K X E x ' 

rr m tt / Tt r ■ v r __ v 
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Represent E 2 by the vector OF (in opposition to E x ) (Fig 214), 
and draw 01 2 to represent the secondary current / t , lagging (p 2% 
behind E t \ Then secondary resistance drop = R 2 I 2 in phase with 
l x , and reactance drop = XJ 2 leading /, by 90°. 

Represent these drops by 00 and OH respectively, then OH is 
the total secondary drop, and HF is the Voltage E 2 which appears 
at the actual secondary terminals T 2 T 2 . Hence, as before, 

E x = E 2 - (R 2 1 2 cos <ft “I” Vt) 

= KE X - K(R l I l cos -f X x I x sin <p x ) 

- (R 2 I 2 cos tp 2 + A 2 I 2 sin cp 2 ) 

Now <p x and <p 2 are, as we have seen, approximately equal 
Replacing them by <p, we have 

E t = KE X - | (KR X I X + R t J t ) cos <p 
+ (KX 1 I l + X,/,)sm ip\ 

Again, I x = Kl 2 approx., 

hence, the expression for the secondary terminal voltage, in terms 
of the applied primary voltage and the load current / 2 , becomes 

E 2 = KE x -\ (K 2 R X + R 2 ) cos <p -f (K 2 X x +X 2 )ain <p\l J 

Now KE X is the secondary voltage on no load, and therefore, the 
expression 

J (K 2 R X + R 2 ) cos <p 4 (K t X x + X 2 ) sin <p\I 2 

is the drop of volts at the secondary terminals oil load. Notice 
that the drop is proportional to the current / 2 , and that it also 
depends upon the power factor^ cos tp, of the load. 

If the load is non-inductive, <p = 0, cos (p » 1, sin q> =* 0. 

Drop = I 2 (K 2 R X + /2 a ) 

It is therefore independent of the reactance. 

If the load is purely inductive, q> 90°, cos (p = 0, sin tp = 1 
Drop = I 2 (K 2 X x + X 2 ) 

In this case the drop is decided by the reactance and is independent 
of the resistance. The same applies when the load is a pure 
capacity load, except that in this case the drop is negative, i.e. it 
is a rise of voltage. 

6. Equivalent Resistance and Reactance. The primary resistance 
drop = Bill, and this, when referred to the secondary, becomes 
KR x I Xt or K 2 R x I 2 . The secondary resistance drop is R 2 I V and 
therefore, the total resistance drop in terms of 1 2 is 

(K 2 R X + R 2 )l 2 

-(($)'*• H 7 ’ 
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The quantity in the large brackets is called the total resistance of 
the transformer referred to the secondary , because when multiplied 
by the secondary current it gives the total resistance drop. If 
multiplied by the square of the current it gives the total copper 
loss (I 2 R loss) in the transformer. 

The total reactance referred to the secondary is given by a 
similar expression. Hence, if B a and X a are the total resistance 
and reactance referred to the secondary, and and X x referred 
to the primary, we have 



Also Zj* « R^ + X 2 * and Z a * = R a * + X, 1 

Example. A transformer has a normal primary voltage of 1,000, and on 
open circuit it takes a current of 0*3 amp. at a power factor of 0-7. When the 
secondary is short-circuited and a reduced voltage of SO is applied to the 
primary, it takes 12 amp. at a power factor of 0*3. Calculate the efficiency 
and percentage drop of volts when delivering the full output of 10 kV A at a 
power factor of 0*8. 


Iron losses = open circuit intake = 1,000 X 0*3 X 0-7 = 210 watts. 


The total copper losses corresponding to a primary current of 
12 amp. are equal to the intake of true power in the short circuit 
test, that is, to 50 X 12 X 0-3 = 180 watts. The full kVA 
capacity of the transformer is 10, and therefore, the primary current 


at this load (assuming 100 per cent efficiency) is 


10 X 1,000 


1,000 


10 amp. 



The total copper losses at this load are therefore 180 
125 watts. 


X 


Output in true power » 10 X 0*8 = 8 kw. = 8,000 watts. 
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Efficiency = “*£!*- *M 

intake 8,000 + 210+ 125 /0 

Again, from the short circuit test, 

Zj = 5? = 4*16 ohms 

X it 


Rj = Zj cos <p t 

where cos (p t is power factor during the .short circuit test (Fig. 215) 

= 416 X 0-3 = 1*25 ohms 

X x = V / (4-16) 3 - (1-25) 2 = 4*0 ohms approx. 

Hence, since the primary current on ordinary load is 10 amp., 
the ohmic and reactive drops referred to the primary arc 1-25x10 
= 12-5, and 4 X 10 = 40 volts, respectively. If we deduct these 
drops vcctorially from the applied primary voltage, the remainder 



Fig. 215 Fig. 216 


will be the voltage available for transformation by the secondary 
winding. Also, it is not necessary to make any calculation for 
drop in the secondary since this is already taken into account by 
using the equivalent resistance and reactance referred to the 
primary. The vector diagram is given in Fig. 216. OA is the 
remainder of the voltage available for transformation ; AI repre- 
sents the phase of the current, this vector being therefore inclined 
at an angle of <p to OC, where cos <p = 0-8. AB is the resistance drop 
of 12-5 volts, in phase with /, and BC , the reactance drop of 40 volts 
in quadrature with /. Hence, OC is the total applied voltage of 
1 , 000 . 

The voltage drop is OC -OA, which is approximately equal to 
DC, But 

DC = DF + FC = AB cos <p + BC sin <p 
= (12-5 X 0-8) + (40 X 0-6) = 10 + 24 
= 34 volts. 

Percentage drop = 3*4 
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7. Sapp Regulation Diagram. The “ regulation ” of a transformer, 
or an alternator, is the change of terminal voltage with load. 
Thus, if a transformer gives a secondary voltage of 0 E % on no load 
and x E t on full load, the regulation is ( 0 E t - X E % ). The percentage 
regulation is 

JSi-jE, x 100 

This varies with the power factor of the load, as we have seen. 
Average values of the percentage regulation are 2 per cent at unity 
power factor, and 3-5 per cdnt at 0*8 power factor (lagging). 

The graphical method of determining the voltage drop in a 
transformer is shown in Fig. 217. A vector OA is drawn to 

represent the secondary 
terminal voltage on load, 
and OX is drawn inclined 
at an angle ip to OA, 
whore cos <p is the power 
factor of the load. Then 
OX represents the phase 
of tho secondary current. 
Draw AB parallel to OX 
and equal to the resist- 
ance drop referred to the 
secondary, namely, R 2 / 2 ; 
and the perpendicular 
BC equal to the reactance 
drop referred to the 
secondary, namely, X 2 / a . 
Then the triangle CAB is 
the drop triangle referred 
Fio. 217 to the secondary, and CA 

Kafp Regulation Diagram is the total voltage drop. 

Hence OC is the secondary 
no load voltage 0 E 2 , and (OC - OA ), arithmetic difference, is the 
secondary drop from no load to full load. Now, if the triangle 
CAB is transferred to ODE, as shown, then DA = OC = 0 E t . 
Hence, for a given secondary current, the locus of C is a circle with 
centre 0 and radius 0 E 2 , while the locus of A is a circle with centre D 
and the same radius. In order to find the voltage drop on full 
load at any power factor cos <p, a radius OQS is drawn inclined at 
an angl^^n to OX. If the impedance triangle is drawn in the 
position then OP, = OS, is the no load secondary voltage, 

and OQ the voltage on load. Hence, the length QS is the voltage 
drop. It is obvious that the triangle PQR need not be drawn, but 
simply the radius OQS . It will be Been that for all phase angles 
ip included between z XOF (which iB leading) and z GOX (whioh 
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is lagging), there is a drop of volts on load. For phase 
angles equal to either of these two limits the voltage on load is 
equal to that on no load. For phase angles between i OOX 
and Z XOF (reckoning in a counter-clockwise direction) there is 
actually a rise of voltage on load. 

The Kapp diagram affords a very convenient means of deter- 
mining the variation of regulation with power factor, but it has the 
disadvantage that since the lengths of the sides of the impedance 
triangle are small compared with the radius of the circles, the 
diagram has to be drawn to a very large sr*ale if accurate results 
are to be obtained. • 

8. Equivalent Circuit. In Section 5 the primary and secondary 
reactances were treated as though they had independent existences, 
like the primary and secondary resistances. Actually this is not the 



Fig. 218. Equivalent Circuit of a Static Transformer 


case, because the leakage fluxes responsible for these reactances 
only exist when the windings carry load currents, and as it is impos- 
sible to have a load current in, say, the secondary without the 
corresponding induced current in the primary, it is equally impossible 
for one of the leakage fluxes to be produced independently of the 
other. On the other hand, the voltage which is actually transformed 
in the transformer is the primary applied voltage less the primary 
drop. This is the voltage which just balances the primary induced 
voltage Ei* In other words, it is the voltage which is responsible 
for the iron loss current I w , and the magnetizing current Ip, and we 
can therefore represent these two components of the no-load current 
by the current taken by a non-inductive resistance R w , and a pure 
reactance Xp having the voltage applied to them, as indicated 
in Fig. 218. The rest of the equivalent circuit consists of the secon- 
dary resistance and reactance referred to the primary, and the 
primary induced load current E x ' is taken off at tfip terminals 
TiTi* Now the calculation of the regulation from This exact 
circuit is somewhat cumbersome, and a simplification can be made 
by transferring the resistance R v and reactance Xp to the terminals 
T X T V The error introduced by doing this is, for a transformer of 
normal performance, quite negligible, because the currents and Ip 
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are too small to affect the drop between T i T 1 and T/T/. The 
simplified circuit is, therefore, as given in Fig. 219 (A). Now the 
resistance R w and X ^ have no effect at all on the drop in the trans- 
former when connected across r I\T t , so that we can neglect them 
altogether, and we can make the further simplification of substituting 
the actual transformer current /, for the induced current //. This 



is done in Fig. 219 (B). Alternatively s if the equivalent resistance 
and reactance are referred to the secondary side, we can use the 
equivalent circuit shown in Fig. 219 (C). 

It is obvious that the circuits (B) and (C) lead to vector diagrams 
similar to that given in Fig. 216, but we will re-calculate the example 
on page 266, using the symbolic method. The data are as follows — 

E x = 1,000 volts, I x = 10 amp., .-= 1-26, X 1 = 4 0 

Denote the voltage E{ (Fig. 207 (JB) ) by 

x + j-0 

Since the current is at a power factor of 0*8 lagging, we have 
/, = 10 X -8 -j X 10 Vl - (-8)* 

= 8 -j6 

Impedance referred to primary side 

Z, = 1-25 + j4 
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•\ Drop of volts referred to primary aide 
/i?i = (8 -j&) (1*25 + j4) 

= 34 + j 24-5 

/. E 1 = (x+jO) + (34+j24-5) 

= (34 + x) + J24-5 
But E y = 1,000 

(34 + x) 1 + 24 -5 2 = l,000 a 
x = 966 volts, approx. 

Drop of volts referred to primary % = 1,000 - 966 = 34 
Percentage drop = 3*4, as before. 


9. Percentage Resistance, Reactance, and Impedance. It is usual 
to express the resistance, reactance, and impedance of a transformer 
as percentages of the normal voltage. This is done in the following 
manner — 

100R7 — percentage resistance, where E 0 is the normal voltage 
E q per phase of the winding on which the measure- 

ments or calculations are made 


100X7 

— it — = percentaga reactance 

100Z7 


and — „ — = percentage impedance 
E 0 

We have seen previously that the percentage drop is given by the 
expression 

, R7 cos w + X7 sin w _ „ 

Percentage drop — X 100 

so that it can also be written 


100R7 100X7 . 

—jjc— cob (p + —j^r- Bin <p 

Denoting the percentage resistance and reactance by v r and v z 
respectively, we have 

Percentage drop = v r cos (p + v x sin (p 
The following numerical example will make the method clear. A 
100 kVA single-phase transformer, ratio 10,000/200, 50 cycles, 
requires 300 volts at the H.T. winding to circulate full-load current 
with the L.T. winding short-circuited. The intake is then 1,000 watts. 
Calculate the percentage regulation and secondary terminal voltage 
on full load at 0*8 power factor lagging. 

Full- load primary current 

_ 1,000 x kVA 1,000 X 100 

lx ~ E x - 10,000 


= 10 amp. 


10— <T.5432) 
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Z x = ^ = 30 ohms 

o 1.000 1A , 

R x = -jQj- = 10 ohms 

Xi = V30 2 - 10 s = 28-3 ohms 

T . _ Vi v ]fK) _ io x 10 x loo _ 

v r ~- E -xioo 1 

- _ ??Ii x *100 = 28-3 X 10 X 100 _ 

E x * 100 10,000 2 83 

Percentage drop 

= v T cos q> + v* sin q> 

= 1 x 0-8 + 2 83 x 0-6 
= 2-5 

2-5 

/. Secondary drop = — ^ X 200 — 5 volts 


/. E a , on load = 200 - 5 = 195 volts. 

10. 4i All-day” Efficiency. The ordinary or commercial efficiency 
is defined as the ratio 


Output in watts 
Intake in wattaT 

The all-day efficiency is tho ratio 

Output in kilowatt hours 
Intake in kilowatt hours 

This second efficiency is thus measured on an energy basis. 
The reason for the introduction of this efficiency is that transformers 
used for distribution have their primary winding connected to the 
line for 24 hours per day. The core losses are thus going on for 
the whole 24 hours, whereas the copper losses go on only when the 
transformer is on load. Hence, if the load is not on the transformer 
for the whole of tho time it is connected to the line, the all-day 
efficiency is less than the commercial efficiency. 

Example. A 20 kW lighting transformer of ordinary efficiency 95% is 
on full load for 6 hours por day. Find the all -day efficiency if the full load 
losses are equally divided between copper and iron. 

Total losses on full load = 5% of 20 kW = 1 kW 

Iron losses = 0*5 kW, and full load copper losses «0 i 5 kW 
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Output of 20 kW for 6 hours per day = 120 kWh 

Copper loss of 0*5 kW for 6 hours per day = 3 kWh 

Iron loss of 0*5 kW for 24 hours per day = 12 kWh 

Energy intake during 24 hours = 135 kWh 


All -day efficiency 



11. Relation between Copper and Irqn Loss. 

Output (watts) = E Z I 2 cos <p 
Primary copper loss = R\l* 

Secondary copper loss= R 2 1 2 2 
. Total copper loss = (R^i* + R 2 I 2 l ) — R 2 / 2 * 

Iron loss = IF* = a constant 


Efficiency = 


output E 2 I 2 cos (p 

intake E 2 I 2 cos q> + R 2 / a 2 + W * 
__ E 2 cos (p 

~~ A 7 , cos (p + (Rj 2 + WjT 2 ) 


For a given power factor the efficiency is a maximum when the 
expression in brackets is a minimum. Now the product of the 


two terms in the expression 
is a constant, and therefore, 
their sum is a minimum 
when they are equal. 
Hence, for maximum effi- 
ciency wo have 

R 2 / 2 = WJI 2 
.\R 2 / 3 2 = IF* 

The efficiency is thus a 
maximum at that load 
which makes the copper 
losses equal to the constant 
iron losses. 11 a trans- 
former is intended to work 
most of the time on full 
load, it is designed to have 
the maximum efficiency at 
full load. If the load is 
variable it is usual, to design 
it to have maximum 



Fio. 220 


efficiency at about three-quarter of full load. 
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12. Division of Load between Two Transformers in Parallel. 

In Fig. 220 two transformers are shown connected in parallel on a 
pair of bus-bars, and their resistances and reactances, referred to 
the secondary , are, for the purposes of calculation, shown external 
to the secondary windings. If the transformation ratios are the 
same, the voltages across the secondary terminals of the two ideal 
transformers will be the same, and we can therefore imagine these 
connected to a second pair of bus-bars, as shown dotted. The 
voltage across these bars will not vary with load, but will remain 
constant. The equivalent simple circuit is therefore as shown in 
the second diagram, and the toad current I will divide itself between 
the two transformers in the ratio of the branch currents I x and 7 a 
in the equivalent circuit. 

Lot Z, = VRi* + Xj*. and Z 2 = VR, 2 + X 3 ‘ 
be the equivalent impedances of the two transformers referred to 
the secondaries. If the ratios Rj/X^ and R 2 /X a are equal, then 
the currents 7 X and 7 a will be in phase, and we can write 



/, + /. = / 


■*. h = 


Zi + z. 


X /, and /, 


Z, 


Zi + z. 


-x I. 


If the ratios of resistance to reactance are not equal, then the 
graphical construction, as applied to branched circuits, can bo used. 

Assume any drop OA (Fig. 221) 
between the points P and Q in 
Fig. 220, and on OA draw a semi- 
circle. Draw chords OB and OC 
inclined at <p x and 9 ? 2 , where q> x = 
ajo tan Xj/Rj, and <p 2 = arc 
tan X i /R a . Then these chords rep- 
resent to scale the respective resist- 
ance drops, as before. Dividing them 
by the respective resistances 'R 1 
and R a , we obtain quotients propor- 
tional to the currents I{ and 7 a . 
Represent these quotients graphic- 
ally by the lengths OD and OE, and find the resultant OF. Then OF 
represents the total current delivered to the load. But this 
current is 7, which is known. Hence, we have 




•m OD T , r OE r 
II ~ OF X 1 and 1 *~OF Xl 


The resistance drop represented by chord OB is then given 
numerically by R^. This gives the scale by which the total 
drop OA can be calculated. 

We are now in a position to draw the oomplete veotor diagram. 
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If the load is of power factor cos <p > the total current vector OF will 
be inclined <p to the direction of the secondary terminal voltage E v 
this direction therefore being given by the line 0'E 2 in Fig. 222. 
With A as centre and E 2 . 0 , the secondary no-load voltage, as radius, 
mark off AO' equal to E 2 . 0 ; then the length O'O gives the secondary 
voltage on load, and the voltage regulation of the “bank” of trans- 
former is given by 


O' A - O'O 
O'A 


X 100 


As an example consider the case of two transformers in parallel, 
their characteristics being (a) a resist&ncc of 1 per cent, a reactance 


A 



Fig. 222. Complete Vector Diagram for Two Transformers 
in Parallel 


of 7 per cent, and a capacity of 500 kVA; (6) a resistance of 2 per 
cent, a reactance of 5 per cent, and a capacity of 400 kVA. The load 
is one of 1,000 kVA at a power factor of 0-8 lagging. 

Assume a secondary voltage of 100 giving full-load secondary 
currents of 5,000 and 4,000 amp. respectively. Hence, with this 
assumption, we have for the constants •# 


Ri = 


l 

5,000 


= 2x = 


7 

5,000 


= 14 X lO' 4 


E ’ ” da ” 6 * l0 '* ;X * ~ ~ 135 x 10 ’ 1 

tp x = arc tan 14/2 = 81° 53' 

<p 2 = arc tan 12-5/2 = 68° 12' 

The drop triangles are drawn to scale in Fig. 223, and working 
backwards as explained above, we see that the length OA in volts 
is equal to 6-68 volts, with E 2 . 0 equal to 100, this gives 94*5 volts 
for E 2 , so that the percentage regulation of the bank is 5-5. 

We also see that the currents I x and 1 2 are 4940 and 6150 respec- 
tively, and the phases of these currents with respect to E % are 
<Zj = 46° and Oj = 32° respectively. Hence, for the output of the two 
transformers, we have 

W x = E 2 l x cos a x X 10* 1 = 330 kW 
W 2 = E t I t cos a 2 x 10-* = 412 kW 
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The sum of W x and W 2 is slightly less than the assumed load of 
1,000 kvA, or 800 kW, because the currents are based on a terminal 
voltage of 100 per cent instead of the actual voltage of 94*5 per cent ; 
the adjustment is easily made by multiplying each by the ratio 
E 2 .JE , and we then have for the corrected loads W x = 350 kW and 
W 2 =■ 440 kW. The 9um is 790, and the slight error due to the 
setting off of the angles by means of a protractor. 

We will now work out the symbolic method of treating this 
problem. Take the vector of secondary terminal voltage E t as the 
reference vector, so that 

= E 2 + j . 0 

The total load current can be written 

/ == / cos q) -jl sin q> — a - jb , say, 

the minus sign being used because the current is assumed lagging 
with respect to E 2 . The symbolic impedances of the two trans- 
formers are 

?i = Ri + jXj; z a =■ R 2 + jX a 
and the currents Z x and / 2 can bo written 

/i = x > +jyi,ft = *t + j>ji 
Since the drops are the same, we have 

(®i + iXi) (•?! + jy i) — (Ra + jX 2 ) (x 2 + jy 2 ) • • (1) 

and since the total current i« the resultant of the currents in the 
two transformers, we have 

h H / 2 = / (2) 

From ( 1 ) and (2) we have 

h = /(R a + jX 2 ) - {(Rj + R.) +j(X, + X 2 )\ 

and I % = 7(R 1 -|- jX x ) 4- }(R X + R 2 ) 4- j(X x + X 2 )| 

For the transformers used in the previous graphical construction, 
we have 

Zj = 2 X 10‘ 4 + j 14 x 10- 4 
% 2 X 10' 4 - j 14 x 10- 4 2 X 10- 4 . 14 x 10- 4 

• • • 1 “ (2 X 10' 4 )* + (14 X 10- 4 ) 2 ~ 200 X 10 * 3 200 X 10' 4 

= 10 2 -j 7 X 10* 

5 X 10- 4 -.; 12-5 X 10 ’ 4 5 X 10 4 . 2-5 X 10 ' 4 

and - 6 s x 10 -» + 22 . 5 * x 10-8 ~ 180 X J(F» 3 180 X 10‘* 

=-- 2-76 X 10* -j 6-9 X 10* 
Hence, for the whole of the branched circuit 

7= 10* -j* 7-0 X 10* + 2-76 X 10* -j 6-9 X 10* 

■» 3-76 X 10* -j 13-9 X 10* 
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„ 3-76 X 10* + j 13-9 X 10* 

• 3-76* x 10 4 + 13-9* x 10 4 

= 1-81 X 10- 4 + j6-69 X 10- 4 
Hence, voltage drop along the parallel path 

Z1 = (1-81 X 10- 4 + j 6-69 X 10- 4 ) (10,000 x -8 - j 10,000 x -6) 
= 5-47 + j4-26 
But £| = E a +j.O 

E t . 0 = E % + 5-47 +j 4-26 
E 2 -o ={(E t + 5-47)* + 4-26* 1 1 
But E v o = 100 

E t = 9443 volts 

For the calculation of the current carried by the two transformers, 
we have 

7j = Y; X symbolic voltage drop 
= (10* - j 7 X 10 2 ) (547 + j 4-26) 

= 3-53 X 10 s -j 343 X 10* 

/, = 10 3 (3-53 2 + 343 2 )* 

= 4,930 amp. 

/j = y 2 X symbolic voltage drop 

= (2-76 X 10* -j G-9 X 10 2 )(547 + j 4-26) 

= 445 X 10* -j 2-60 X 10* 

I t = 10 3 (445* + 2-60 2 )* 

/, = 5,150 amp. 

As a check / = 8 x 10 3 -j 6 x 10 * 

7i + ft = 3 53 X 10 ® ~3 3 43 X 10* + 445 X 10* 

-j 2-60 X 10* 

= 7-97 x 10 s -j0-O3 X 10 3 


13. The Transformer as a Mutually Inductive Circuit. Since 
practically the whole of the flux produced by a transformer links 
with both primary and secondary windings, the transformer is an 
■p . appliance with very 

v m -gy “closely coupled” cir- 

“ *- I J „ cuits. Each winding has 

to 5 2 its own separate resist- 

E, ojy- l ance, R l and R t , and each 

'p SJQ can be considered as hav- 

ir || f ing its own separate leak- 

Flo 224 age inductance, L^ and 

•L t , although these are 

not strictly separable, as has been pointed out before. The 
oircuit is shown in Fig. 224, the load resistance and reaotanoe 
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being included in R t and X t on the secondary side. The applied 
primary E.M.F. has to do two things, viz. overcome the impedance 
drop in the primary and also overcome the mutually induced 
primary E.M.F. due to the current variations in the secondary. 
Henee, using the symbolic notation, we have 

~ /iC®i + jLi&>) + jMu)I t . . . (1) 

The secondary induced E.M.F. is 
E 2 = - jMa)I x 

and this has only to supply the total impedance drop in the secon- 
dary circuit • 

- jMcoI 1 = / a (i? 2 + jLjjo) (2) 

From equation (2\ we have 

/ 2 __ - jM(o 

h 

• A _ Ma) 

' ' I x VR 2 + L 2 2 < o 2 

Substituting in equation (1) the value of I t obtained from (2), 
we have 


M 2 oj 2 

E x = h^+jL l0 » + 

-I f (R 4 \L m) I- M2<t > 2 ( R z I 

• 1 jLl ' *" lit 2 + ) 

- h | + R i R t + L t w a + r 'i L * R t + L t Wj) 

Thus the quantity 

r> ■ D MW \ , . ( T r MW 
Rl + R *' R 2 + L 2 W) + J< °\ Ll L * * R 2 + L 2 W 


is the equivalent impedance of the primary circuit. 

MW 

R x + R 2 , p 2 v / ~ 2~2 is the equivalent resistance, 

/t 2 -j- L 2 (O* 

MW 

and L, - L a . n -z — — r is the equivalent inductance. 

1 3 R 2 2 + L 2 W 

Denote these by r x and l x respectively, then the equivalent primary 
reactance is 

.\ = ZjCO 


7 = _£?_ 
- 1 r l + j* 
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. / * 

‘ • 1 ” Vr,* + *,» 

Mco 

But 

, _ h, v Jfm 

7 * = x Va7TW 

We see that r x > R x and ^ < £l, so that the effect of putting load 
on a transformer is to increase the apparent resistance and to 
decrease the apparent inductance. 

14. Testing of Transformers. The various transformer tests are 
as follows — 

(a) Core Loss Tests. The primary is connected to a supply of 
normal frequency and voltage, through a wattmeter W t as shown 
in Fig. 225, and the secondary is loft on open circuit. Since the 
core loss is independent of the load, and since the primary no-load 
current 1 0 is so small that the copper loss due to it can bo neglected, 
we have 



Core loss = wattmeter reading = W i9 say 

W • 

Power factor cos = ~-J- 

EI, 

Working component I m = I 0 cos <p 0 


Magnetizing compound = I 0 sin <p 0 

Since the power factor cos q> 0 will be low, it will be necessary to 
correct the wattmeter reading. (See Chap. XIV.) 

If the dimensions of the core and the number of primary turns 
are known, the hysteresis and eddy current losses can be separated 
in the following way. We have, from the transformer E.M.F. 
equation, 

n _ E X 10 s 
ma * 4-44 ANJ 

The applied voltage E is varied over as wide a range as possible, the 
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frequency being kept constant at, say, f v The iron loss, as 
measured by the wattmeter, is then plotted againBt the calculated 
values of B fnax (Fig. 226). The test is then made at a second 
frequency / 2 , thus giving two curves. For a given value of B max 
the Hysteresis loss is proportional to the frequency, and the eddy 
current loss to the square of the frequency. Hence, if we take any 
ordinate PQM } we have 
Total loss at frequency f x 

Wi - + fl/i 4 

While total loss at frequency f t 


W t = Af 2 + J3/ 2 *, A and B being constants. 


From these equations A and B can be calculated. The separate 
losses at any frequency, for the value of B max equal to 0M t can then 
be calculated. By drawing a series of ordinates and making the 
above analysis for each, the losses at any value of B max , as well as 
any value of the frequency, can be calculated. 

It is usual to make the above test, not on the actual transformer 
itself, but on a test specimen built up of strips of transformer iron. 
In Epstein’s apparatus the specimen is arranged in a square, the 
standard dimensions 6 f a strip being 50 cm. x 3 cm. The total 
weight of strip used in building up the specimen is 10 kg. The 

arrangement of the specimen 
and the magnetizing coils is 
clearly shown in Fig. 227. 

( b ) Impedance and 
Copper Loss Tests. The 
secondary is short-circuited 
by a heavy conductor, a r 
shown in Fig. 228, and a 
low voltage applied to 
the primary, the voltage 



T 
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Fxo. 228 


Epstein’s Iron Testing Apparatus 


being adjusted until the ammeter A indicates that the full load 
current is flowing- The losses now taking place will be the full load 
copper loss in both primary and secondary, and a small amount 
of iron loss. The voltage applied has to be so small that this iron 
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loss is quite negligible. Hence, if W § is the wattmeter reading, E a 
the voltage applied, and I t the current, then 

Full load copper loss = W t 

Remembering that the copper loss is proportional to thi square of 
the current, the copper loss at any load can be calculated. If it 
is required to determine the copper loss only, it is not absolutely 
essential that the supply should bo of normal frequency because 
the copper loss (PR) is independent of frequency. If the windings 
are of very heavy section it is preferable that normal frequency 
should be used, because eddy currents are set up in such windings, and 
the additional loss due to tnem is a part of the total copper loss. 

The impedance of the transformer can also be determined from 
the short circuit test, but in this case it is imperative that the 
voltage should bo of normal frequency. If the voltage is applied 
to the primary, 



W 

Also, from cos <p a = — -- , we have 

R x = Z x cos <p $ ; Xi = Zj sin <p a 
Similarly, if the tost is made with the primary short-circuited. 

(c) Load Test. The efficiency can be determined with con- 
siderable accuracy from the results of the open and short circuit 
tests, while full load tests are made to determine the temperature 
rise. A small transformer can be put on full load by means of an 

artificial load, say, a water 
resistance, but for large 
units a regenerative test is 
almost imperative, partly 
because of the saving in 
energy, but mainly because 
of the difficulty in arranging 
an artificial load to absorb 
very large amounts of 
power. The regenerative 
test on two transformers is 
called the Sumpner test, 
and sometimes the “ back- 
to-back ” test. Two similar 
transformers have their 
primaries connected to a 
supply of normal voltage 
and frequency as in Fig. 
The wattmeter W x gives the total core losses. The two 



229 . 


secondaries are connected together, care being taken to have 
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their “ polarities ” in opposition. This is done as follows. 
Terminals A and G are connected together, and a voltmeter of 
range double the voltage of either transformer is connected across 
BD. , If no reading is obtained, the voltages in the two secondaries 
are in opposition, and the terminals BD can be safely connected. 
If a reading is obtained, the voltages are acting in the same direction, 
so that it will be noccssary to connect A to Z). In the case of 
high voltage transformers, it is common practice to use a bank of 
incandescent lamps in scries instead of a voltmeter, care being 
taken, of course, to see that all the lamps are sound. If the two 



(l) Tauk with external tubes (li) Water cooling (J) Air blast cooling 

secondaries are connected in opposition no secondary current will 
flow, and to produce this current it is necessary to inject an K.jVI.F. 
into the secondary circuit by means of a regulating transformer 
This injected voltage is adjusted until full load secondary current 
is flowing. This will induce full load currents in the primaries, but 
the primary currents will circulate through the bus-bars, as shown 
by the dotted path, and the reading of W x will be unaffected. The 
wattmeter W 2 will give the total copper losses, and thus, knowing 
both iron and copper losses, the efficiencies can be calculated. 
The advantage of the test is that two large transformers can bo put 
under full load conditions for several hours, so that the temperature 
rise can be measured, with an expenditure of energy equal to that 
required by the losses only. 

The Sumpner test thus necessitates two transformers, and these 
are not always available. If a single transformer is to be tested, 
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then provided another transformer of the same voltage and the 
same, or greater, capacity is available, the test can be carried out. 
Failing this, the single transformer can be tested as follows. One 
side is short-circuited and a voltage applied to the other side of such 
value that the transformer intake is equal to the sum of the normal 
copper and iron losses. It is obvious that with this method the losses 
are almost entirely copper losses, with the result that the tempera- 
ture rise of the copper will be greater than normal, and that of the 
iron less than normal. On the other hand, the temperature rise of 
the oil in which the transformer is immersed will be of normal value, 
the test thus being sufficient for the checking of a specification 
giving a figure for the temperature rise of the oil, as is usual. 

Other tests which can only be applied to three-phase transformers 
are described in Chapter XIV. 

15. Methods of Cooling Transformers. Since there are no rotating 
parts which induce a ventilating draught, transformers are more 
difficult to cool than rotating electrical machines. For small 
outputs, up to, say, 20 kW, the external surface is sufficient to 
enable the heat produced by the losses to bo dissipated by radia- 
tion, but for larger sizes additional means of carrying away 
the heat have to bo provided. The various methods are 
illustrated in Fig. 230. For outputs up to 500 kW it is sufficient 
to place the transformer in a tank of oil, and to provide as 
large a cooling surface as possible by (a) corrugating the sides 
of the tank, or (b) using a boiler plate tank provided with 
external tubes. This second method is being used very exten- 
sively at the present time. For still larger outputs the above 
method would necessitate a very large tank, and it is therefore 
common to use a small tank with a worm immersed in the oil, 
through which cooling water is passed. The disadvantage of this 
is that the water is under pressure, and if any flaws develop 
in the worm, water will find its way to the oil. It is therefore 
preferable to have the oil at higher pressure than the water, as in 
the case of the external oil cooler. The oil is pumped through a 
cooler very similar to a condenser, and is cooled by low pressure 
water. Where a cheap water supply is not available, as is often 
the case in substations, the transformer can be cooled by an air 
blast. In such a case it is necessary to filter the air, or dust 
particles will in time clog up the ventilating ducts. The main 
disadvantage in -air- blast cooling is that the very valuable increase 
in insulation strength due to immersion in oil is lost. 

16. Heating-Time Curve. With very large transformers a very 
long time is required for the temperature to attain its final value, 
and it is not convenient to leave the transformer on test for the 
whole of this time. If the temperature is taken at regular intervals 
for a few hours, then the final temperature can be calculated from 
the initial rate of rise so determined. 
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Let W = full load losses in copper and iron (watts) 

H = amount of energy in joules required to raise the 
temperature of the whole transformer by 1°C. 

• K = watts dissipated by the transformer and its cooling 
appliances per degree rise in temperature 

0 m = final temperature rise attained 
Then W = K0 m by Newton's law of oooling. 


Now at any temperature rise 0, 

(Rate of production __ (Rate of st&rago , (Rate of dissipation 
of heat) ~~ of heat) ‘ of heat) 

/. W = H + KO 
dt 


the solution of which is 

W - * 

8 = ]f+ A * W ' 

where A is a constant and t is the time in seconds. 
Now when 

* - 0 ,' = 0 ’ ••• 




where B =*= ^ 


B is called the “ temperature-time ” constant. Its components 
H and K can be calculated from the data of the transformer, and 
therefore, B is known. The equation for 0 shows that the curvo of 
0 against t is an exponential curve as shown in Fig. 231. The 
final temperature is theoretically attained when t = oo . We 
therefore have 



Differentiating the equation for 0 with respect to i we have 

= JL e ~i 

dt KB' 

Initial rate of rise of temperature 
(dJ0\ W 
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/. From 0 m 


W 

K 


We have 0 m = 



= (Temp.-timo constant) X (InitiaJ rate of rise of temperature) 

If, after attaining its final temperature, the transformer is allowed 
to cool down, the curve of fall of temperature is complementary to 
the curve of rise of temperature. We then have 



a run of short duration. Ono 
have seen that 


Now, when carrying out a heat 
run on a small machine, the final 
temperature will be attained in a 
comparatively short time, say five 
or six hours, but in the case of a 
very large machine twenty-four 
hours, or even longer, may be re- 
quired. In such a case it is desirable 
to be able to determine the final 
temperature from the results of 
hod of doing this is as follows. We 


w h~a- ko 

at 


dO_W K 
dt ~~ 1I~ H' 



cc (0.-0) 

In other words, the slope of the curve at any instant is proportional 
to the difference between the actual temperature at that instant 
and the final temperature. Thus, in Fig. 232, the point P is taken 
at a temperature rise equal to half the final rise, and tp is taken at 
three-quarters of the final rise. The point 0 is at the commencement, 
for which there is no temperature rise. Hence, the slope of the 
tangent at 0 is proportional to the final rise 6 m , the slope, of the 
tangent at P is proportional to and that at Q is proportional 
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to \d m . The procedure is therefore as follows. Observe the initial 
rate of rise from the results of the test of short duration, and deter- 
mine the slope at successive periods until a point is reached at which 



Fig. 282 


tho slope is half the initial slope. Then the final rise of temperature 
is twice the rise of temperature reached at that point. As a check 
on the accuracy of the determination of the slopes at various 
instants, the curve of (Q - dO/dt) can be plotted against time, and 
this should be a straight line. 

Example. A 100 kVA transformer has a temperature- time constant of one 
hour. The ratio of iron loss to copper loss at full load current is 1 to 2, and tho 
temperature rise on normal full load is 00° C. What overload will produce a 
temperature rise of 60° C. at tho end of a run of 2 hours, starting from cold T 

We have 0 = ^1 - £ ~ ^ 

Hence under overload conditions 


60 




- 0*0 -*-*) 

= ■8650 m 
60 

K =.865 = 69,4 ° C - 


But 


W 

= K 


showing that 0 m is proportional to the total loss 
Total loss on overload _ 69*4 
’ * Total loss on normal load 50 

= 1-30 

Denote the full load by unity and the total load at overload by x> 
also let W { = iron loss. 
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2W, = copper loss on normal load 
2 W i X x 2 = copper loss on overload 

. W, + 2 W { _ 1 

" W { + 2Wi X a; 2 ' 1-39. 

3 _ 1 

1 + 2a a 1-39 
which gives x = 1*26. 

Hence a 26 per cent overload will give a temperature rise of 60° C. 
in 2 hours. 

17. The Auto-Transiormer. An auto-transformer has one winding 
only as shown in Fig. 233, the secondary voltage being obtained by 



Fio. 233 


tapping off at any convenient point. As in the ordinary trans- 
former, the transformation ratio is equal to the turn ratio. 

*i *i 

For the same capacity and voltage ratio the auto-transformer 
requires less copper than an ordinary transformer. The cross 
section of a conductor is proportional to the current carried, and 
the length of conductor in a winding is proportional to the number 
of turns. Hence, weight of copper in a winding is proportional to 
the product of the current and the number of turns. 

(a) Ordinary Transformer. 

Weight of copper on primary oc N x l x 
Weight of copper on secondary oc jV 2 / a 
Total weight of copper oc {N X I X + N 2 I 2 ) 

( b ) Auto-Transformer. 

The top section of (N x - N 2 ) turns carries current I x 
Weight of copper in this section oc (N x - N 2 )I X 
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The bottom section of N 2 turns carries a current of (/ 2 - 1 x ) because 
of the opposition of primary and secondary currents. 

Weight of copper in bottom section oc N t (l % - I x ) 

total copper in auto-transformer oc 

(N x - N 2 )I l + N 2 (I 2 - /,), oc (N x - 2N 2 )I x + N t I t 

. Weight of copper on auto- transformer __ (N 1 -2N 2 )I 1 +N 2 l 2 
Weight of copper on ordinary transformer N X I X -f- N 2 I % 

_ N 1 / 1 V 0 - 2 + /,//, 

A\/* a + /,//» 

Now ass'/j// ! = m, say, where m = 1/JST 

Ratio of weight of copper = ~ ^ = !!LlI 


Current 

Transformer / ; nt> 

VV\/ 

-wwi 

- 0 - 

Fio. 234 



Because of the saving of copper, auto- transformers are occasionally 
used where a transformation ratio not very different from unity is 
required ; but where one side is at very high tension compared with 
the other, it is preferable to have the two sides electrically separate 
and to use ordinary transformers. Auto- transformers therefore 
have the biggest sphere of usefulness as regulating transformers. 
They are also sometimes used as boosters to raise the voltage in an 
alternating current feeder. 

18. Use o! Transformers with Measuring Instruments, (a) When 
measuring large currents in a direct current circuit it is usual to 
pass the current through a shunt, and to measure the P.D. across 
the shunt by means of a milli-voltmeter. This is not convenient 
with alternating current instruments, except hot-wire instruments, 
and it is therefore usual to pass the current to be measured through 
the primary of a “ curreut ” transformer, the secondary being 
connected to the ammeter (Fig. 234). Since ammeters are of very 
low resistance it will be seen that a current transformer normally 
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works short-circuited, and if for any reason the ammeter is taken 
from the circuit the secondary terminals must be short-circuited. 
If this is not done the primary winding will act like a choker 
connected in series with the line. The M.M.F. of the. primary 
current will be unopposed and the core will carry an abnormally 
high flux, thus inducing high E.M.F.s in both primary and secondary 
windings. For the measurement of the very heavy currents carried 
by bus- bars or feeders the conductor itself constitutes the primary, 
as shown in Fig. 235.* 

(6) When measuring very high pressures, the pressure is stepped 
down by means of a “ pressure ” transformer, the low tension 
secondary of which is connected to the voltmeter. For switchboard 
use a voltmeter works practically all the time on one part of the 
scale, and if the transformer gives the correct ratio at this 


Current 

Transformer 



point, a variation of the ratio at other points is not of much 
account. ,On the other hand an ammeter has to bo correct at all 
points on the scale, and therefore, the current ratio of a current 
transformer must be the same at all loads 

(c) When measuring power on a high pressure system both 
current and pressure transformers are used, the way in which they 
are connected in the circuit being illustrated in Fig. 236. 

19. Transformation from Three to Two Phase. Scott’s Method. 
In some cases, mainly for electric furnace work, it is desirable to 
work with two phase current. At the present time bulk supplies 
are invariably three phase, and it is therefore necessary to convert 
from three to two phase. This can be done by means of two single 
phase transformers connected in “ T,” as in Fig. 237. 

Let E x = voltage across each phase of the two phase side. 
Then, assuming unity transformation ratio in transformer /, we 
have EJ2 across CD and DA. Hence, for the voltages on the 
three phase side, we have, if K is the transformation ratio in 
transformer II, 


* The theory and use of instrument transformers are treated exhaustively 
in Inrirument Transformers, by Hague (Pitman). 
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E 

E kB =s _J + K . E v vector sum 

it 


. E BC = - Zj®! + vector sum 


*1 


Z CA = -^1 - - 1 — - Z 1( vector sum 
CA 2 2 1 

Now on the two phase side the two voltages E x must have 90° 
phase difference. Hence, the complete vector diagram is as shown 
in Fig. 231. The three phase vectors must be 120° apart. 

a/3 

/. L POQ = 60°, PQ = V3 xOQ=Y E y 



Fig. 237 Fig. 238 

8cott Connections Three-phase Transfobmbr 


But PQ is equal to KE V Hence K = V 3/2 ; and therefore, the 
coil BD of transformer II must have 0 866 as many turns as the 
coil CA in transformer I. 

20. Three-phase Transformation, The ordinary transformation 
of three-phase current at one voltage to three-phase current at 
another voltage can be effected either by means of a single three- 
phase transformer, or by three separate single-phase transformers, 
as shown in Fig. 238. The advantage of using three separate 
single-phase transformers is that only one-third of the total output 
need be kept as spare, an equal single-phase transformer being 
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substituted for a faulty one, in the case of breakdown. With a 
three-phase transformer it is necessary to have another three-phase 
transformer of full output as a spare. If the three single-phase 
transformers are mesh connected, then, in the event qf a fault 
developing in one of them, it can be removed from service,’ the 
two remaining transformers supplying the load in what is called 
“ open delta ” connection. This does not apply to the three 
single-phase transformers oonnected in star. 

With one three-phase transformer, or a “ bank ” of three single- 
phase transformers, the primary may be star connected and the 
secondary mesh, or vice versd. If a number of three-phase trans- 
formers, or a number of banks of single-phase transformers, are 
worked in parallel, then there are certain methods of connection which 
cannot be employed. A few arrangements are tabulated below — 


1st Transformer. 
2nd Transformer. 
1st Transformer. 
2nd Transformer. 
1st Transformer. 
2nd Transformer. 


Primary A, Secondary A ) 

Primary A, Secondary A j m P ossl 0 
Primary A, Secondary A ) „ 

Primary A, Secondary A j 0881 e 
Primary A, Secondary A ) 

Primary A, Secondary A ) 088lb 0 


21. Tests on Three-phase Transformers. The determination of the 
core loss and magnetizing current is made by means of an open-circuit 


3- Phase Supply 



Path of 
Induced 
Current 


Fia 


1- Phase Supply 

239 . CONNECTIONS FOB 
Delta -delta Run 


test as in the case of single-phase trans- 
formers. The power can be measured by 
the two- wattmeter or the three- wattmeter 
method, or, alternatively, a single watt- 
meter used in conjunction with a transfer 
switch can be used. If the reader will 
work out the vector diagrams for the 
two-wattmeter and three-wattmeter 
methods, he will find that, owing to the 
low transformer power factor on open 
circuit, the meter power factor will be 
lower in the three-wattmeter than in 
the two-wattmeter method, and con- 
sequently the latter method is preferable. 

The short-circuit test is also carried 
out by the two-wattmeter method, and 
the resistance, reactance, and impedance 
are worked out per phase. 

For the purpose of a heat run the 
short-circuit test can also be used, the 
applied voltage being increased so that 
the transformer intake is equal to' the sum 
of the normal iron and copper losses. As 


THE TRANSFORMER 


297 


indicated in the section dealing with single-phase transformers, this 
method has the defect that the temperature rises of the iron and 
copper are not normal. This difficulty can be overcome in the case 
of three-phase transformers by what is called a delta-delta run. 
Whatever the normal connections of the phases, both primary and 
secondary phases are connected in delta, and the iron losses are 
supplied from a three-phase supply of normal phase voltage and 
frequency, while the copper losses are derived from a single-phase 
supply. The connections for the test are shown in Fig. 239. Since 




Supply 

3-Phase Boost. 



i-Phase 

Supply 

Single-Phase Boost. 


Fio. 240. Alternative Connections for Regenerative Test on 
Two Three-phase Transformers 


the three-phase supply is at correct voltage and frequency, the sum 
of the wattmeter readings, W 1 and W 2 , will be the iron loss. The 
high-tension winding is connected in open delta, and is connected 
to a single-phase supply, whose voltage, to produce normal full -load 
current, must be equal to three times the impedance voltage per 
phase referred to the high-tension side. The ammeter in this circuit 
will then indicate full-load current, and this current will induce 
full-load current in the low- tension winding, this induced current 
being a circulating current, as indicated by the dotted path, and 
therefore not affecting the readings of wattmeters W 1 and W t . 
Hence, wattmeter W a will indicate the total copper loss. This test 
is suitable for low reactance transformers, but not for high reactance 
transformers, because the single-phase loading will set up abnormal 
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leakage fluxes, which, in turn, will set up additional losses due to 
abnormal eddy current in the windings, ironwork, and tank. 

When two three- phase transformers are available, the Sumpner 
test can be carried out as with two single-phase transformers, the 
iron loss is supplied to one side, usually the low-tension, while the 
copper loss is supplied to the other side by means of a boosting 
transformer. In the three-phase case this boost can be carried out 
either single-phase or three-phase, the connections for both tests being 
given in Fig. 240. The single-phase boost is, of course, the simpler, 
but it should only be used with transformers of low impedance, or 
with banks of three single- phase transformers, for the reasons given 
in connection with the delta-delta run. 


Examples on Chapter XV. 

(1) An alternate current transformer has its primary winding connected 

with mains whose voltage varies according to a sine law, the frequency 
being 50. The secondary coil has 50 turns and gives 100 volts on open 
circuit. The section of the transformer core is 20 sq. in. Determine the 
maximum value of the induction density in the core. Prove the formula 
and. (London Univ., 1916.) Xn..— 46,200 lines per sq. in. 

(2) A 100 kVA transformer with a secondary voltage of 400 has a 

resistance reforred to the secondary of 0-010 ohm, the iron loss of 1,000 watts. 
Plot itB efficiency against secondary current for power factors of 1*0 and 0*8 
lagging. Calculate the secondary current at which the efficiency is a 
maximum. An*.— 250 amps. 


(3) A 100 kVA transformer stepping down from 2,000 to 400 volts has 
a primary resistance of 0-17 ohm and a secondary resistance of *0008 ; the 
reactances are -25 and -01 ohm respectively. Calculate the resistance, 
reactance, and impedance referred to the secondary, and hence find the 
per cent regulation on full secondary load of 250 amp. at a power factor of 
0*8 lagging. Check the regulation by the Kapp diagram. 

Ana. — 0130, *02, *024 ohms., 1*43 percent. 


(4) Give the theory of the open and short circuit method of testing a trans- 
former, and show how from the measurement taken it » possible to calculate 
the efficiency and percentage drop of secondary voltage for a load of known 
magnitude and power factor. 

A transformer to convert 10 kW from 2,000 to 100 volts when tested by 
the above method showed losses which for the open circuit test at normal 
voltage were 200 watts at power factor 0*7, and which, for the short circuit 
test at full load current, were 250 watts at power factor 0*25. Calculate the 
efficiency of the transformer for an output consisting of a full load secondary 
current (lagging) at power factor 0*0. (London Univ., 1915.) 

Ana. — 90*5 per cent. 


(0) Calculate the percentage regulation of the transformer in question 4 
when working on the stated load. dru.— 9-3 per cent. 

(0) Two 100 kW single phase transformers are connected in parallel both 
on the primary and secondary. One transformer has an ohmic drop of 
\% at full load and an inductive drop of 8% at full load current, sero power 
factor. The other has an ohmic drop of f % and an inductive drop of 4%. 
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Show how they will share the following loads: (a) 180 kW at 0*9 power 
factor ; (b) 120 kW at 0*6 power factor ; (0. and G.) 

Ans. — 68} and 111 J kW. ; (6) 42 and 78 kW. 

(7) How would you test the suitability for banking of two transformers 
(i.e. connecting in parallel) of which the no load ratios of transformation are 
equal and the regulation is unknown. (C. and G. f 1922.) 

(8) A system supplies a load which varies in a period of 24 hours as follows : 
6 a.m. to 12 noon, 1,000 kW ; 12 noon to 1 p.m., 100 kW ; 1 p.m. to 6 p.m., 

1.000 kW ; 6 p.m. to 6 a.m., 300 kW. Energy is transmitted over a line in 
which the losses at full load are 6,000 watts, and is transformed by a trans- 
former having a no load loss of 6,000 watts, and a full load copper loss of 

8.000 watts. Calculate the total losses in transmission and conversion during 
the 24 hours (C. and G., 1922.) 

Ant. — 301*2 kW. hours. 

(9) A 1,000 kVA and a 600 kVA single phase transformer are connected 
to the same bus- bars on the primary side. The secondary pressures at no 
load are 600 and 610 volts respectively. The impedance voltage of the 
first transformer is 3*4 per cent and of the second 6 per cent. What cross 
current will pass between them when the secondaries are connected together 
in parallel T Assuming that the ratio of resistance to reactance is the same 
in each, what currents will flow in the secondary windings of the transformers 
when supplying a total load of 1,200 kVA? (C. and G., 1923.) 

Ans. — 294, 1,750, and 730 amps, (assuming load of unit power factor). 

(10) Two electric furnaces are supplied with single-phase current at 80 volts 
from a three-phase 11,000 volt system by moans of two single -phase Scott 
connected transformers, with similar secondary windings. When the load 
on one transformer is 600 kW and on the other, 800 kW, what current will 
flow in each of the three-phase lines (1) at unity power factor; (2) at 0*5 
power factor T Neglect phase displacement in, and efficiency of, the 
transformers. (C. and G., 1921.) 

Ans. — (1) 73, 73, and 53 amp. ; (2) 146, 146, and 105 amp. 



CHAPTER XVI 

ROTATING MAGNETIC FIELDS 

1. The magnetic field produced by a single phase current is an 
alternating field, and we have seen that this can be resolved into 
two rotating fields travelling in opposite directions. Hence, if one 
of these fields can be eliminated, or if it is not produced at all, then 
a pure rotating field will hp left. This necessitates polyphase 
currents. 

2. Consider two coils placed 90° apart and connected, one to 
each phase of a two phase supply, as in Fig. 241. Each coil sets up 
an alternating magnetic field along its own axis, and each of these 
fields can be split up into forward and backward travelling com- 
ponents, having an angular velocity of co, where co = 2 irf. Consider 
the instant the current in coil I is a maximum. Then its magnetic 
field is a maximum and in consequence the two rotating com- 
ponents, 1 and 2, are each directed along OX . At the same instant 
the current in coil II is 90° behind its maximum, so that its com- 
ponent fields, 3 and 4, have each to travel 90° before they point 
together along O Y. Hence, they are along OX, but pointing in 
opposite directions. Now components 2 and 4 are both travelling 
in a clockwise direction with the same angular velocity. They are 
thus always opposed, so that they neutralize each other at every 
instant. 

We are thus left with components 1 and 3, which combine together 
to produce a pure rotating field. It will thus be seen that the 
direction of rotation of the resulting field is the same as the direction 
of phase sequence in the two coils ; in fact, Jthe resulting field 
points along the axis of any coil at the instant the current in that 
coil is a maximum. Thus, to reverse the direction of the field, it is 
necessary to reverse the phase sequence, which can be done by 
reversing the connections to one of the coils. 

3. Now consider three coils arranged 120° apart, each supplied 
from one phase of a three phase supply, as in Fig. 242. Consider 
the instant the current in coil I is a maximum. Then its two 
rotating fields, 1 and 2, will at that instant be directed along the 
axis OA. The current in coil II is 120° behind its maximum value, 
and therefore, each of its component rotating fields, 3 and 4, has 
to travel 120° before they point together along the axis OB. 
Hence, one of them will at that instant point along OA, and the 
other along OC, as shown. Similarly, the rotating fields 6 and 6, 
due to the current in coil III, have each to travel 240° before they 
point together along OC. Hence, field 5 is along OA , and 6 along OB. 

Collecting the clockwise fields we see that these are 120* apart, 
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and therefore neutralize one another at every instant. The counter- 
clockwise holds all point in the same direction and they therefore 
'combine to produce a pure rotating field. 

In this case also, the direction of rotation is the same as the 
direction of phaso sequence, first coil I has its maximum current, 
then II, and then III. Thus, to reverse the direction of rotation 
of the field the phaso sequence must be reversed. The three coils 
will be either star or mesh connected, and all that is necessary is 
to reverse two of the connections to the three terminals. 

4. The above fields are bi-polar fields, that is, they have one N. 
and one S. pole. In a polyphase armature winding the various 
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Production of a Rotating Magnetic Field 


phases are separated by an angular distance in space equal to the 
electrical phase difference between the currents in them, so that 
such windings, when traversed by polyphase currents, produce a 
rotating field. In this case the rotating field has as many poles as 
the machines for which the winding is designed. It will thus be 
seen that the armature reaction in polyphase alternators consists 
of a rotating magnetic field which keeps pace with the poles of the 
rotor. The armature reaction is therefore uniform, instead of 
pulsating as in a single phase alternator. Similarly, the torque 
produced by a polyphase synchronous motor is uniform, because 
the pure rotating field set up by the polyphase armatuie currents 
has no backward rotating component. This property of the motor 
enables it to be rendered self -starting by means of the dampers on 
the pole faces, the action of which in this connection is explained 
fully in Chapter XXI. 

5. Let each of the coils in Fig. 242 produce an alternating field of 
maximum strength H along its axes, then, as with alternating current 
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and voltages, we have the fundamental equation giving the instan- 
taneous value with respect to time 

h = H sin cot 

Take as zero time the instant that the rotating vector giving the 
field H x is directed along OA , then we have 


or 


= Z/j sin cot 

h 2 = H 2 sin (i u)t + 120) 
h 3 = H 3 sin (cot + 240) 
Aj = H x sin cot 


*. 

Aa 



( ! 

(• 


A/1 

. sm cot - JL.'i cos cot 


a/1 

ament + JLz cob cot 
2 


) 

) 


Now resolve these along OA and a perpendicular axis, and denote 
by X and Y the total components in these two directions. Then 
X -f- h 2 cos 120 + h 3 cos 240 

Y = 0 + h 2 Bin 120 + h 3 sin 240 

Now put H x = II 2 ~ H 3 — H f and we have 

-r 3 „ 

X = - H cos cot 

_ 3 

Y = g H sin cot 


Hence, for the resultant field, we have 

H r = (X 2 + F 2 )* 



showing that the field is of constant strength, since its magnitude 
is independent of time. 

For its direction 0 with respect to the OA axis, we have 

, Q Y sin cot 

tan 0 = — = tana>£ 

Y cos c ot 


0 = tot 


In other words* the angle 0 is proportional to the time, and there- 
fore the resultant field H r must rotate in space with a uniform 
angular velocity of to. In the example taken the direction of rotation 
of this field is counter-clockwise, because the sequence with which 
the component alternating fields go through their changes in magni- 
tude is in the order I, II, III. If it is required to reverse the direction 
of rotation of the field it is necessary to reverse this sequence, e.g. 
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to change it to I, III, II. This is very easily accomplished by chang- 
ing over two of the connections to the coils. Thus, if the coils are 
star connected, the leads to coils B and G can be changed over. 

The nature of the rotating magnetic field produced by the windings 
of a polyphase machine is discussed on p. 310. 

6. The Three Phase Power Factor Meter. This instrument is an 
application of the principle of the rotating field, one form of the 
instrument being shown in Fig. 243. Three fixed coils are arranged 
radially, each coil being connected to one line conductor, if necessary, 
through current transformers. The currents flowing through those 


0 



coils produce a rotating magnetic field, say, in a clockwise duection. 
Inside the fixed coils, and free to rotate, is a similar set of high 
resistance pressure coils connected, each across one pair of lines, 
through a series resistance, or, if necessary, through a pressure 
transformer. The pressure coils also sot up a rotating field 
which is in the same direction as the field produced by the fixed 
coils. Now if the pressure coils were clamped in the position in 
which they are drawn in the figure, there would be an angular 
distance between the two rotating fields equal tc the angle of lag 
of the current. As the pressure coils are free to move, the two 
fields come into line, thus turning the pressure coils through an 
angle equal to the angle of lag of the current. If the current is 
leading, then the pressure coils will be turned in the opposite 
direction. If the current is in phase with the voltage, then, 
with the pressure coils in the position shown, the two rotating 
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fluids are already in phase, and there is no couple set up on tjie 
moving system, which remains in this position. Hence* the dial is 
graduated as shown. 

A disadvantage of the instrument just described is that the liga- 
ment necessary for the leading of the current to the mdving coils 
limits the deflection to about 300 degrees, instead of giving perfect 
freedom of rotation. This difficulty has been overcome in the 
moving-iron power-factor meters in which, as the name implies, 
the moving system consists of iron vanes. In the Ockenden instru- 
ment, as manufactured by Messrs. Everett Edgcumbe & Co., Ltd., 
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Fio. 244. Principles of the Ockenden Moving-iron Power-factor 

Meter 


the-rotating field principle is retained, the principle of the instrument 
being indicated by Fig. 244. C l9 C 2 , and C 3 are the fixed current 
coils which, in virtue of their geometrical spacing, produce a rotating 
magnetic field as shown previously. The pressure coils are flat-fixed 
coils arranged in a stack with their axis perpendicular to the view 
of Fig. 244, so that in plan they appear as a circle, as shown. Each 
phase comprises two of these coils placed close together, and in the 
gap an iron vane can rotate. The pair of coils is wound so that 
unlike poles come together, the vane thus moving in an intense radial 
field. The result of this is that magnetic interference, both from 
neighbouring ooils in the same instrument and also from .external 
bodies, is eliminated. 




CHAPTER XVII 
THE ALTERNATOR 


1. In Direct Current Generators tho armature rotates under the 
poles of an external field system. In modern alternators the 
construction is the reverse of this, the armature being stationary 
and the field rotating. The advantage of this construction is that 
no difficulty is experienced in insulating the stationary armature 
winding for very high voltages, e.g. as high as 30,000 volts in some 
cases. Also, the current from the armature is collected from fixed 
terminals. The field winding of course requires direct current 
excitatiop, and since the magnet rotates, this current has to be led to 


the winding by means of two 



Fig. 245 

Alternator Construction 


slip rings. This is not a serious 
matter, as the excitation voltage 
is low and the power required 
for excitation is also small. 

The stator core is laminated 
like a D.C. armature core, ventila- 
ting ducts being provided in ordtf 
to assist cooling. It is not 
necessary to laminate the field, 
since this carries a continuous 
flux, but sometimes the poles or 



the pole tips are laminated. A typical alternator construction is 
illustrated in Fig. 245. 

2. Frequency. When a conductor is opposite the neutral planes, 
as at A, C, and E (Fig. 240), its induced E.M.F. is zero. Opposite 
the middles of the poles, at B , D , F % its induced E.M.F. is a maxi- 
mum, its direction depending on the name of the pole influencing 
the conductor at any given instant. The E.M.F. induced in a 
conductor therefore goes through one complete cycle in an angular 
distance equal to twice the pole pitch. 

300 
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No of cycles per revolution = V- where p — No. of poles. 

2 


Let N 
. N 
” 60 


r.p.m. 

r.p.s. 


;. Frequency in cycles per second 
J 2 60 120 


Hence, if the speed and frequency are specified, the number of 
poles required is fixed. In a D.C. generator designed to a given 
specification the number of poles is not fixed, and it would be 
possible to design, say, 10 and 12 pole machines of equally good 
performance to the same specification. This definite relationship 
between /, p, and N has an important bearing on the choice of 
speed of an alternator. Thus if / == 50, then for p = 2, N = 3,000 
r.p.m., while for p = 4, N = 1,600 r.p.m., and speeds intermediate 
between 3,000 and 1,500 are inadmissible. 

The possible speeds of alternators working on a frequency of 
50 cycles per second are, therefore, as given in the following table. 
These are also the speeds at which synchronous motors run, and 
are slightly greater than the speeds of induction motors running 
without any speed -regulating plant in circuit. 


No. of poles = p 

N _ 120/ _ 6,000 
~ p p 

Successive 

Differences 

2 

3,000 

1,500 

4 

1,500 

500 

6 

1,000 

250 

8 

750 

150 

10 

600 

100 

12 

500 

72 

14 

428 

53 

16 

375 

42 

18 

333 

33 

20 

i 300 

27 

22 

273 

23 

24 

250 



It will be seen that when p is large the successive differences are 
so small that they are of little consequence, but when p is so small 
as to bring the speed within the range of turbo speeds, the successive 
differences are very large. 

3. Single-phase Armature Windings. Most alternator windings 
are modifications of the simple wave windings, several of these 
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being shown in Fig. 247. No. I is the simplest possible winding 
and can be referred to as a “ skeleton ” wave winding. In winding 



I. 

Skeleton Wave 
Winding . 


TL. 

Hemitropic or 
Half-coiled 
Winding. 


m. 

Whole -coiled 
Winding. 


TV. 

Distributed 
Winding with 

Spiral Coils. 


T. 

Distributed 
Winding w, rh 
Lap Coils 




h^1 




Fio. 247 

Single Phase Armature Windings 


VI. 

Distributed 
Wave Winding. 


II, the single-turn coils of the skeleton winding are replaced by 
multi-turn coils, so that a higher E.M.F. can be obtained from the 
winding. This winding is called “ hemitropic,” or half-coiled, 
beo&use the coils only cover one-half of the armature periphery. 

11 — (T.5432) 
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Skeleton Two-phase 
Winding. 


Skeleton Three-phase 
Winding. 


Three-phase Concentrated 
Winding. One Slot per 
Pole per Phase 
Three Shapes of Coils. 


n r — i 



TT 
1 | 

i 

1 



I r 

H H 



... Three-phase Concentrated 
Winding. One Slot per 
Pole per Phase. 

— Two Shapes of Coils. 




mi 
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j ! i 

• i 


i I i! i r 




i if 
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* V. 


Three-phase Distributed 
Winding with Spiral Coils. 
3 Slots per Pole per Phase 
Two Shapes of Coil. 


i 

I 


i 


Fig. 248 

POLYFHASS AsMATUBI WINDING* 


In winding III, the coils are distributed over the whole of the 
periphery, the winding therefore being called whole-coiled. All the 
above windings are “ concentrated,” because there is only one slot 
per pole. Concentrated windings give the maximum voltage for a 
given number of conductors, but the wave form of the voltage 
departs considerably from the desired sinusoidal form. Better 
wave form, at the sacrifice of a certain amount of output, is obtained 
by distributing the winding in several slots per pole. The windings 
IV, V, and VI are examples of distributed windings, the first two 
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having spiral and lap coils respectively. Winding Vi is carried out 
in wave fashion throughout. 

The above windings are 44 single-layer ” windings, because each 
slot contains one coil side only. Two- layer windings arranged with 
tw»coil sides per slot, exactly like D.C. armature windings, are 
frequently used. These are considered in the next paragraph. 

4. Polyphase Armature Windings. These windings are arranged 
similarly to single-phase windings, the only difference being that 
in a two-phase alternator there are two separate single -phase 
windings, and in a three-phase alternator there are three separate 
windings. In a two-phase alternator the separate windings are 
90 electrical degrees apart, thus giving the required phase difference. 
A skeleton two-phase winding is shown hi Fig. 248. In a three- 
phase winding the individual windings are arranged 60° apart for 
convenience, so that the actual phase differences in the induced 
E.M.F.S are, between phases I and II, 60° ; between II and III, 60° ; 
between III and I, 240°. The second phase is therefore reversed 
when connected to the terminals, the correct phase relations in 
the external circuit being thus 
obtained. Several types of con- 
centrated and distributed winding 
are illustrated in Fig. 248, their 
arrangements being the same as 
for the single-phase windings. 

One of the most commonly 
used windings is the hemi tropic 
winding with spiral coils, as 
shown in the last example in 



Straight Coif Crank-ended Coil 


Core 


f!3? 

iiLii 


j-i r-Coi lends 



Skew. 

Coil 


Fig. 249 

Arrangement or Coils 


Fig. 250 

Winding with Skew Coil 


Fig. 248. Two shapes of coil are required to carry out this 
winding, a plane coil and a crank-ended coiJ, as in Fig. 249 The 
coil ends for this, winding are in two “ ranges ” to prevent fouling. 
If this winding is used with an alternator having an odd number 
of pairs of poles, then one of the coils has to be “ skew ” shaped, 
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that is, one side straight and the other side crank-ended. This is 
easily proved by tracing out the ends of the coils, as in Fig. 250. 

A winding of this type can be used either as a three-phase or a 
two-phase winding. Consider the winding in Fig. 251. If the 
coil width is equal to the pole pitch, the winding is three phase, 
each phase consisting of straight and crank-ended coils alternately. 
Suppose that the pole pitch is increased to 1 J the coil width. Then 
all the straight coils can be joined together in one phase, and all 
the crank -ended coils, joined together in a second phase. If we 
consider any two consecutive, coils in one phase, e.g. A and B, the 



Fig. 251 

Winding arranged tor either Two- or Three-phase Working 


E.M.F.s in them are not in phase, but since they are joined in series 
they combine to give an E.M.F. in phase with that which would 
bo induced in a conductor placed in the position X. Similarly, the 
coils C and D in the second phase give together an E.M.F. in phase 
with that which would be induced in a conductor placed at Y. But 

Y is 90 electrical degrees from 
X , and therefore, the winding 
is a truo two phase winding. 

At one time alternator wind- 
ings were almost invariably of 
the single-layer type, i.e. with 
one coil side per slot. At. the 
present time two-layer wind- 
ings are commonly used in 
cases where there arc only a 
few conductors per slot. Fig. 
252 shows such a winding. 

5. Rotating Field Produced 
by a Polyphase Winding. Since the total M.M.F. of a three-phase 
winding is made up of the separate effects of each of the phases it 
is necessary to consider, first of all, one phase by itself. Fig. 253 (a) 
shows three conductors of a single-phase concentrated winding 
having one slot per pole. Any point between conductors A and B 
is enclosed within a single turn and therefore the M.M.F. of the 
winding is constant from A to B. Similarly the M.M.F. is 
constant from B to C 9 of the same magnitude as before, but 



The Front Fnd Connection :> can be 
carried out either Lap or Ware. 

Fig. 252 

Two-la ykr Winding 
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opposite in sign. Hence the M.M.F. of a single-phase concen- 
trated winding has a rectangular distribution, as shown in the 
figure. It can thus be regarded as a rectangular wave, but it 
is a stationary wave because its position is fixed in space with 
respfect to the winding itself. On the other hand its amplitude varies 
sinusoidally with respect to time because the M.M.K. at any instant 
is proportional to the magnitude of the current at that instant. 

Fig. 253 (6) shows a single-phase winding distributed over two 
slots per pole. The winding consisting of conductors A , B, and 0 
will produce the rectangular M.M.F. wave No. 1, while that con- 
sisting of conductors A', B', and C' will produce the M.M.F. wave 
No. 2. Adding the waves 1 and 2 together we obtain No. 3 for the 
total M.M.F. wave of the distributed winding. We see that the 



effect of distributors is to change the shajie of the M.M.F. wave, 
from rectangular to stepped. 

In the case of a three-phase winding it is necessary to consider 
the state of affairs at several instants during one cycle. The first 
of these instants can be that at w hich the current in phase / is a 
maximum. Then, since we obtain the instantaneous value of a 
vector by projecting on to the OY axis, the vector of l x will be 
directed along OY, the diagram therefore being as in Fig. 254 (a). 
Suppose we call the maximum value of the current 100 per cent, 
then for the instantaneous current in the three phases we have 
= -|” 100, =: — 50, — 50 

Fig. 254 (b) shows the state of affairs one-third of a period later, during 
which interval the vector diagram has rotated 120 degrees. At this 
instant we have 

h = ~ 50, i 2 = + 100, ?* 3 = - 50 
After another one-third period, we have, from Fig. 254 (c) 
ij = — 50, i 2 =■ — 50, i 3 = + 100. 
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Now consider an actual three-phase winding. Fig. 255 (1) shows 
a four-pole three-phase winding with two slots per pole per phase. 
For convenience in drawing the diagram diamond-shaped coils are 
used, but the argument applies to any three-phase winding having 
a coil width equal to the pole pitch, i.e. having full pitch coils. The 
starts of the three w indings are represented by ^4, B , and C 9 and 
the ends by a, 6, and c. We will now adopt the convention that a 
current is positive when it enters a winding at the start, and leaves 
it at the end. With this convention we have at instant 1 a current 
of 100 entering at A and leaving at a, a current of 50 entering at b 
and leaving at B t and a curreirt of 50 entering at c and leaving at C. 



Fig. 254 


These currents are indicated by arrows in the winding diagram, and 
by the conventional crosses and dots in the sectional diagram of 
Fig. 255 (2). Considering the phases separately we use the method 
of Fig. 253 -(b) to draw' the three M.M.F. waves, these being shown 
in Fig. 255 (3). Adding these together w'e obtain for the total 
M.M.F. at the instant considered the wave shown in Fig. 255 (4). 
We see that this M.M.F. is not sinusoidal but that it is stepped, 
and a little reflection will show that the greater the number 
of slots per pole per phase, the less important will be the 
individual steps. 

Now consider instant 2. At this instant a current of 50 is flowing 
into phase / at a and out at B f a current of 100 is flowing in at B 
and out at 6, and a current of 50 in at c and out at C. The cross- 
section of the winding for this instant is given in Fig. 2 55 (5), and 
comparing it with Fig. 255 (2) we see that the current distribution 
is exactly the same except that it has been displaced to the right 
by 120 electrical degrees, or two-thirds of a pole pitch. Since the 
M.M.F. distribution is produced by the current distribution it is 
clear that at instant 2 the M.M.F. wave will be identical in shape 
with that of Fig. 255 (4), and that it will have moved two-thirds of 
a pole pitch. Similarly at instant 3 the M.M.F. wave will have 
moved another two-thirds of a pole pitch. 
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After still another one-third of a period, that is, one complete 
period from instant 1, the M.M.F. wave will have advanced alto- 
gether six-thirds of a pole pitch, or two polo pitches. From §2 we 
have seen that this is the same as the speed of rotation of # the rotor 
of the alternator, and this shows that the speed of the M:M.F. 
wave in space is the same as the speed of rotation of the rotor. 
Another way of expressing this fact is to say that the M.M.F. wave 
rotates at synchronous speed. 

At the three intervals considered the current distributions in 
the conductors are identical and the M.M.F. waves therefore iden- 
tical in shape. At intermediate intervals there are different current 
distributions, and these cause a difference in the M.M.F. wave, but 
this difference is small. 


6. Synchronous Impedance. Owing to magnetic leakage fluxes, 
confined mainly to those portions of the winding which project 
beyond the armature core, an alternator armature possesses 
reactance in addition to ohmic resistance. If L is the armature 
inductance*, then the reactance is Leo. Now if L is measured 
with the field stationary, it will be found to vary with the 
angular position of the field, because this angle decides the relative 
dispositions of the armature coils and the poles. The curve of L 
against 0 will therefore be a wavy line and of little practical 
importance. The inductance must therefore be determined under 
working conditions. The simplest method of doing this is the 
Behn-Eschenbcrg method, necessitating the determination of the 
open circuit and short circuit characteristics. The open circuit 
characteristic is the curve of induced voltage against exciting 
current, with the alternator running at normal speed. The short 


(' jnruit Vof tS 


circuit characteristic is the 
pOgei ° curve of armature current 

under short circuit conditions 
against exciting current. To 
" ' determine this, the armature 

/ terminals are short circuited 

/ Tx:" through an ammeter, and 

/ a very reduced excitation 

/ applied. The excitation is 

/ then carefully increased until 

A/ full armature current is 

0 AT "Excitation flowing readings of excita- 

tion and armature current 
. having been taken. The 

Alternator Character™* curve is a straight line and 

it can therefore be projected, 
as shown dotted in Fig. 256, into the normal working portion of 
the diagram. 


J)T Excitation 
Fio. 256 

Alteon atok Characteristics 


* In a polyphase maohine L will be the induotanoe per phase. 
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Erect a perpendicular PQN at normal excitation ON ; then the 
E.M.F. induced in the armature at this excitation is PN . On 
short circuit the whole of this E.M.F. is used in driving the short 
circuit current through the armature winding against the impedance, 
because the terminal voltage on short circuit is zero. 


Impedance Z = 


PN (volts) _ E a 
QN (amp.) l t 


This is called the “ synchronous ” impedance to indicate that it 
refers to working conditions. • 

Now Z = VR„ 2 + (L.w)* 


L a co = 



2 




The quantity L a o) is called the “ synchronous reactance.” The 
synchronous impedance and reactance as determined by this method 
are rather higher than the values under absolutely normal con* 
ditions, due to the fact that on short circuit such a very low 
excitation has to be applied that the field is unsaturated. 
Other methods of determining the synchronous impedance are 
given in Chapter XIX. 

If the synchronous impedance for different excitations is deter- 
mined and plotted against excitation the curve has the form 
shown in Fig. 247. 

It is to be noted that the armature impedance obtained by this 
method is not a true impedance, but is a composite quantity made 
up of the effects of the true impedance and of the effects of armature 
reaction, which, during the short-circuit test, is almost entirely 
demagnetizing. A method of separating this quantity into its two 
components is given in Chapter XIX. 

Example. An alternator has an armature resistance of 0*3 ohm. When a 
small excitation is applied the open circuit voltage is 50, the short circuit 
current for the same excitation being 40 amp. Find the synchronous 
impedance and reactance. 

Z °P en circ uit volts 

corresponding short circuit current 

__ 50 
40 

= 1*25 ohm 

L a w = VZ 2 - R 2 = V(l-25) s - (0-3)2 

= 1-22 ohm. 
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7. Voltage Characteristics. Since an alternator possesses resist- 
ance and reactance there is a drop in terminal voltage with 
increase of load, exactly as in the case of a transformer. 

Let E„ = E.M.F. induced in the armature} In a •polyphase 
= terminal voltage at no load 
V = terminal voltage on load 


machine.®* and V 
will be volts per 
phase. 


Then if the load current 2 
lags at an angle q> behind the 
terminal voltage V, the 
vector diagram is as in Fig. 
257, where AB = RJL the 
resistance drop, BC = L a coI t 
or XI the synchronous re- 
actance drop, and AC = ZI 
the total drop. In modern 
machines R a is small com- 
pared with X , so that very 
little error is introduced in neglecting the resistance drop, especially 
on inductive loads. From the diagram, we have 

E 0 2 = F* -f (ZI ) 2 - TV x ZI cos (90 + <p) approx. 

= FM (Z/)«-f 2F x ZI Bin <p 

Now E 0 
where I a 
(%!»)* 

i 


= Zl, 

= short circuit current with normal excitation 
= F 2 + (ZI) 2 + 2F x ZI sin <p 




+ 2 -r 


F I 




. sin 9 ? -f- 


(«’ 



Alternator Vector Diagram 


The variables in this equation are F, 2, and q> t and by taking 
different values for 2 a family of F/2 curves can be drawn, each 
curve corresponding to a definite value of <p. It will be seen that 
whatever the value of <p all the curves will have the samo intercept 
on the voltage axis, namely, E ot and the same intercept on the 
current axis, namely, 2„ the short circuit current The curves for 
various values of the power factor, cos <p , are shown in Fig. 258. 
An examination of the curves shows that the drop in volts depends 
upon the power factor, being small when cos q> is unity, and large 
when cos <p is less than unity, lagging, i.e. with an inductive load. 
If the load contains capacity then there may actually be a rise in 
terminal voltage, this rise increasing as the power factor (leading) 
decreases. 

The phase angle ip of the current 2 with respect to the induced 
E.M.F., E 0 , is called the u internal ” phase angle. 
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It is usual to express the voltage regulation of an alternator in 
terms of the rise in voltage when full load is thrown off. Thus, if 
the terminal voltage on load is V, it will rise to E 0 on throwing off 
the load, and we have 

% regulation = x 100 


The rise of voltage on throwing off the load is not the same as 
the fall of voltage on applying the load, for the following reason. 
In Fig. 


. 2 : 

i 



Armature Current. 

Fig. 258 

Alternator Characteristics 


Fig. 


Excitation 

250 


load without increasing the excitation, the new working point will 
be B t the drop in volts being therefore AB. If working on full 
load, the excitation has to be increased in order that the terminal 
voltage may now be normal, the working point being (7. On 
throwing off the load the rise of voltage is CD . Since the two 
curves are not exactly parallel, AB and CD are not equal. 

It is now usual to express the regulation of an alternator as the 
percentage rise of voltage when full load is thrown off, and not by 
the percentage fall when full load is thrown on. The former value 
is called “regulation up” and the latter “regulation down.” 

A few years ago it was common practice to build alternators 
with a “ close ” regulation, that is, the variation in terminal voltage 
with load was small. Such machines were costly, and suffered from 
the serious disadvantage that their internal reactance was so small 
that in the event of accidental short circuit the initial value of 
the short circuit current was so high that the mechanical forces set 
up on the projecting ends of the windings invariably wrecked the 
machine. At the present time alternators are designed to have a 
fair amount of internal reactance, and they can be repeatedly 
short-circuited with impunity. They suffer in consequence from 
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a big variation of terminal voltage with change in load, but this is 
looked after by automatic voltage regulators. (See Chap. XIX.) 

Average values of the per- 
centage regulation are 8 or 
10 per cent on full non-induc- 
tive load, and 20 per cent on 
an inductive load of power 
factor 0*8. 

Example. The alternator in 
the example on page 315 
supplies 100 arnp. to a feeder of 
resistance 1*5 and reactance 2-0. 
The voltage at the far end of 
the feeder is 3,000, the load current having a power factor of 0*8 (lagging) 
with respect to this voltage. Find the terminal voltage of the alternator 
and also the E.M.F. generated. 

Resistance drop in feeder, AB in Fig. 251 = 100 X 15 = 150 volts 

Reactance drop in feeder, BC in Fig. 251 = 100 X 2 0 = 200 volts 

Taking X and Y component of the alternator terminal 
voltage Fj, wo have 

(F 1 ) x = 3,000 + AB cos <p + BC sin <p 
= 3,240 

(Fjy = BC cos <p - AB sin <p = 70 

Fi = V3,240 2 + 70 2 = 3,240 approx. 

Resistance drop in armature, CD = 100 X 0*3 = 30 volts 
Total resistance drop, AD' = 150 + 30 = 180 volts 

Reactance drop in armature, DE = 100 X 1*22 = 122 volts 
Total reactance drop, D’E = 200 + 122 = 322 volts 
Taking X and Y component of the total induced voltage 
(E Q ) X = 3,000 + AD' cos tp + D'E sin q> 

= 3,360 

(E 0 ) y = D'E cos (p - AD' sin q> = 150 

E t = V3.360* + 150* = 3,363 volts approx. 

8. Armature Reaction. Consider an individual armature coil, 
as shown in Fig. 261. Each coil side has the maximum E.M.F. 
induced in it when it is opposite a pole centre, and therefore, the 
coil as a whole has the maximum E.M.F. when it is opposite an 
interpolar gap. The curve of E.M.F. with respect to the position 
of the centre of the coil is therefore a sine wave whose crest and 
trough values lie in the interpolar gaps. This curve is indicated 
by a heavy line. 

(a) Pure Resistance Load. The current is in phase \vith the 
voltage, and therefore the position of the coil for maximum current 
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will be the same as the position for maximum voltage ; in other 
words, the current 
curve, shown dotted, 
and the voltage curve 
will be in phase. (Dia- 
gram (a).) 

In the position { 
shown the coil there- ' 
fore carries maximum 
current, whose direc- 
tion at the instant 
illustrated is inwards 
under the N. pole and 
outwards under the 
S. pole. The magnetic j 
fiux set up by the coi] (b) j 
is therefore downwards 
and produces a mag- 
netization of the trail- 
ing half of a main pole 
and demagnetization 
of the leading half. 

The effect of armature 
reaction in this case is 
therefore one of distor- 
tion of the field form, as 
in the case of the cross- 
magnetization in a 1).C. To Illustrate Armature Reaction 

generator. The effect 

in the alternator is not very strong because the coil, when carrying 
maximum current, is opposite the interpolar gap, and therefore, in 
the position of maximum reluctance. 

(6) Purely Inductive Load. The current lags 90° behind the 
voltage, and therefore, the coil has to advance 90° (electrical degrees) 
from the position shown in diagram (a) before the current reaches 
its maximum value. The current is then in the same direction as 
before, and comparing the directions of the armature and main 
fluxes, we see that with an inductive load the armature reaction is 
demagnetizing. Also, the coil is in a favourable position for pro- 
ducing a strong flux because it is directly opposite a main pole. 
Thus there is a strong demagnetizing action. 

(c) Pure Capacitance Load. In this case the current leads the 
voltage by 90°, so that the coil will carry its maximum current 90° 
before it reaches the position shown in diagram (a). Hence, in 
this case the armature reaction exerts a strong magnetizing action. 

It is to be remembered that the flux produced by a single-phase 
armature is an alternating flux, and is therefore pulsating in nature. 
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We have seen that the armature flux of a polyphase alternator is a 
rotating flux which keeps pace with the poles of the rotor. It is 
therefore uniform instead of pulsating. 

In the above discussion the angle of lag or lead referred to is the 
internal phase angle, the armature itself being included in the load. 



Fig. 262 Fig. 263 

Alternator Vector Diagram Calculation of E.M.F. 


With a load which is partially inductive or partially capacitive, 
there is cross-magnetization in addition to direct demagnetization or 
magnetization. The demagnetizing flux induces a voltage E d in the 
armature in direct opposition to that induced by the main flux, and 
the excitation has to be increased in order that the total induced 
E.M.F. may have an additional component equal and opposite 
to E d . The cross flux produces a voltage E e , which is in quadrature 
with the main E.M.F., since the cross and main fluxes are at right 
angles in space. The complete vector diagram of an alternator 
when armaturo reaction is taken into account is therefore as shown 
in Fig. 262. 

OA = terminal voltage V 
AB = resistance drop in armature 
BC = synchronous reactance drop 
CD = E.M.F. induced by cross flux 
DE = component of the total E.M.F. to neutralize E d 
OE = total induced E.M.F., E 0 
9. The E.M.F. Equation. Consider a full pitch coil, i.e. one of 
width equal to the pole pitch. As this coil moves from the position 
A to the position B (Fig. 263), the flux linking with it changes 
from O to zero, O being the flux por pole. Hence, if the coil has 
n turns, the change of linkage is On, and the average E.M.F. 
induced in it is 


E„ = Y x 10- 8 volts 

where t is the time in seconds required to move a distance equal 
to AB . Obviously t is one-quarter of the periodic time T. 


I 

t 



E M9 = 4 On/ x 10 8 
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Hence, assuming a sinusoidal wave form, 

E.„ = Mix E av 

= 4-44 <Dn/ x 10" 

If thcro arc C coils, then total nqmber of turns in all the coils = Cn , 
and for the total voltage induced in all the coils, we h&vo 
E 0 = 4-440 (Cn )f x 10 8 

Again, the product Cn is equal to Z/2 where Z is the number of 
ponductors, since each coil has two sides. 

,\ Finally E 0 = 2-220Z/ x 10 8 volts 

If the wave form is not sinusoidal f then the form Ji 
factor will probably be different from 1-11. If we 
put k l for the form factor, we have 

E 0 = 2 kjbZf x 10 8 volts 

This equation is correct for concentrated windings, 
in which tho E.M.F.s induced in all the individual 
turns of any one coil are in phase. If the winding 
is distributed, then the E.M.F.s induced in the 
various parts of a coil are not in phase, and this has 
to be taken into account. Fig. 264 shows the vector 
diagram for the distributed coil, in which the coil sides 
are displaced at an angle tp. The E.M.F.s, E , induced 
in each coil are equal in magnitude, but there is a Fio. 264 
progressive phase difference of tp. The vector diagram Calculation 
for the complete coil is therefore a polygon, and of Brbadtii 
the closing side gives the total E.M.F. in the coil. ACTOR 
If there are m sections in the coil, there are m sides, and therefore 
the olosing side is 

. mw 
sin 

AB = Ex—— 

8in 2 

If all the E.M.F.s had been in phase, the total E.M.F. in the 
coil would have been mE ; hence, by distributing the winding, the 
E.M.F. is reduced in the ratio 



*. 


sin 


mrp 

2 


m sm L. 
& 


This ratio is called the “ breadth factor.” Taking this factor into 
account, the complete expression for E 0 becomes 

E 0 = 2 k x k % <bZJ X 10- 8 


Example. A six pole alternator rotating at 1,000 r.p.m. has a single -phase 
winding housed in three slots per pole, the slots in groups of three being 20" 



322 


ELECTRICAL TECHNOLOGY 


apart. If each slot contains 10 conductors, and the flux per pole is 2 x 10 a 
linos, calculate tho E.M.F. gonerated, assuming a sinusoidal dux form 

= 2 x 10 6 ; Z = 18 x 10 = 180 conductors 

# N P — 1.000 X6 
J 120 120 

k Y — 111 for a sinusoidal field form 


k % 



where m = 3 and w = 20 

• V> 

m sin £ , 


k t — - 


sin 30 


= *96 


K = 


3 sin 10 

Ml X *96 X 2 X 2 X 10® X 180 X 50 X 10 8 
= 382 volts. 


Examples on Chapter XVII. 

(1) If a single-phase alternator has 8 slots per pole uniformly spaced, but 
the winding is arranged with the middle two left empty, find the breadth 
coefficient. Ant. — 0-79- 


(2) A single-phase alternator of P polos has a large number S slots per pole, 
each containing one conductor. If the R.M.S. value of the E.M.F. induced 
in each conductor is 10 volts, what is the total voltage induced 7 


a 20 

Ant. . 


SP. 




(3) A single-phase alternator has an armature resistance of 01 ohm. 
When excited to give 60 volts and then short circuited, the short circuit 
current is 200 amp. To what induced voltage must the alternator be excited 
if it is to deliver 100 amp. at a power factor 0*8 lagging, with a terminal 
voltage of 200 ? Ant . — 222 volts. 


(4) A single-phase alternator is excited to 1,000 volts at a frequency of 50. 
Its armature resistance iB 0*8 ohm, and synchronous reactance, 3 ohms. 
Calculate what length of unloaded cable, of capacity £ microfarad per mile, 
must be connected to its terminals to produce resonance. Calculate the 
terminal voltage when this occurs. If the flux per pole is 10 fl lines, and the 
product of form factor and breadth factor 1*0, calculate the number of 
armature conductors. Ant. — 3,200 miles ; 3,750 volts ; 1,000 conductors. 


(5) The field form of an alternator measured from the neutral plane to the 
middle of a pole is as shown in the table. It is 


Distance in cm. . 

0 

1 

2 

3 

4 

Induction in gap 
lines per aq. cm. 

0 

400 

2,100 

4,500 

6,600 


symmetrical about the centre. The active length of conductor is 40 cm. 
AH the 2000 conductors are housed in equally spaced slots 4 per pole, all the 
slots being filled. If the frequency is 50, find the induced E.M.F. ' 

Ant. — 8,400 volts. 



CHAPTER XVIII 

THE SYNCHRONOUS MOTOR 


I. The Synchronous Motor is tho alternator run as a motor. Direct 
current excitation is supplied to the field, exactly as when working 
as a generator ; but there is no prime mover, the necessary driving 
torque being obtained by armature current flowing from the line 
to which the armature is connected. * 

Fig. 2C5 shows two poles of the. rotor and stator, the stator poles 
being indicated as. salient poles for convenience. Tho rotor poles 
retain the same polarity throughout, but tho stator poles advance 
at synchronous speed, since they a re mag- 
netized by polyphase currents. Imagine 
first of all that the rotor is stationary. 

Then, if at any instant A has N. and B 
has S. polarity, the rotor will tend to move 
in a counter- clockwise direction. Half a 
period later tho stator polarity will be 
reversed and the rotor will now attempt 
to rotate in a clockwise direction. The 
torque on the rotor is thus an alternating 
one, and owing to its inertia the rotor docs 
not move ill any direction. The motor is 
therefore not self-starting. Suppose now, 
that the rotor is travelling in a clockwise direction. Then, to 
maintain this motion, poles A and B must have S. ami N. polarity 
respectively in the position shown. When the rotor has moved a 
distance equal to the pole pitch, its N. t>ole will be under the stator 
pole B y which must therefore have reversed its polarity from N. 
to S. if the motion is to be maintained. Hence, as the rotor moves 
a distance equal to the pole pitch, the stator polarity must reverse, 
that is, the alternating current supplied to the stator must have 
passed through one-half cycle. But this takes place when the 
machine is functioning normally as an alternator, and therefore, 
for both alternator and synchronous motor, w r e have the same 
definite relationship between N, p t and /, namely 



Fig. 2U. r i 
To Ti.rustkatk 
Synchronous Motor 
Opktiatton 


Such a mqtor, working on a supply of fixed frequency, will only run 
at that particular speed at which it would have to be driven if 
working as an alternator, to give a frequency equal to the supply 
frequency. Hence the name, synchronous motor. 
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2. Nature o! the Torque. If single-phase current is supplied to 
the stator it produces an alternating magnetic field which, by 
Ferrari’s principle, can be split up into two rotating fields of half its 
amplitude, and travelling in opposite directions at synchronous 
speed. For, consider two such rotating fields both starting from the 
X axis at zero time, and rotating with angular velocity cu (Fig. 266). 
Then, after any time t 

X component of No. 1 = H cos cut 

X component of No. 2 = H cos cot 

Total X component f =2H cos cot 

Y component of No. 1 = H sin cut 

Y component of No. 2 = - H sin cut 
/. Total Y component == 0 


Y 




Stator | 
Po/e 


O 

O 

Rotor 

Rotor 

Hole* 

Pole 


T 


Light Load. Heavy Load. 

OA = Total Attraction. 

OB= Tangential Component. 

Fia. 267 


Composition of Rotating 
Fields 


Synchronous Motor under 
Varying Load 


Hence, the two rotating fields resolve into an alternating field, 
2 H cos cut , of twice their amplitude. Conversely, an alternating 
field can be resolved into two rotating fields travelling in opposite 
directions at synchronous speed. 

If the motor is run up to synchronous speed in any direction and 
then switched on to the supply, it will continue to run at that speed 
under the influence of the rotating component travelling in the 
same direction. Call this component the forward component, and 
the other the backward component. Then the forward component 
will produce a uniform torque on the rotor, but the backward 
component, having an angular velocity relative to the rotor of 
twice the synchronous velocity, will produce an alternating torque. 
The resulting torque is therefore pulsating, the frequency of the 
pulsations being twice the supply frequency. This is a very serious 
disadvantage of the single-phase synchronous motor, but we shall 
see that it does not apply to the polyphase motor. 

If, however, polyphase current is supplied to the stator then a 
pure rotating field will be produced and the rotor will, run at 
synchronous speed in the same direction as this field. 



THE SYNCHRONOUS MOTOR 


325 


We have seen that the motor runs at a fixed speed. If the load 
is gradually increased, then the rotor poles fall back more and 
more behind the poles of the forward component of the field, in 
order that the tangential component of the magnetic attraction 
between the two sets of poles shall increase. This is illustrated in 
Fig. 267. It is obvious that as the load torque is gradually 
increased, a point will be reached at which the increasing distance 
between the rotor and stator poles causes the tangential component 
to decrease instead of increase. The motor then stops, since it 
can. only run at synchronous speed or not at all. This value of the 
torque is called the “ pull-out ” torqae. 

3. Vector Diagram o! the Motor. In order that a direct current 


machine may act as a motor, wo have seen that its induced E.M.F. 
must, act in opposition to the 


armature current. In the case 
of an alternating current 
machine, it will function as 
a motor if the induced E.M.F. 
has a component in opposition 
to the armature current. 
Bearing this in mind^ we can 
construct the vector diagram 
as follows. Let OA (Fig. 268) 
represent the applied voltage. 
E. and let AB represent the 
motor induced E.M.F. Then 


c IV 



OB y the resultant of OA and 
A B y is the resultant E.M.F. 
acting in the armature circuit. 
Calling this resultant E.M.F. 
E r , we have current 



Fra. 2fi8 

Synchronous Motor Vector 
Diagram 


jp 

/ = .If , lagging an angle 0 , where 
Z 

tan 0 — XjRy the various quantities referring to one phase. 


Represent the current in phase by OL Then L AO 1 = 9 ?, the phase 
of the current with respect to the applied voltage. Draw OY 
inclined q> to OB. Then [_ YOB = gp, and since OB (== E r ) is pro- 
portional to the current, the vector OBy when referred to 0Y t 
represents the current in both magnitude and phase. 

Then intake of the motor, or intake per phase with a polyphase 
motor 

W — El cos q> 

— Ex BM 

where BM is the perpendicular dropped from B on to OX. But E 
is constant. Hence, intake is proportional to BM. Thus, if the 
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motor is working with constant intake, the locus of the working 
point B is the parallel to OX through B , since the parallel is at a 
constant distance from OX. Hence, we can draw a series of parallel 
lines on the diagram, each line corresponding to a definite,value of 
the intake. These “ power ” lines are shown dotted in Fig. '260, 
and it is obvious that for equal increments of intake they will 
be equally spaced. 

The length AB is the induced E.M.F., and since the speed is 
constant, this length also represents the excitation of the motor. 
Wo thus have 

OA = applied voltage 
AB = excitation 
OB current 


Cos /_ YOB = power factor 

/_ BAO — angle in electrical degrees between the centre of the 
stator and rotor poles 

Perpendicular distance from working point B to the zero power 
line is proportional to the intake. 

Y y K the working point B is above 

the horizontal OA the machine 
KW will be working as a motor, but if it 

eoo is below OA the machine will be 

500 \pk*r~ generating. Since the angle 0 is 

V(ir Y liearl y ^0° because R is so 

4 Co— ““tf/v'' “ small, little error is made in taking 

300 " 0 equal to 90°. This is done in 

ZOO -/ subsequent diagrams. 

too -- 4. Operation with Fixed Excita- 

0 ^ ' tion. If the excitation is fixed, 

0 A then AB is fixed, and the locus of 

FlG * 269 B is a circle, shown dotted (Fig. 

OI’JSHATION AT Constant 269), with A as centre and AB as 

IliXCITATION i jiii* 1 

radius. Suppose the load is such 
that the intake is 100 kW ; then the working point will be 
at B v If the load is increased, the intake will have to increase, 
and therefore, the working point will have to roach a line of greater 
power. To do so it must travel along the circle in a clockwise 
direction. Thus it might travel to J3 8 , and it will remain there as 
long as the load remains at the new value. If the load is 
. gradually increased, then the working point will travel round the 
circle until it reaches B z , at which the intake is obviously a maxi- 
mum. For a further increase in load, the point will travel on to 
a line of smaller power. Such a condition is impossible, since an 
increase in load naturally demands an increase in power, and the 
whole of the diagram to the right of AY* therefore represents 
unstable operation of the motor. The intake B % A is thus the 
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maximum intake for the given excitation, and if the motor losses 
are deducted from this, and the resulting output divided by the 
speed, the pull-out torque is obtained. We see that the pull-out 
torque depends upon the excitation, and the maximum possible 
value of this torque is fixed by that value of the exciting current 
which causes the maximum allowable temperature rise of tho field 
windings. 

5. Operation at Constant Power. The locus of the working 
point in this case is obviously one ot the lines of constant power, 
say, 300 kW. The inde- 
pendent variable is the 
excitation. If the exci- 
tation is small, the work- 
ing point will be at B lf 
say (Fig. 270). The cur- 
rent OB x will be large 
and the angle of lag g 
will be Jargo. The power 
factor will therefore bo 
ow. As the excitation 
is increased, the working 
point will move along 
the 300 kW lino towards the left, and for one particular value of 
the excitation, will be at B 2 on OY. For the given power, the 
motor current is now a minimum, and the power factor is unity, 
the current being in phase with the applied voltage. A further 
increase in excitation will bring the working point to Z? 3 , to the 
left of B r Tho curront has now increased again, but it is leading 


Y 



Fjg. 270 

Operation at Constant Power 



instead of lagging, tho angle of lead increasing as the excitation 
is increased. We thus see that an over-excitcd synchronous motor 
takes a leading current, a property which renders tho motor 
extremely valuable as a phase advancer or power factor corrector, 
that is, a machine which takes a leading current, thereby bringing 
the total current taken from the supply more nearly in phase 
with the voltage. A condenser will, of course, perform the same 
function, since, neglecting the very small dielectric losses in it, it 
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takes a current leading by 90°. Phase advancers will be considered 
in more detail in Chap. XXIV. 

If the motor current is plotted against excitation, the intake 
being constant, the characteristic obtained (Fig. 271 ) is cftlled the 
“ V ” characteristic, from its shape. There is a family of such 
characteristics, each curve of the family corresponding to a definite 
intake. The curve of power factor against excitation is an inverted 
V, as shown. 

Example. An alternator has ail armature resistance of 0*5 ohm and 
synchronous reactance of 0*866 ohjn. It is running as a synchronous motor 
on a 200 volt supply, the mechanical load on the shaft, including iron and 
friction losses, being 6*5 kW. The current taken is 60 amp. Find two 
possible phase angles of the current and two possible induced E.M.F.s. 

Armature copper loss, I 2 R = 50 X 50 X 0-5 = 1,250 watts 

Intake == 6500 + 1250 = 7,750 watts 

Power factor cos w = J¥- = . 11^9— = 0*775 
r El 200 X 50 

ap = 39° lagging or leading 

X 

The angle 6 (Fig. 240) = tan 1 = tan- 1 1-732 = 60* 

Phase angle, L BOA = 60 - 39 = 21° ; or 60 + 39=99° 

Also, resultant E.M.F., OB = IZ = 50 X V R 2 + X 2 = 50 volts 

AB 2 = 0A 2 + 0B 2 -2 0A X OB. cos L BOA 

= 40,000 + 2,500 - 20,000 (cos 21° or cos 99°) 

AB = 154 volts or 214 volts. 

The method of drawing the “V” characteristic is as follows. The 
vector diagram with the lines of constant power is first drawn, and 
a series of concentric circles with centre at A then drawn to give a 
series of back E.M.F.s. The intersections of these circles with the 
lines of constant power will then locate the working points for speci- 
fied powers and specified back E.M.F.s. The next step is to convert 
from back E.M.F.s to exciting current, and this necessitates a 
knowledge of the magnetization characteristic, a very convenient 
construction being to incorporate this characteristic in the diagram 
as shown in Fig. 272. Thus, for a power of 600 kW, the working 
points for the range of back E.M.F.s shown in the figure are B v B 2 , 
5 S , . . . JS 7 , the current being OB v OB 2 , OB Zt . . . 0B 1 \ the back 
E.M.F. vectors are not drawn as there is no necessity to confuse the 
diagram by their presence. The various back E.M.F.s are projected 
on to the magnetization characteristic, giving for the corresponding 
exciting currents 0'M V G'M 2 , . . . 0'M 7 . The above line currents 
are now plotted against these values of the exciting current, thereby 



Circfe of back £ 
for minimum cur 
at 600 kW. a 



Fig. 272. Graphical Construction for “V” Characteristics 
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giving the “ V” characteristic for the particular power of 500 kW. 
Similarly, the characteristics for other powers can be drawn. If the 
angle of lag or lead of the various currents are measured the power 
factors can be calculated, and the curves of power factdr against 
exciting current also drawn. By drawing a semicircle with 0 as 
centre and calling its length 100, the intersection of the various 
current vectors with this semicircle can be projected on to 0Y t 
thereby giving the percentage power factors graphically, but this 
construction is not shown in Fig. 272. 

6. Phase Swinging or Hunting. We have seen that when a 
synchronous motor is loaded, the rotor poles fall back a certain 
angle behind the polos of the forward rotating field, in order that 
sufficient tangential force may be set up to produce the necessary 
torque to cope with the load. If the load is suddenly thrown off, 
the rotor fields are pulled into almost exact opposition to the 
poles of the forward field, but because of the iqcrtia of the rotor 
the rotor poles travel too far. They are then pulled back again, 
and so on ; an oscillation thus being set up about the position of 
equilibrium corresponding to the new conditions of load. It will 
be seen that these oscillations will be set up whenever the load 
varies, and if the variations in load are periodic and synchronize 
with the natural period of oscillation of the rotor, mechanical 
rosonancc will be sot up and the amplitude of the swing of the 
rotor poles relative to the poles of the rotating field will become so 
great that the motor will fall out of step, it is therefore evident 
that some damping couple must be introduced, so that, in the 
event of oscillations being set up, they will be immediately damped 
out and no large amplitude of swing obtained. These dampers 
take the form of heavy copper grids housed in the pole faces. 
When the motion is uniform, there is no relative motion between 
the rotor and stator forward rotating poles, and no currents induced 
in the dampers. If hunting takes place, the relative velocity of the 
two sets of poles induces heavy currents in the dampers, and the 
kinetic onergy of oscillation is thus damped down by being 
converted into heat energy in the dampers. 

An expression for the period of swing of the rotor can be deter- 
mined as follows. Suppose the motor is working on no load, and 
imagine for simplicity that there are no losses. Then the supply 
voltage E and the motor induced voltage E x will be equal and 
opposite so long as the motion is steady. If for some reason the 
rotor is displaced relatively to the stator field by a small angle 0, 

then one vector wall swing round 

through the angle 0, and a result- 

ant voltage E f will be set up 

Fig. 273 (Fig. 273). For small values of 

Production of Synchronizing Q t E r is proportional to 0. We 
Tohquk have, in f act> E r = E X 6 . 
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Now E r will set up a current through the armature, of magnitude 
/ = E r jZ , lagging very nearly 90° behind E f in the case of a modern 
machine with high reactance. Thus I will be nearly in phase 
with E , so that the power conveyed by / will be 

W = El = E x |r = J x E6 

Li Li 

= Elfi 

where /, is the short-circuit current corresponding to normal 
excitation. If the angular velocity of the rotor is 12 radians per 
second, the torque set up by the current / will be 


Torque = 


power 

angular velocity 


Eljb 

Q 


= A .6, say. 


If K is the moment of inertia of the rotating masses this torque 
will be utilized in accelerating the rotor so long as there is no 
damping. 


v d*d , 
K dF + 


AO = 0. 


This is the differential equation of a simple harmonic oscillation, 
and comparing it with the equation 


d*x 
dt 2 


-f n*x = 0 


we see that the frequency of the oscillations set up is 


/ , or in the case of the motor 



This is the frequency of the oscillations when there is no damping. 
If the pole faces are provided with damping windings, then there 
will be a retarding torque set up proportional to the angular velocity 
of phase swing. The effect of this torque is to damp out the 
oscillations and also to diminish their frequency. 

These pole-face damping windings are also used in starting up 
the synchronous motor, but as their action is then that of an 
induction motor this method of starting will be dealt with in 
Chapter XX. 


Examples on Chapter XVIIT. 

(1) A single-phase synchronous motor rotates at 1,000 r.p.m. on a 500 volt 
supply. Its arraaturo resistance is 0* 1 ohm and reactance 0*5 ohm. If it can 
be excited up to an induced voltage of 2,000, calculate its pull-out torque. 
Draw the vector diagram for the motor and from it deduce the “ V ” curves. 

(2) A single-phase synchronous motor for use on a 500 volt circuit gives, 
when running as a generator, a short-circuit current of 150 amp. with normal 
excitation applied. The armature resistance is 0*2. To what voltage must 
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the motor be exoited so as to develop 40 h.p. at unity power factor, the 
mechanioal losses being 5 h.p. ? What will be the armature current T 

A ns . — 549 volts, 67*2 amps. 

(3) A single-phase alternator, when driven at 1,000 r.p.m., has a magnetisa- 
tion characteristic as follows — < 


Exciting current 

30 

60 

90 

120 

150. 

Open circuit volts . 

460 

820 

1,040 

1,200 

1,300 


A short circuit current of 200 is produced when the exciting current is 40 amp. 
The armature resistance is 0*4 ohm. Plot the curve of current against 
exciting current with a constant intake of 100 kW at 1,000 volts when running 
as a synchronous motor at 1 ,000 r.p.m. 

(4) A three-phase synchronous motor, when working on constant pressure 
mains at constant load, takes a current which varies with the excitation. 
Explain this result, and show how the 11 V ” curve of the motor may be 
estimated approximately from the magnetization curve. (London Univ., 
1924.) 









CHAPTER XIX 


VOLTAGE REGULATION AND PARALLEL OPERATION 
OF ALTERNATORS 

1. Preliminary Data. .In order to determine the voltage regulation 
of an alternator, without actually putting the machine on load, it is 
necessary to know the armature synchronous impedance (■'fee Chapter 
XVII). In the case of a polyphase alternator the synchronous 
impedance per phase is required. The open circuit and short 
circuit method of determining this was considered. This is the 
method usually adopted in praoticc, mainly because it does not 
present any great experimental difficulty. Two other methods are 
explained below, but these are not so frequently used. 

2. The Ampere-turn Method. This method, which was invented 
by Rothert, necessitates the determination of the open circuit 
and short circuit characteristics, but the data are used differently 

On open circuit, the excita- 
tion required to produce E 
volts at the terminals is equal 
to the abscissa OM (= % lt say) 

(Fig. 274). With full load £ 
current I circulating in the ^ 
armature, the necessary exci- § 
tation during the short circuit 
test is ON (= *„ say). This / 
excitation (a) induces an 
E.M.F. which is used entirely 
in overcoming the synchronous 
impedance of the armature, 

(6) overcomes the demagnetiz- 
ing effect of the armature 

reaction. Also, during this A.MFERE-TURN Method of Calculating 
test the current lags nearly 90 Regulation 

because of the small resistance 

of a modern alternator, and therefore, the armature reaction is 
almost entirely demagnetizing. The excitation necessary to produce 
a terminal voltage of E when the armature is delivering a current 1 
under actual working conditions is equal to the vector sum of the 
separate excitations i 1 and i a . It is necessary to take the vector 
sum of t*! and t 2 because the demagnetizing effect of the armature 
reaction depends upon the power factor of the load. Now when 
the internal angle of lag is 90°, the armature reaction is wholly 
demagnetizing. As the angle of lag is decreased, the demagnetizing 
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effect fs decreased, being, in fact, proportional to the sine of the 
phase angle. Hence, if the regulation for a load current I of power 
factor cos q> is required, the excitation i l is set off, and i 2 is inclined 
at an angle (90 - q>) to i lt as shown. The resultant, i* gives the 
total excitation necessary under actual working conditions. * 

This method is sometimes called the “ optimistic ” method, 
because it gives results which are somewhat more favourable than 
the characteristics under normal working conditions. 

3. The Wattless Current Method. This is duo to Potier. The 
magnetization characteristic, i.e. the curve of terminal volts against 
excitation, is plotted first at no load, and then when the armature 
is delivering full load current at zero power factor (Fig. 275). The 

point A on this curve 

Circuit 



Current 


Fig. 275 

Wattless Current Method 


obviously corresponds to 
the armature short-cir- 
cuited. The excitation 
0 A consists of two parts, 

(а) that required to over- 
come the demagnetizing 
effect of the armature 
reaction, which, as 
explained before, is 
almost entirely demag- 
netizing on short circuit ; 

(б ) the excitation required 
to supply the voltage 
drop due to the synchro- 
nous impedance. 

At any- point P, a horizontal PQ, equal to OA , is drawn. From 
Q, QR is drawn parallel to the tangent OT at 0 to the no load curve, 
RP is then joined, and the perpendicular RS drawn. Since the 
inductance of the armature is due almost entirely to magnetic 
leakage fluxes which take paths through the air, the portion QS 
of the total excitation represented by QP is equal to the excita- 
tion required to supply the reactance drop. The perpendicular 
SR is therefore equal to the reactance drop, V, say. If the 
armature current is kept throughout at I amp. during the deter- 
mination of the wattless current characteristic, then the reactance 
drop is equal to Lo)I. Hence, L<oI — V. 

y 

Synchronous reactance = — . 


The length SP is the excitation required to overcome the armature 
demagnetizing effect. This method therefore enables this effect 
to be determined experimentally. If there were no armature 
reaction, the excitation could be reduced from OM to ON, the 
terminal volts remaining equal to PM . If the armature had no 
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reactance, the terminal voltage would rise from SN{= PM) to RN . 
Now both armature reaction and reactance drop in volts are pro- 
portional to the current, and since the current is kept constant 
during the test, it fellows that the triangle RSP fits the two curves 
at all points, as shown. Hence, it is necessary to determine two 
points only on the wattless current curve, namely A and some 
point such as P . The no load magnetization curve can then be 
shifted parallel to itself in the direction RP until it fits the two 
points A and P. It then gives the wattless current characteristic. 

The disadvantage of this test lies in the fact that it is very difficult 
to obtain an inductive load of large ^capacity. Chokers can be 
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Fio. 276 

used for small machines, but the most convenient load for a large 
machine consists of a number of synchronous motors running idle 
with their excitations reduced as far as possible. Such a load 
is not absolutely wattless, but it is found that when the power 
factor is very low, the magnetization curve is almost exactly 
coincident with that for zero power factor. 

We will now consider a practical method, which is a combination 
of the three previous methods. The open-circuit and short-circuit 
characteristics are determined, as in the Bchn-Eschenberg method. 
Next a small portion of the wattless load characteristic is then 
determined, or, since the method only requires one point on this 
curve, the wattless load can be adjusted to give normal full-load 
current at normal voltage. This point is represented by the point P 
in Fig. 276. Mark off OB equal to the current flowing in the wattless 
load test, draw the horizontal BC, and then the perpendicular CD. 
Then OD represents the excitation required to produce this current 
on short-circuit, aqd since the short-circuit current is very nearly 
wattless, the point P is on the zero power-factor characteristic for 
this particular current, as shown dotted. From P mark off PF equal 


336 


ELECTRICAL TECHNOLOGY 


to OD, and then draw FG parallel to the tangent at the origin to the 
open-circuit characteristic, to cut this characteristic at G . Then 
draw the perpendicular GH. The length PH is the demagnetizing 
ampere-turns due to a wattless load of amperage equal^to that in 
the wattless current test, while GH is the reactance drop per phase 
in the armature. Hence, GH measured in volts, divided by the 
current, gives the reactance per phase of the machine. The excita- 
tion for the same current loading during short-circuit is OD, hence 
PH subtracted from OD (= FP) gives the excitation required to 
supply the reactance drop in the machine. The regulation is now 
determined as follows. Dr%w OA, Fig. 277, to represent the normal 



voltage per phase, and set off AB equal to the reactance drop, and 
inclined q> to the perpendicular to OA ; cos <p is the power factor of 
the load at which the regulation is required. Next set off the 
perpendicular BC equal to the resistance drop per phase. Joining 
00 we obtain the E.M.F. generated per phase and, referring back 
to the open-circuit characteristic, we obtain the excitation required 
to generate this voltage. Mark this excitation off along the direction 
of OG ; let it be OD. Then mark off OF equal to the demagnetizing 
ampere-turns, or the equivalent exciting current (whichever is 
plotted in Fig. 276) as shown, and complete the triangle OFD. 
Then FD is the excitation required to maintain the normal terminal 
voltage at the load current used in the construction, and at a 
power factor equal to cos <p. Referring back to the open-circuit 
characteristic, the voltage corresponding to this excitation is read 
off. Calling this E 0 , we have for the regulation up 

E — E 

Percentage regulation up = - ° - £ r - X 100 

A 

It is very common practice to use a calculated, instead of a 
measured, value of the demagnetizing ampere-turns. As an example 
of the method, consider a 600-kVA, 3,300-volt, 3-phase,. 60-cycle 
alternator whose open-circuit and short-circuit characteristics are 
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given in Fig. 278.* The calculated value of the demagnetizing 
ampere-turns per pole at full-load current and zero power factor is 
2,780, and the stator resistance per phase is 0*127 ohm. 

t? ii i i * 600 X 1,000 

Full-load current = — 7 ~ = 105 amp. 

V‘3 x 3,300 

and on referring to the short-circuit characteristic, we see that the 
excitation on short-circuit to give this current is 3,080 ampere-turns 
per pole. Now the armature reaction has been shown to be almost 



entirely demagnetizing during short-circuit conditions, so that the 
excitation to, generate the armature voltage required to overcome 
the reactance drop is (3,080 - 2,780) = 300 ampere- turns per pole. 
Referring this to the open-circuit characteristic, we see that the 
reactance drop per phase at full-load current is 133 volts. Also 
Resistance drop per phase = 105 X 0*127 = 13*3 volts 

3 300 

and normal terminal volts per phase = = 1,910 volts. 

There is now sufficient data to make use of the construction of 
Fig. 277. The combined voltage and ampere-turn diagram is drawn 
to scale in Fig. 279 for a load current of the normal value of 105 
amperes per phase, at a power factor of 0*8 lagging. 

q> = arc cos 0*8 = 37° (very approx.) 

The diagram gives a generated voltage of 1,990 per phase, which by 
reference to the open-circuit characteristic, requires an excitation 
of 5,100 ampere-turns. The demagnetizing ampere-turns of 2,780 
are set off along OF\ as explained previously, the resultant excitation 
therefore being 7,240 ampere- turns per pole. This corresponds to a 
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voltage per phase of 2,240 when the load is thrown off, the regulation 
up, therefore, being 

2,240-1,910 1AA 

Tjr x 100 = 17 O per cent 

i ,y i(j 


4. Automatic Voltage Regulators. Modern quirk acting voltage 
regulators are based on the “ overshooting the mark ” principle. 
When the load on the alternator increases and more excitation is 
required to keep the voltage constant, the regulator produces an 



increase in excitation more than is ultimately necessary. This is 
because the fluctuations in load may be very rapid, whereas the 
inductance of the alternator fleld will cause the flux to increase to 
the desired value very slowly, unless there is a large increase in 
exciting current. Before the voltage has time to increase to the 
value corresponding to the increased excitation, the regulator 
reduces the excitation again. There are two main types — 

(a) The vibrating type, in which a fixed resistance is cut in and 
out of the exciter field circuit. 

(b) The rotary type, in which a variable resistance is used. 

5. The Tirrill Regulator. This is an example of the vibrating 
type. The essential parts are shown in Fig. 280. At the top 
there are two levers, that on the left operated by a solenoid energized 
in proportion to the exciter voltage, and that on the right by an 
A.C. magnet having both shunt and series excitations. This 
magnet is so adjusted that with normal load and voltage at the 
alternator, the pulls of the two coils are equal and opposite. In 
the event of an increase in load the series coil predominates, and 
so pulls down the A.C. magnet. This closes the contacts between 
the two levers and so de-energizes the relay horse-shoe magnet, 
which thereby releases its armature and short-circuits the rheostat 
in the exciter field. There is in consequence a sudden increase in 
excitation, which causes the alternator voltage to rise very rapidly. 
At the same time the excitation of the exciter control magnet is 
increased, thus pulling down the left-hand lever, energizing the 
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relay, and re-inserting the field rheostat before the alternator 
voltage has had time to increase too far. The reverse action takes 
place when the load on the alternator decreases. 

It will be seen that because of the overshooting the mark principle 
the terminal voltage does not remain absolutely steady, but oscillates 



(By courtesy of the British Thomson Houston Co. t Ltd.) 

Fio. 280. Tirrill Automatic Voltage Regulator 


rapidly between maximum and minimum values. The regulator is 
so quick acting that the variation in voltage is less than 1 per cent. * 

6. Parallel Operation of 
Alternators. Before an in- 
coming machine can be 
switched on to the bus-bars 
the following conditions 
have to bo fulfilled — 

(а) The voltage of the 
incoming machine must be 
the same as the bus-bar 
voltage. 

(б) The phase of the 
machine voltage must be 
identical with the phase of 
the bus-bar voltage relative 
to the feeders, i.e. opposite in phase relative to the local circuit 
through the armatures and bus- bars. This circuit is shown dotted 
in Fig. 281. 

(c) The frequency of the incoming machine must be the same 
as the bus-bar frequency. 

* For fuller information see Garrard, Electric Switch and Control dear . 



Fig. 281 

Alternators in Parallel 


12— (T.5432) 
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Condition (a) is indicated by a voltmeter, and conditions (6) 
and (c) are both indicated by synchronizing gear. 

Consider first of all the case of single phase alternators. The 
simplest form of synchronizer consists of two lamps, LL t connected 
across the main switch as indicated in Fig. 272. If the frequencies 
of the alternators A and B are not equal, the phase angle between 
the voltages of A and B will be continually changing, and therefore, 
the current through the lamps and through the local circuit shown 
dotted will be changing. The resultant voltage will undergo changes 
similar in character to the beats produced when two sources of 
sound of slightly different frequencies are sounding together. This 
is indicated in Fig. 282. In consequence, the lamps will flicker, 

the alternations in bright- 
ness being rapid when 
there is a large difference 
in the frequencies, and 
slow when the frequen- 
cies are nearly equal. 
Fig. 282 In the middle of a dark 



Voltage Variations in Synchronizer period the two voltages 

will be in opposition with 
respect to the local circuit. Hence, the speed of the incoming 
machine is adjusted until the lamps go in and out very slowly, the 
incoming voltage is adjusted equal to the bus-bar voltage, and 
then the switch is closed in the middle of a dark period. It is 
somewhat easier to judge the middle of the bright, than the 
middle of the dark, period, and some engineers prefer to synchronize 
“ lamps bright.” This necessitates 
the crossing over of the lamp con- V/ 

nections, as in the case of machine G. \ 

7. Conditions Necessary lor 
Successful Parallel Operation. Since, ^ 
with respect to the local circuit, the 2^ 

E.M.F. of an alternator is in phase Armatures with Resistance only . 

opposition to the E.M.F. of another 

alternator with which it is working 

in parallel, the machines run as Vr " 

synchronous motors relative to one I 

another. Hence, if one machine gets w!th Peactarce on , 

into difficulties, say, through a failure W * 

in steam supply, it must receive Fl °* 283 

wattful motoring current from the Synchronizing Current 
other. 


J^atures with Reactance only. 
Fig. 283 

Synchronizing Current 


(a) Consider two machines having resistance but no reactance. 
Their E.M.F.S E x and E % (Fig. 283) will be practically in phase 
opposition, so that their resultant E f will be almost in quadrature 
with both E x and E r The synchronizing current I will be in phase 
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with E r and therefore, practically in quadrature with E l and E lt 
so that it will be an idle current and will therefore convey no real 
power to the machine needing help. 

(6) Suppose that the armatures have reactance only. Then the 
synchronizing current I will be in quadrature with E r , and therefore, 
practically in phase with one of the machine voltages ; E 2 in Fig. 
283. Thus machine II will supply real power to machine I, so 
that the latter will keep running. This shows that for successful 
parallel operation, reactance in the armatures is absolutely necessary. 



Now consider actual machines with both resistance and reactance, 
let the angular phase difference of the two induced E.M.F.s be 0, 
and lot the circulating current / lag an angle y behind E r , as shown 
in Fig. 284. Then so lcng as 0 is small and the E.M.F.s are equal, 
we can write 

E 1 = L\ - E, and E r - EO 
/. Circulating current 

Er EO 

z —~z 

where Z is the combined impedance per phase of the two armatures. 
Now so long as 0 is small, the angle between 01 and 0E 2 is very 
nearly equal to (90 - q>), and therefore 

Synchronizing power }V 9 = E 2 I cos (90 - q>) 

E 2 . 

= . 0 Bin <p 


dW t 

~de 


E* 

Z 


. sin (p 


E* X 

Cl ~ VT* + x 2 x Vr * + x 2 


= E* X 


X 

R* + X 2 


and this is a maximum when X = R, showing that the maximum 
synchronizing power would be given with an armature reactance 
equal to the armature resistance. This condition is, of course, never 
fulfilled in actual practice, the resistance always being small in 
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comparison with the reactance. Nor is it desirable that this condition 
should be fulfilled, since it would give rise to an excessively high 
restoring torque whenever a machine deviated from the steady 
angular position. , 



Example. Two identical three-pliaso alternators are coupled m parallel 
to a total load of 1,500 kW at 11,000 volts, power factor 0-8 lagging. The 
synchronous reactance of each machine is 60 ohms per phase, and resistance 
2*8 ohms per phase. The power supplied by each machine being maintained 
the same, the excitation of the first alternator is adjusted so that its armature 
current is 45 amp. lagging. Calculate — 

(а) The armature current of the second alternator. 

(б) The power factor at which each alternator operates. 

(c) The E.M.F. of the first alternator. 

Total load current 

watts 

1 = VfVcmt 

1,500,000 

vT x li.ooo x-8 = 99 ara r- 

Working component = I cos <f> = 99 X *8 = 79-2 
Wattless component = I sin (f> = 99 X # 6 = 59-4. 

When the conditions are identical, each machine delivers one-half 
of each component, so that the current diagram is as shown in Fig. 
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285 (a), and each machine has the same power factor as the load. 
Also each total machine current = 49*5 amp. 

Since the steam supplies are not altered, the working components 
will remain the same at 39*6 amp. per machine, but an adjustment 
of the excitations will alter the division of wattless current. The 
total current taken by machine I is reduced from 49*5 to 45 amp. 
and therefore its wattless current is reduced, the new value being 

V 45* - 39-6» = 21-4 amp. 

Hence the wattless current delivered by machine II is 
59*4 - 21*4 = 38 amp. # 

The current diagram is now as in Fig. 276 (5), and we have 
(■») • /„ = V39-6 2 + 38 2 = 55 amp. 

(5) cos </>, = 39-0/45 = -88 

cos <f> 2 = 39*6/55 = -73 
(c) Terminal P.D. per phase 

11,000 

V p — = 6,350 volts. 

For machine I 

Resistance drop per phase = RI X =- 2*8 X 45 = 126 

= AB } Fig. 276 (c) 

Reactive drop per phase = XJ x == 60 X 45 =■ 2,700 

= BO , Fig. 276 (c). 

Denoting by X and Y the OX and OY components of the K.M.F. 
per phase, E v , we have 

X — V v + RI X cos (f) x + XI x sin 

= 6,350 + 126 X *88 + 2,700 x *475 
= 7,741 volts. 

Y = XI x cos (f> L - RI X sin <f> x 
= 2,700 X *88 - 126 X -475 
= 2,310 volts. 

E, = V7,741 2 + 2,310* 

= 8,060 volts 

E *= VH X 8,060 
= 14,000 volts. 
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8. Division o! Load between Two Machines. When a machine 
is switched on to the bus-bars its steam supply is small, so that it 
may be actually taking a small amount of motoring power from 

the bus-bars. At the most 
it will only supply a .small 
amount of power to them. 
Its working point may 
therefore be in some position 
such as P 1 on the diagram 
(Fig. 286). To bring it into 
the generating half of the 
diagram, it is necessary to 
increase the steam supply. 
This causes the excitation 
vector BP l to swing* round 
until the working point 
reaches, say, P a . The 
machine is now generating, 
but its output may not be 
sufficient, and its power 
factor will be low because 
of the large angle of lag, L 
P 2 AZ , of the current AP 2 behind the voltage. The next adjustment 
is therefore to increase the excitation until the power factor is in the 
neighbourhood of unity. During this adjustment the working point 
travels along a power line from P 2 to P a . The steam supply is 
again increased, thus bringing the working point to P 4 on a line of 
greater output, and the excitation is then increased again. Thus 
the adjustments are made in steps, until the machine is delivering 
the required output. When adjusting the steam supply, the driver 
watches the wattmeter, whereas the adjustment of the excitation 
is made by means of the ammeter, or of a power factor meter. 

Compare this with the case of a D.C. shunt generator in which 
the load is adjusted by varying the excitation, the engine governor 
automatically admitting the required amount of steam. 

9. Synchronizing Gear for Three-Phase Machines. By arranging 
three lamps across the poles of the main switch as in the case of 
machine B (Fig. 287), it is possible to synchronize with lamps 
dark. A better arrangement is to cross connect two of the lamps 
as in the case of machine C. Suppose that the voltage star ABC 
(Fig. 288) refers to the bus-bars, and A'B'C\ to the incoming 
machine C. Then the instantaneous voltages across the three 
lamps in the case of machine G are given by the vectors AB', A'B } 
and CC f . Now both vector diagrams are rotating in space, but 
they will only have the same angular velocities if the incoming 
frequency is equal to the bus-bar frequency. Suppose the incoming 
machine is too slow. Then diagram A’B'C' will rotate more slowly 
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than ABC , so that at the instant represented 4 B' is decreasing, A'B 
is increasing, and CC' is increasing. 

If the incoming machine is too fast, then AB' is increasing, A'B 
is decreasing, and CC ' is decreasing. 




Hence, if the three lamps are placed in a ring a wave of light 
will travel in a clockwise or counter-clockwise direction round the 
ring, according as the , incoming machine is fast or slow. This 
arrangement therefore indicates whether the speed must be decreased 
or increased. The switch is closed when the changes in light are 
very slow, and at the instant the lamp connected directly across 
one phase ( CC ' in the figure) is dark. Lamp synchronizers are only 
suitable for small low 
voltage machines. 

For large machines a 
rotary synchroscope is 
almost invariably used. 

This synchroscope, which 
is based on the rotating 
field principle (see Chap. 

XVI), consists of a small 
motor with both field and 
rotor wound two phase. 

The stator is supplied by a 
pressure transformer 
connected to two of 
the main bus-bars, while 
the rotor is supplied 
through a pressure trans- 
former connected to a cor- 
responding pair of 
terminals on the in- 
coming machine. Two-phase current is obtained from the phase 
across which the instrument is connected by a split-phase 
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Rotary Synchroscope 
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device, as shown in Fig. 289. One rotor, phase A , is 
in series with a non-inductive resistance R % and the other, B , 
in series with an inductive coil C, the two then being 
connected in parallel. The phase difference so produced in 
the currents through the two rotor coils causes the rotor to set up 
a rotating magnetic field. By a similar device, the stator produces 
a rotating magnetic field. Now if the incoming machine has the 



Fig. 290 

Arrangement of Synchronizing Gear 
same frequency as the bus-bars, the two fields will travel at the 
same speed, and therefore, the rotor will exhibit no tendency to 
move. If the incoming machine is not running at the correct 
speed, then the rotor will tend to rotate at a speed equal to the 
difference in the speeds of the rotating fields set up by its rotor and 
stator. Thus it will tend to rotate in one direction if the incoming 
machine is too slow, and in the opposite direction if too fast. 

In practice, it is usual to perform the synchronizing on a pair of 
auxiliary bars, called synchronizing bars. The rotor of the syn- 
chroscope is connected permanently to these bars, and the incoming 
machine switched on to these bars during synchronizing. In this 
way, one synchroscope can be used for a group of alternators. 
The arrangement of the synchronizing bars and switch gear is 
illustrated in Fig. 290. 



CHAPTER XX 

THE INDUCTION MOTOR 

1. The polyphase induction motor is used more extensively than 
any other form of A.C. motor. It derives its name from the fact 
that the current in its rotor is not drawn from the supply, but is 
induced bj r relative motion of the rotor conductors and the magnetic 
field produced by the stator currents. The stator, which is built 
exactly like an alternator stator, carries a polyphase winding 
similar to an alternator winding. The stator winding is connected 
to the* supply, and the polyphase currents circulating through it 
produce a magnetic field which rotates at synchronous speed. 
The lines of force of the stator field cut the rotor conductors and 
induce currents in them ; hence, by Lenz’s Law, the rotor follows 
after the stator field Now it is on the relative velocity of the 
rotor and stator field that the magnitude of the induced rotor 
current, and therefore, of the torque, depends ; hence, even on no 
load the rotor speed must be less than synchronous speed, because 
of the friction and iron losses. When extra load is put on the 
motor, the torque must increase in order to cope with it ; hence, 
the induced rotor current must increase, and therefore, the relative 
velocity of rotor to stator field must increase. But the speed of 
the stator field is fixed by the frequency of the supply, and therefore, 
as the load on the motor increases, tho actual speed of the rotor 
decreases. Its speed ehfiracteristic is therefore somewhat similar 
to that of a T).C. shunt motor. 

2. For a unidirectional torque to be set up, the rotor field 
produced by the induced rotor currents must have the same angular 
velocity as the main stator field, and therefore, the lines of force 
“ slip ” past the rotor conductors. 

Let co x = angular velocity of stator field, and therefore of 
rotor field 

co 2 = actual angular velocity of rotor 
The difference (cux - co 2 ) is called the “ absolute ” slip. 

The ratio 0,1 “ Q>a is called the “ fractional ” slip, and 0)1 ~ C ° i X 100 

C t>x (O x 

is the percentage slip. 

The full load slip of modern motors varies from about 4 per cent 
for small motors jbo 1*5 or 2 per cent for very large ones. The 
actual speed is thus very close to the synchronous speed under 
normal working conditions. 
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When the rotor is stationary, the stator field sweeps past the 
rotor conductors with full synchronous speed, and the frequency of 
the rotor current is equal to the line frequency, /. The motor then 
functions like a transformer with distributed windings and a narrow 
air gap in the magnetic circuit. When running at a speed ndar to 
synchronism the relative velocity of stator field and rotor is aco v 
where a is the fractional slip. But the frequency of the rotor 
currents is proportional to this relative velocity. Hence, the rotor 
currents have a frequency of or/. 

3. There are two types of rotor winding, the “ squirrel-cage ” 
— a ** A ” The squirrel-cage rotor consists of a 


their ends connected to stout popper 
end rings. These windings are thus 
permanently short-circuited on them- 
selves, and external resistance cannot 
be connected in series for starting 
purposes. 

The phase wound rotor is provided 
with a distributed winding ; it is nearly 
always a two layor wave winding in 
large motors. The separate phases are 
generally connected in star, and the 
three free ends, connected each to one of 
three insulated slip rings mounted on the 
motor shaft. When running normally 
these slip rings are short-circuited, but 
for starting purposes they are connected 
to a three phase star-connected starting 
resistance, as in Fig. 291. 

The squirrel-cage rotor is as a rule used only for comparatively 
small motors, because, as we shall see, its starting torque is very 
small and it takes a large current from the line at the moment of 
switching on. The rotor resistance is very low, and therefore, the 
motor is very efficient, and the simple construction of the rotor 
renders it mechanically robust, and comparatively cheap to manu- 
facture. The small starting torque is the result of the low rotor 
resistance. When squirrel-cage motors are used for crane or 
hoist work, where a large starting torque is more important than 
high efficiency, because of the intermittent nature of the load, it is 
usual to increase the rotor resistance by making the end rings, and 
sometimes the bars as well, of high resistance metal, e.g. German 
silver. 

4. Relation between Slip and Rotor PR Loss. When an induction 
motor is operating normally, the slip is so small that the frequency 
of the magnetic reversals in the rotor core is only of the order of 


number of copper bars threaded through 
slots in a laminated rotor core, with 


ana lue pnase wouim. 
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one or two per second, the rotor iron loss therefore being quite 
negligible. Hence 

(Power of rotating field ) = Output + rotor copper loss 
If T i& the motor torque, then 

Power of rotating field = Ta> 1 
Output = Ta) t 

Tco x = T(o % + rotor copper loss 

« 

. rotor copper loss 

• • "x- «>» = 7jr 

co i - a ) 2 _ rotor copper loss 
co x Tco x 

rotor copper loss 
input power 

Fractional slij> = 

mput power 

and percentage slip =- rot,or copperjos s x jqq 

input power 

= rotor copper loss expressed as 
a percentage of the input power of the motor. 

• This relation shows why it is that motors with a very low rotor 
resistance have a small slip, while those with a high rotor resistance 
have a large slip. 

5- Torque* The mechanism of torque production in the induction 
motor is essentially the same as in the D.C. motor. Fig. 292 shows 
one rotor conductor which, for convenience, is again shown midway 
between the stator and rotor surfaces. The stator field is travelling 
in a clockwise direction, and therefore, since the rotor speed cannot 
be equal to the stator field speed, the rotor is travelling counter- 
clockwise relative to the stator field. Hence when applying the right- 
hand rule to the rotor conductor its motion must be considered as 
being from right to left. This shows that the E.M.F. in the conductor 
acts outwards, and therefore the current acts outwards. The direc- 
tions of the lines of force in the two component fields are therefore 
as shown in the first figure, while the resultant field distribution is 
as given in the second figure. Thus lines of force are bent round the 
conductor and a torque set up in the same direction as the stator 
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field. In this case also the forces which exist in an actual machine 
act on the tops of the rotor teeth and not on the conductors them- 
selves, and the student is advised to draw the figure corresponding 
to Fig. 91. * 

In the D.C. motor the torque is proportional to the prodlict of 
the flux per pole and the armature current, and similarly in the 
induction motor the torque is proportional to the flux per stator 
pole and the rotor current. There is, however, an additional factor 
to be taken into account, namely the rotor power factor. We have 
seen that the rotor frequency at any fractional slip or is of, and 



Torque Production of an Induction Motor 


therefore if X 2 is the rotor standstill reactance, its reactance at 
any slip o is oX 2 . First of all imagine the rotor at rest, then its 
reactance is X 2 and its impedance therefore 


while 


Z 2 = Vltf + A7 


COH ( f > 2 — 


R, 

Z 2 


Now in a normal motor X 2 2 is much larger than R 2 2 with the result 
that 

and cos <f) 2 is small. 

Thus the current will lag the rotor induced voltage by an angle of 
the order of 90°. 

Now imagine that the rotor could travel at exactly synchronous 
speed, then at this speed 

<7=0 .*. oX 2 = 0 

== ^2 

and cos <fj 2 = 1 


Actually, an unregulated motor cannot run exactly at synchronism 
but the slip is so small that the condition cos <f> 2 equal to unity is 
very nearly fulfilled. We will therefore consider the two extreme 
cases of cos <f> 2 = unity and cos (f> 2 = 0. Fig. 293 shows two pole 
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Fig. 293 


Effect of Rotor Power Factor on the Torque of an 
Induction Motor 
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pitches of an induction motor. We have already seen that the dis- 
tribution in space of the M.M.F. of a three-phase winding is stepped 
and is not given by a smooth curve. But owing to the tendency of 
a magnetic flux to spread out laterally the flux density distribution 
produced by this M.M.F. will have the comers rounded off, s a that 
when considering the general properties of the motor we can assume 
that the distribution of air-gap flux density in space is sinusoidal. 
This will result in a sinusoidal distribution of rotor induced E.M.F. 
in space, and therefore a sinusoidal distribution of rotor current 
in space. Hence for the case of unity power factor the gap density 
and rotor current distributions are in space phase. Now the force 
on a conductor is given by the product of its current and the gap 
density at its centre, and consequently by plotting the product 
of gap density and corresponding rotor current we obtain a r curve 
giving the distribution of force round the rotor periphery. We see 
that for unity power factor this force is always positive but that 
at intervals of a pole pitch (r) it falls to zero. The average force is 
one-half of the maximum force. 

The second diagram of Fig. 293 shows the operating conditions 
for a rotor power factor of zero. The current lags 90 degrees behind 
the induced voltage, and therefore the rotor will have travelled 
90 electrical degrees, or half a pole pitch, before the current in any 
particular bar will be the same as in the previous figure. In other 
words, the rotor current distribution will bo shifted 90 electrical 
degrees to the right. On plotting the curve of force per conductor 
we now see that the force is reversed at intervals of half a pole pitch, 
and that the average force is zero. Hence the torque is zero. These 
curves are analogous with those of Figs. 165 and 166, giving the 
curves of power in a single-phase circuit, and it therefore follows 
that the torque developed by the rotor is proportional to the rotor 
power factor. 

Wc thus see that in the induction motor the flux is proportional to 

( Flux entering rotor \ w . . v / cos of angle between \ 

from stator J X rotor current X fluz ar f d current J 

The flux is proportional to the stator applied voltage E 1% exactly 
as in a transformer. 


Rotor current per phase 


rotor E.M.F. 

rotor impedance per phase 


When the rotor is stationary, there will be a certain transformation 
ratio K between stator and rotor, and for the rotor E.M.F. we have 

E mm KE 1 
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When the motor is running, the relative velocity of rotor and 
stator field is proportional to the fractional slip a, and since the 
fractional slip at standstill is unity, we 
have for the rotor E.M.F. when running, 

= oKE-i* 

Again, the frequency of the rotor current 
is o/; hence, if X 2 is the rotor reactance 
per phase to currents of line frequency, its 
reactance to currents of slip frequency 
will be aX r Hence, the rotor current is 
given by e 

aKE x 

Vrj + o'xs 

Again, from the impedance triangle (Fig. 294), we have 

A 2 

cos w — - 

Y VR 2 + <r 3 AY 

The expression for the torque, T, therefore becomes 
<jKE 1 r 2 


Fio. 294 

Rotob Impedance 
Triangle 


T oc E t x 


VTQ + cr 2 X 2 2 V li t 2 + a 2 !, 1 
aKE 1 2 R i 


A, 2 + o l X* 

Several important properties of the motor can be deduced from 
this expression — 




The quantity in the brackets is the rotor current, and we therefore 
have 


T oc 




, since AT is a constant 


a rotor copper loss 
slip 

(6) When the motor is running under normal conditions a is 
very small, and we can neglect (vX^)* in comparison with 
Hence, under these conditions, 

T oc aEi*, K and being constants 
oc E^(o) 1 - (o % ) 

Now rotor intake oc to Tw t 
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rotor intake 
oc rotor intake 


so long as E x is constant. This shows that the fall in speed is pro- 
portional to the rotor intake, and therefore, very approximately 
to the output. We also see that the torque is proportional to the 
square of the applied voltage, a property of the motor which renders 
it very susceptible to changes in voltage. It is necessary that the 
voltage regulation of a line supplying induction motors should be 
very good. 

(c) At the moment of starting, the rotor is stationary, and 
therefore, cr = 1. Hence 


starting torque oc 


R« 


RS + XS 

This is a maximum when R 2 = X 2 , R 2 being regarded as the 
variable. Therefore, to obtain the maximum starting torque, suffi- 
cient resistance should be put in series with the rotor to make the 
total resistance per phase equal to the rotor reactance per phase, 
to currents of lino frequency. Tho variation of starting torque with 
rbtor resistance is shown graphically in Fig. 295. A squirrel-cage 

or short-circuited rotor has a 
small starting torque because its 
rotor resistance is very small, and 
can not be increased for starting 
purposes by the addition of an 
external resistance. 

(d) Under running conditions, 



T oc 


oR 2 


R* + <r 2 X a a 


Effect of Rotor Resistance . 

on Starting Torque This is a maximum when R 2 = 

a now being the variable. 
Substituting RJX 2 for cr, we have for tho maximum torque under 
running conditions 


T 

■* mag 


OC ■ 


x t 


RS + 


oc 




Since X 2 is a constant for a given motor, we see that tho maximum 
torque attainable is a constant and is independent of the rotor 
resistance. Hence, if we draw a family of torque/slip or torque/speed 
curves for a series of values of the total rotor resistance, they will 
all have the same maximum value. Such a family of curves is 
shown in Fig. 296. The perpendicular OY is drawn at unity slip 



THE INDUCTION MOTOR 


355 


or zero speed, and the intercepts on this axis give the starting 
torque of the motor with a rotor resistance equal to that corre- 
sponding to the particular curve. If U t is equal to X 2 the 
maximum torque occurs at starting, as shown by curve III, and 
for any other resistance the torque at starting" is less than the 
maximum value. The shaded portion of the diagram represents 
the normal working range, and it will be seen that although a high 
resistance is an advantage for starting purposes, it is a disadvantage 
when running normally. Curve I is for a normal rotor of small 
resistance : this gives a greater torque than any of the others 
w'ithin the working range, and the maximum torque is not far 
removed from this range, a disadvantage in the case of a motor 



subjected to sudden violent overloads, even if of short duration. 
Curve 11 is for a high resistance rotor, and we see that within the 
working range the increase in resistance causes a decrease in torque. 
For a given torque the motor represen ted by curve ll suffers a 
larger slip than the normal motor, so that its speed characteristic 
is similar to that of a D.C. cumulatively compounded motor. For 
certain classes of work this characteristic is an advantage, since it 
relieves the motor both electrically and mechanically when the 
opposing torque is heavy. Also, the position of the maximum 
torque is farther removed from the normal working range, so that 
the motor is not so liable to pull out in the event of a serious over- 
load. For average motors the pull out torque is about 2J times 
the normal full load torque. 

As an actual example consider the case of a 250-b.h.p. induction 
motor having a rotor resistance per phase of 016 ohm and standstill 
reactance per phase of -15 ohm. We have seen that the torque 
and rotor current can be written 


T = Ki 


gRq 


R t * + 


/, = A’, 


W + <7**,*)* 
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where K t and K t are constants which need not be determined. 
Substituting the numorical values for R a and X t , we have 


T = K l 


•016a 

(-016)® + (-15)V 


f ^ 

* * |(-016)M- (-15)V}* 

We will take the values of K t and K 2 to be unity, the units in which 
T and 1 2 are expressed then being arbitrary units. Taking a series 
of values of a from zero up to 2 0 in steps of 0*1, we can tabulate as 
follows, this being more expeditious than making an individual 
calculation for each point on the curves. 


R % « 016. X t — *15. 


a 

a* 

aX,* 

+ oX,' 

VE,» + 

a 

T 

o 

y/R t * + oX t ' 

R, % + oX,' 

•1 

•01 

•000225 

•000481 

•0244 

416 

208 

•2 

•04 

•0009 

•001156 

•034 

5-88 

180-4 

•3 

•09 

•00203 

•002256 

•0477 

6-3 

131 

•4 

•16 

•0036 

•003856 

•0621 

6-42 

101*6 

•5 

•26 

•0056 

•005866 

•0765 

6-55 

86 


It is not thought necessary to give the whole of the table, as the 
reader can make the necessary calculations for himself. The curves 
of T and 1^ against a are plotted in Fig. 297, and we see that the 

.010 

maximum torque occurs for a slip of = *107 or 10*7 per cent. 

In the same figure the torque curves for a resistance R 2 of -083 
and for a resistance of 16 ohm per phase are given, and it will be 
seen that these also exhibit a maximum at a slip of RJX 2 , namely, 

*083 

for a = l, when R 2 = X 2 , and for o = = *553, when R 2 = 083. 

For all three curves the magnitude of the maximum torque is the 
same. 

6. Crawling ol Induction Motors. Squirrel-cage motors some- 
times exhibit a tendency to run at a speed very much smaller than 
synchronous speed, usually one-seventh. This is due to the fact 
that since it is impossible to distribute the stator winding in more 
than 3 or 4 slots per pole per phase, even in large machines, the 
wave of stator flux, instead of being a pure sine wave, is stepped. 
This wave, when analysed, gives, in addition to the fundamental 
wave which rotates at synchronous speed, odd numbered harmonics, 
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third, fifth, seventh, and so on. The third harmonic waves produced 
by the three phases neutralize one another as will be seen later, 
and the most important of the remaining harmonics are the fifth 
and the seventh. Now the field sot up by the fifth harmonic, 
considering this separately, rotates backwards, while that due 
to the seventh harmonic rotates forwards. Hence, the torque/ 
slip characteristic will have three components, that due to the 
fundamental, that due to the fifth harmonic, and that duo to the 
seventh. These separate characteristics are drawn in Fig. 298, the 



total torque being obtained by adding corresponding ordinates of 
the three separate curves. The curve for the seventh harmonic 
crosses the slip axis at one-seventh fundamental speed. Similarly, 
the curve for the fifth harmonic crosses the slip axis at one-fifth 
fundamental synchronous speed, but in this case the point of 
intersection is to the left of the standstill axis. The curve of total 
torque is given by the heavy line, and from its shape we see that, as 
the motor starts up from rest, the torque increases up to a maximum, 
then decreases, and finally reaches another maximum. Also, the 
position of the first maximum is just below one-seventh synchronous 
speed. If the frictional torque of the motor is such that it requires 
the motor to develop a torque greater than that in the neighbourhood 
of one-seventh full speed, the motor will “ crawl ” at this speed and 
will be perfectly stable so long as the working point is in the neigh- 
bourhood of C . If the field form of the motor is such that a fairly 
large seventh harmonic is produced, then the only way to avoid 
this trouble is to make the rotor resistance sufficiently high to 
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enable the motor to develop a torque at one -seventh speed greater 
than the frictional torque. 

This phenomenon is not exhibited by motors with wound rotors, 
because the inserting of external resistance for starting purposes 
gives the motor a torque very much greater than the frictional 
torque. In fact, such motors will start against full load torque 
without difficulty 

7. Magnetic Locking. The rotor of squirrel-cage motors some- 
times exhibits a tendency to remain in one place, and not to rotate 



Fig. 208 

F.ffect of Harmonics on tiie Torque Slip Curve 


at all : this happens when the numbers of rotor and stator slots 
have a common factor. In such a case there will be certain rotor 
positions which make the air gap reluctance a minimum, and it is 
in such positions that the rotor tends to remain. This is easily 
overcome by making the number of rotor slots prime to the number 
of stator slots. 

8. Methods ot Starting Squirrel-Cage Motors. An induction 
motor can be regarded as a transformer with a small air gap in 
the magnetic circuit. Hence, a squirrel -cage motor, when at rest, 
and therefore having no back E.M.F. induced in it, can bo regarded 
as a transformer with a short-circuited secondary. Such a trans- 
former would take a very high current if the full voltage were 
applied to its primary winding, and therefore, for starting it is 
necessary to apply a reduced voltage. When the rotor is well 
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under way, the full voltage can be applied. There are several 
methods of obtaining this reduced voltage. 

In the auto-transformer starter, the reduced voltage is obtained 
by taking tappings from a three phase auto-transformor, as shown 
in Fig. 299 (A). In the running position full line voltage is applied, 
and the auto-transformor left out of circuit. 

If the motor is supplied through a step-down transformer, therf 
the secondary of this transformer can be used as an auto-transformer 
as shown in Fig. 299 (B). This considerably simplifies the switch- 
gear, but the extra connections from the transformer are a 
disadvantage. 

In the “ star-delta ” method the motor is designed to operate 
normally with the stator phases mesh connected, so that the normal 
phase pressure is equal to the line pressure. For starting, the 
phases are connected up in star, the pressure applied to each phase 
being thus 1/V3 of the normal pressure. Fig. 299 (C) shows the 
arrangement of a star-delta starter and the stator phases ; the 
phases are each brought out to two terminals. A four-pole throw- 
over switch is used, the object of the fourth polo being to provide 
the star point when the phases are connected in star. It has no 
contacts on the delta side. 


Example. A squirrel-cage motor has a ratio of rotor standstill reactance to 
resistance per phase of 4 to 1, and the maximum torque iB 2J times the normal 
full load torquo. Calculate (1) the full load slip, (2) the ratio of starting torque 
to normal torque, (a) with direct-on starting, ( b ) with star-delta starting, 
(c) with an auto-transformor starter with 70 per cent tapping. 


With normal voltage on the stator 


when 

Let 


(i) 


also 


T — k X 

T = T max , 
T max = 100% 


oR., 


Rf +- a 2 XV 


a-o 


a — RJX t . 0 


**• 


100 = R.? + ~ 2 . X\. 


*Vs 


/. k — 200-Xg 

rn 

* normal 


T max = 100 = 44>4 


2i 2* 


*. 44-4 = 200X3.0. 


^2*0 — ^^2 


aR t 


R* + aK X\, 


0 R 0 


♦ <4.4 - 800*,. 
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800ff 

1 + 16(7* 

This gives a — 5-7 per cent or 107 per cent, showing that the motor 
will run normally with a full load slip of 6-7 per cent. In the region 
of counter-current braking, the slip at normal full load torque will 
be 107 per ceftt (Fig. 300). 



T 


hi I, 


starting 


It t 2 + 


X\ 


20 


Putting k = 200Xj. 0 and 

we have T, tarttnQ = 47. 


X 2 . 0 = 4/i 2 


(a) At full stator voltage, T 8taTtin9 is given by the above value of 
47 per cent of the maximum possible torque 

47 

• • ^ starting ~ ^'4 ~ normal 

(b) Star-delta starting gives l/\/3 times full voltage, and therefore 
1/3 times the torque at full voltage 

• t 1 '®® 

• • x starting — g normal 

(<*) T starting == 1*0^ X *7® = •52T n0 rmal 

9. Starting of Synchronous Motors by Induction Motor Action. 
We have seen that the synchronous motor will not start by syn- 
chronous-motor action, with the result that the motor has to be 
brought up to speed either (a) by the help of a pony motor, or (6) by 
induction-motor action. This second method is the more commonly 
used, and the necessary torque is developed in damping windings 
which are housed in the pole faces, and also connected by copper 
straps across the interpolar gaps, so as to form a squirrel-cage 
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winding. As with the squirrel-cage induction motor, it is necessary 
to apply a reduced voltage to the machine at starting so as to avoid 
excessive rushes of current, and one method of doing this, as used 
hy the B.T.H. Co., is shown in Fig. 301. It consists of 'an auto- 
transformer and two oil switches, one a four-pole, the other a three- 
pole, which are mechanically interlocked so that it is impossible for 



Fig. 301. B.T.fl. Method of Starting a Large Salient-Pole 
Synchronous Motor 

both switches to be closed at the same time. When the starting 
switch is closed the incoming line is connected to the transformer 
whose neutral is already provided by the fourth pole of the running 
switch being closed when the other three poles are open. The motor 
thus starts up on the reduced voltage corresponding to the trans- 
former tap in use. When the running switch is being closed the 
starting switch is opened just before contacts are made, and when 
the running switch is definitely closed the full voltage is applied to 
the motor, and at the same time tho neutral point of the transformer 
is opened so that the transformer will not be taking current 
permanently. 

It is important to appreciate the effect which the starting, or 
damping, winding has on the performance of the motor while it is 
synchronizing. The torque developed and the speed attained before 
synchronism depend, for a damping winding with a given number 
of conductors, on the resistance of the winding exactly as in the 
case of an induction motor; in fact, if torque is plotted against 
speed the curves similar to those of Fig. 290 will be obtained. Three 
such curves are given in Fig. 302. Curve 1 corresponds to a low 
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resistance comparable with that of an induction motor rotor, curve 2 
to a resistance higher than this, and curve 3 to a resistance of such 
value that the maximum torque occurs at standstill. From the point 
of view of mere starting torque a high resistance starting winding 



Fig. 302 . Influence of Resistance of Starting Winding on 
Starting Performance 


is thus an advantage. Now consider the synchronizing torque, that 
is, the torque which has to make up for the difference between the 
speed up to which the motor is brought by induction motor action, 
and the synchronous speed, i.e. the torque which has to pull the 
motor into step. Suppose that the motor has to start against a 
torque equal to the normal full-load value, then with a resistance 
of starting winding corresponding to curve 3 the speed will only be 
brought up to O'C which, on an average, will be about 75 per cent 
of synchronous speed. Consequently the slip will be about 25 per 
cent, and it will be quite impossible for the motor to synchronize 
against such a large slip. If the resistance of the winding is very 
low, as in curve 1, the starting winding will bring the speed up to 
O' A , which will be 95 or 96 per 
cent of the synchronous speed. 

The slip will thus be only 4 or 
5 per cent, and the motor will 
consequently have no difficulty 
in pulling into step. But with 
such a resistance the motor 
cannot start against full-load 
torque, because the starting 
torque O'D is less than this. 

From this it follows that the 
design of the starting winding 
has to be a compromise between 
the diametrically opposed de- 
siderata of high starting torque 
and high synchronizing torque. With the ordinary construction it is, 
therefore, impossible to obtain a starting torque and synchronizing 



Speed Variation with Change 
in Load 
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torque anything like so high as with the synchronous-induction 
motor, described in paragraph 12. The following figures give the 
order of the performance obtained, although, naturally, they vary 
considerably with different motors. For a starting voltage*of 60 per 
cent normal the starting torque is about 40 per cent; while the 
synchronizing torque varies from 10 per cent for 60 per cent voltage 
up to 40 per cent for full voltage. 

10. Speed Control o! Induction Motors. All alternating current 
motors without commutators suffer from the disadvantage that 



Fig. 304. Controller Connections for Slip-ring Motor 


they are fundamentally single speed machines, because the mag- 
netic field rotates at synchronous speed. The economical control 
of the speed of induction motors is, in consequence, much more 
difficult than that of direct current motors. The various methods 
of speed control in common use are as follows — 

(a) Rheostatic Control. This can be applied to motors with 
wound rotors only. Resistance is included in the rotor circuit, the 
speed depending on the value of the additional resistance per phase. 
We have seen that the percentage slip is equal to the percentage 
rotor copper loss. If the motor is working on a constant torque, 
the current will be sensibly constant and the drop in speed 
below synchronism will be proportional to the extra resistance 
per phase. We thus see that drop in speed is proportional to 
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the power dissipated in the rheostat, the method being therefore very 
wasteful if speeds much below synchronism are required. Thus if 
the speed is half synchronous speed, hall the power supplied to the 
motor will be wasted in the rheostat. A further disadvantage of 
the method is that the speed is only a function of the external resist- 
ance so long as the load torque remains constant. Consider the two 



torque speed characteristics in Fig. 303. Curve I corresponds to a 
motor running with the slip rings short-circuited. If the torque 
falls from, say, full load, to half load, then the change of speed will 
be AB . If so much resistance is added that the torque speed 
characteristic is represented by curve II, then for the same change 
in torque the change in speed is CD , which is very much greater 
than AB . 

For very large motors, resistance controllers are almost invariably 
of the liquid type, but for small and medium sized machines metallic 
resistances with a controller of the barrel type are common. A 
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typical connection scheme for such a controller is shown in Fig. 304. 

(6) Pole Changing. The stator is wound so that the number 
of poles can be varied. If p x and p 2 are the numbers of poles, then 
there are two synchronous speeds, given by 

n x = 120 fjp ly and n a = 120 fjp 2 . 

It is easy to arrange for two numbers of poles in the ratio of 1 : 2, 
Fig. 305 showing the method of changing from four to eight poles, 
a single phase winding being shown for simplicity.* The larger 
number of poles is obtained by making all the poles of one name, 
consequent poles. This introduces considerable magnetic leakage, 
the result being that the power factor, when running with the 
larger number of poles, i.e. at the lower af>eed, is not very good. 
The method is therefore best suited to motors of large diameter, 
in which the pole pitch, oven with the larger number of poles, is 
not so small as to cause excessive magnetic leakage. When more 

than two speeds are required, 
it is possible to obtain these by 
re-arrangement of the same 
winding, but so many tappings 
are required that it is simpler to 
have two separate windings 
housed in the same slots. The 
rotor of these motors is usually 
of the squirrel-cage type, since 
such a rotor is suitable for any 
number of polos Tf the rotor is 
phase wound, then its number 
of poles must also be changed. 

Additional speeds can bo ob- 
tained by auxiliary rheostatic 
control, but this, of course, 
lowers the efficiency. 

(c) Cascade Control. In this 
method two induction motors 
are mechanically coupled, and the rotor of the main motor is phase 
wound. The second rotor can be either squirrel-cage or phase 
wound. The stator of the first motor is connected to the supply, 
but the second motor receives its supply from the rotor of the 
first. Also the supply to this second motor can be taken either to 
its stator or rotor, as indicated in Fig. 306. It will be seen that, 
although the main motor is acting as a motor relative to the 
supply, its rotor is acting as a generator relative to the second 

* For complete information on all mothods of speed control of induction 
motors, see Walker, The Control of the Speed and Power Factor of Induction 
Motors. 
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motor, and the two machines are thus working under very 
different conditions. The main motor has a supply of line 
frequency, but the back E.M.F. injected into its rotor by the 
second machine causes the speed to be considerably below syn- 
chronism, and its rotor frequency is therefore much greater than 
normal slip frequency. The second motor is working on a 
supply of low frequency, namely, the slip frequency of the main 
motor, but apart from this its operation is normal. Generally 
the two motors run at the same speed, but we will consider the 
case of beltod motors in which the ratio of the speed of the main 
motor to that of the second motor ip 1/n. Let the main motor 
have p l9 and the second motor p 2 , poles. Let o x and <r a he the 
respective fractional slips, and let the line frequency be /. 

Theft synchronous speed of main motor = — ^ 

Pi 

Actual speed of main motor = (1 - a x ) 

Pi 

Synchronous speed of second motor =• 1 

V 2 


Actual speed of second motor = (1 - or a ) 

Pt 


_ 120 aj 

Pi 


approx. 


since this motor is working normally and its slip a t is small. 

Hence ^ (l-aj =L 
Pi Pi * 




1 + 1x5 

n p 9 


n Pi 

n Pi + Pi 


Thus, in the particular case in which the motors are solidly coupled, 
n sas 1 ; also, if Pi = Pz, then a x = and the set runs at one-half 
synchronous speed. It is essential that the two motors shall be 
mechanically coupled, since if thoy are not, then, if mechanical load 
is put on any one motor it will stop and act like a transformer 
while the other motor will run light at full speed. 

Substituting the above expression for the slip a x in the expression 
for the speed of the main motor, we have 
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v 120 / 

*" A ( J 


- 120/ X 


Pi + np% 


Hence, the main motor runs at the same speed as a single motor 
having (jp x -f wp 2 ) poles. 

The usual method of applying the cascade method is to connect 
the two motors so that their torques act in the same direction, the 
speed then being obtained from the expressions developed above, 
and being less than the normal speed of the main motor. If a speed 
greater than normal speed is required, the torque of the second 
motor can be reversed by the simple expedient of changing oyer 
two of the leads to its stator winding. This is called differential 
cascading and the speed, for a direct-coupled set, is 

N = 120/ X — — 

Pi- Pi ' ' 

This method of control is peculiar in that the torque developed by 
the machines varies very considerably with changes in speed. In 
particular, if the speed is the same as the synchronous speed of the 
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this machine is negative, and therefore the phase rotation 
of its rotor currents is reversed. This, combined with the 
fact that the connections to the stator of the second machine have 
been reversed with respect to normal cascading, explains why stable 
operation at speeds greater than synchronous speed is possible. 

The main disadvantage of this method, apart from the necessity 
of a second motor, is that the magnetizing current for both' motors 
has to be drawn from the line, and since it is a wattless current it 
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causes a poor power factor. To minimize this lowering of the 
power factor, commercial cascade sets invariably have a small sec- 
ond motor with very few poles compared with the main motor, the 
magnetizing current required by the second motor being, therefore, 
small. , The expression for the slip shows that in such a oase the cas- 
cade speed is not very much below the normal synchronous speed of 
the main motor. If more than two speeds are required, cascade 
control can be combined with pole changing ; such sets are in fairly 
extepsiye use for driving rolling mills and mine ventilating fans. 

(d) Cascade Control with Rotary Convertor and Auxiliary 
Direct-Current Motor. This is known as the Kramer system. 
It will be seen that in the ordinary ’ 
cascade control, speed variation is 
obtained by utilizing the slip energy 
of the Aain rotor in a second motor, 
instead of wasting it in a rheostat. 

In the Kramer method this slip 
energy is first converted into direct 
current energy by means of a rotary 
convertor (Fig. 307), and it is then 
utilized in a direct current motor 
which is direct coupled to the main 
motor. The speed is controlled merely 
by altering the excitation of the 
direct current motor. This alters the 
back E.M.F., which, being approx- 
imately the same as the voltage 
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Comm otator Motor in Cascade 

at the commutator of the 
rotary’ alters the voltage at the slip rings of the latter. This slip 
ring voltage is injected into the rotor circuit of the main motor and 
causes the required reduction in speed. The advantage of this 
method is that any speed within the working range can bo obtained, 
instead of only two or three speeds by the other methods. Also, if 
the rotary convertor is designed to operate with high excitation, 
it will take a leading current, and thus considerably improve the 
power factor of the set. 

The Kramer system can be used with a flywheel load equalizer 
if means are provided to reduce the speed automatically when the 
load increases. This is done very simply by compounding the 
auxiliary D.C. motor. An increase in load causes an increase in 
rotor current in the induction motor, and this in turn passes through 
the rotary to the direct current motor, whose back E.M.F., as a 
result of the increased series excitation, increases. This, as ex- 
plained previously, brings down the speed, so enabling the flywheel 
to give up some of its stored energy. With a load equalizer of this 
kind the system is frequently .used for driving continuously running 
rolling mills. Without the load equalizer, and with a shunt excited 
auxiliary motor, it is used for driving mine ventilating fans. 






370 


ELECTRICAL TECHNOLOGY 


( e ) Cascade Control with Auxiliary Polyphase Commutator 
Machine.* Imagine an ordinary induction-motor rotor, without a 
stator, provided with the usual slip-rings and supplied with alter- 
nating current from an external source. If the rotor is -stationary 
a rotating magnetic field will be set up, this field travelling at 
synchronous speed with respect to the rotor, and therefore at syn- 
chronous speed in space. The field will induce in the rotor a back 
E.M.F. in a manner similar to the production of a back E.M.F. in 
the primary winding of a transformer on open circuit, and the cur- 
rent which flows will be practically wattless, and its magnitude will 
be limited almost entirely by the standstill reactance of the rotor 
windings. If the rotor is provided with a commutator as well as 
with slip-rings, the arrangement then being that of the rotor of the 
rotary convertor (see Chap. XXI), there will be an E.M.F. of supply 
frequency between any brushes pressing on the commutator. This 
E.M.F. will not vary in magnitude if the brushes are rocked round 
the commutator and the angular spacing of the Various brushes kept 
constant, bqt'it will obviously vary in time-phase whenever such 
movement of the brushes is carried out. In fact, if the brushes are 
capable of movement throughout two pole pitches, phase displace- 
ment through 300 electrical degrees will be possible. 

Now suppose that the rotor is made to rotate, say, in a direction 
opposite to that of the rotating magnetic field, then since the tapping 
points to the slip-rings are points which are fixed relative to the 
rotor winding itself, the rotating field is compelled to maintain its 
synchronous speed relative to the rotor itself. Thus, if the rotor 
itself moves in the above stated direction, the actual velocity of the 
rotating field in space will be reduced. If the rotor speed is just 
equal to the Synchronous speed, the rotor field will be stationary in 
space, and the voltage appearing at the commutator end will then 
bo unidirectional, as distinct from alternating. The R.M.S. value of 
this voltage is, however, unaffected by the movement of the rotor, 
because it is fixed by tho relative velocity of the rotor itself with 
respect to the rotor field, and as we have seen, this relative velocity 
is always equal to the synchronous velocity. 

If the speed of the rotor is not equal to its synchronous speed, 
then the E.M.F. at the commutator will have a frequency equal 
to the difference between the actual and tho synchronous speeds, 
so that in this respect the appliance becomes a frequency con- 
vertor. In this form it can bo connected in cascade with a large 
induction motor, and used for the purpose of speed regulation. 
There are three points to notice in connection with this frequency 
convertor — 

(1) The frequency of the alternating voltage appearing at the 

* The beet student's book on commutator motors is The Commutator Motors 
by Teago. A larger work is The A.C. Commutator Motor , by Olliver. The 
commutator motor is also disoussed at greater length in Chapter XXII. 
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commutator is not proportional to the speed of the convertor, but 
to the difference between its speed and the synchronous speed. 

(2) For a given angular spacing of the brushes, e.g. three brushes 
spaced 120° apart for a three-phase two-pole machine, the E.M.F. 
is independent of the brush position. 

(3) The time phase of this E.M.F. can be filtered by rocking the 
brushes round the commutator. 

It is also to be noted that although we have only considered 
three-phase current fed to the slip-rings in the above discussion, 

3-Phase 
Supply . 

D.C. 

Excitation 
Supply. 


Fio. 309. Speed Control op Large Induction Motor by Frequency 

Convebtor 

the number of phases of converted-frequency current taken off at 
the commutator can be anything we like, being fixed simply by the 
number and spacing of the brushes. 

Now consider a winding having a commutator and having the 
alternating-current supply brought to the commutator instead of 
to the slip-rings. It is now to be noted that, as long as the brushes 
are set in a definite position, the current is supplied to the rotor, not 
at points which are fixed relative to the rotor winding as when 
slip-rings are used, but at points which are fixed in space. This is so 
because, the brushes being fixed, the commutator puts them in 
electrical connection with the various rotor coils in succession. The 
result of this arrangement is that the rotor field always travels in 
space at synchronous speed, no matter what the actual speed of the 
rotor itself may be. It is therefore possible for a rotor fed in this 
manner to run at any speed inside a polyphase stator and still have 
a unidirectional torque acting on it, and this, in brief, is the mode 
of operation of the polyphase commutator motor. In fact, the rotor 
can run in any direction, because this direction does not influence 
the direction of the vptor field, which is decided only by the electrical 
phase sequence of the brushes pressing on the commutator. 

The actual frequency of the currents flowing through the rotor 
windings is, of course, the slip frequency, this condition holding, no 
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matter how the current is supplied to the rotor, i.e. whether induced 
as in the plain induction motor, or whether supplied to a commutator 
from an external source. Hence, with this method of supply also, 
the commutator acts as a frequency convertor. 

It is also to be noted that in the case of the rotor of an induction 
motor, the commutator need not be part and parcel of the rotor 
construction, i.e. not integral with the machine as in the case of a 
direct-current armature and its commutator, since the action is 
exactly the same if the commutator and the winding connected to 
it constitute an entirely separate armature driven by a small motor. 
A separate frequency conveftor of this type can be applied to the 
speed control of a largo induction motor, one such scheme being 
given in Fig. 309. A is the main motor which,* after being started 
up by an ordinary resistance starter, has its rotor winding connected 
to a frequency converter B. This, as explained above, is a rotor 
provided with both commutator and slip-rings ; a stator winding is 
not required. *but the iron part of the stator is provided so as to 
give a low reluctance path for the magnetic flux. It will be seen 
that the frequency convertor is fed with alternating current from 
the rotor of the main motor at its commutator end. The current 
taken off at the slip-ring end of this convertor is used as supply for 
a synchronous motor Z), which is direct-coupled to the main motor 
A . The frequency convertor is driven by another synchronous 
motor C. Suppose the main motor is running with a fractional slip 
of a, then the frequency of the currents supplied to the commutator 
end of the frequency convertor is or/, with the result that the rotating 
field of this machine will rotate at a speed of aN t . The actual rotor 
speed due to4he synchronous motor drive is N tf the relative speed 
of rotor to rotating field thus being iV f (J - a). Hence the frequency 
of the current taken off at the slip-rings is /(I - or) and the speed of 
the synchronous motor D is N 9 (l - a). But this is also the speed of 
the main motor A to which it is coupled, showing that the frequency 
convertor used in the above manner supplies D with current of the 
correct frequency. The speed is obtained, as in the Kramer control, 
by varying the excitation of D, while power-factor control is obtained 
by varying the excitation of the synchronous motor C . 

The discussion of polyphase commutator motors as distinct from 
frequency convertors is somewhat beyond the scope of this book, 
but it can be said that they have a stator winding of the ordinary kind, 
while the rotor has a winding like a direct current armature with a 
commutator. The stator can be shunt, series, or compound excited, 
as in a D.C. motor. The method of connecting a shunt commutator 
motor in cascade with an induction motor is shown in Fig. 308. It 
will be seen that the stator is supplied through a regulating trans- 
former, and the speed of the set is adjusted by means of this 
transformer. The effect of an alteration of the number of turns on the 
secondary winding is to alter the back E.M.F. of the commutator 



THE INDUCTION MOTOR 


373 


motor, and thus to alter the speed of the set. The speed torque 
characteristic of a set of this kind is fixed by the characteristics of 
the commutator motor, being similar to that of a shunt or compound 
motor, according as the commutator motor is shunt or compound 
wound. 

11. Squirrel-Cage Motors with High Starting Torque. Tho 

ordinary squirrel-cage motor suffers from the disadvantage that, 
owing to its very low rotor resistance, its starting torque is very low. 
Many attempts have been 
made to produce a squirrel - 
cage motor with high start* 
ing torque. In tho 
Boucherot motor the rotor 
has two separate squirrel - 
cages, one inside the other, 
as in Fig. 310. The outer one 
is of high resistance metal, 
and the inner one of 
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copper. Tho inner winding is much farther from the periphery of 
the core, its bars are surrounded by more iron, and therefore, its 
inductance is higher than that of tho outer high resistance winding. 
At the moment of starting, the rotor induced currents are at full 
line frequency, and therefore the reactance (2ttLJ) of the inner 
cage will render its impedance so high that the rotor currents at 
starting will be confined to the outer cage, in spite of its greater 
resistance. The starting torque will therefore be high. As the motor 
speeds up, the frequency of the rotor current decreases, and the 
reactance of the windings • becomes of less importance than the 
resistance. Hence, when running at full speed, when the rotor 
frequency is only of the order of one or two oycles per second, the 
impedance of the windings will depend only on their resistances. 
The rotor current at full speed is thus confined mainly to the inner low 
resistance winding, and the efficiency of tho motor is therefore high.* 

In a squirrel-cagp motor recently evolved by Dr. Wall,f the rotor 

* The theory of the double -cage motor is given in Behrend, The Induction 
Motor, and Punga and Raydt, Modern Polyphase Induction Motors . 

t See Joum . I.E.E., Vol. 63, p. 287. 
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bars cadi consist of a simple form of transformer. Now when the 
secondary winding of a transformer is closed, the equivalent 
resistance of the primary winding depends upon the frequency, 
and increases with increase of frequency. If each rotor bar acts 
li(«i a transformer, then at starting, when carrying currents of line 
frequency, the equivalent resistance will be high. When running 
normally, the rotor frequency is so small that the equivalent 
resistance is practically the same as the ordinary resistance 
of the rotor, the efficiency therefore . being high. The first 
rotor bar used consisted of a copper bar surrounded by, but lightly 
insulated from, a steel tube c6ated inside and outside with chemically 
deposited copper. A simpler construction, and one which functions 
just as well, is to fit a steel tube over the rotor bar without any 
special insulation, and to copper-plate the whole composite tube. 
The steel tube and main bar are thus in electrical contact, and the 
composite bar is an auto- transformer instead of an ordinary 
transformer. 

12. The Induction Motor run as a Synchronous Motor. At the 

present time it is becoming common practice to use synchronous 
motors for drives where an absolutely fixed speed is not a dis- 
advantage, e.g. for air compressors. The disadvantage of the 
ordinary synchronous motor is that it will not start under load. 
By employing an induction motor, starting against full load torque 
is obtained, and when full speed is attained the motor is converted 
to a synchronous motor by sending direct current through its rotor 
winding. This is done by switching over the rotor from the ordinary 
starting resistance to a D.C. exciter, usually direct coupled, as shown 
in Fig. 311. It will bo seen that one rotor phase carries twice as 
much direct current as the other two, but although special windings 
have been evolved to avoid this, it is of little importance, because 
each rotor phase consists of conductors distributed over the whole 
periphery, the danger of unequal rotor heating therefore being 
avoided. 

Now when the rotor carries only induced alternating currents, 
the rotor field slips past the rotor bars, and any motor speed is 
possible, according to the frequency of these currents. When the 
rotor carries direct current, the rotor poles are fixed relative to the 
rotor itself, and therefore, since the rotor field must travel at syn- 
chronous speed with the stator field, tho rotor itself must also 
travel at synchronous speed. The induction motor action cannot 
bring the rotor quite up to synchronous speed, and therefore, when 
the rotor is switched over from the starting resistance to the exciter, 
the induction motor slip speed has to be made up. When running 
uniformly at synchronous speed the rotor will carry direct currents 
only, but if there is any departure from this speed the rotor will 
carry in addition induced alternating currents. The rotor being 
of low resistance, and the exciter also of low resistance, its winding 
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acts as a damping winding, and it is not necessary to provide a 
separate damping winding, as in the salient pole synchronous 
motor. 

Consider what happens when the direct current excitation is 
switched on. A synchronizing torque is suddenly set up, its 
magnitude being given by an expression T m 
sin 0, where 0 is the angle between the rotor 
and stator fields. Also, there is an induction / \ 

motor torque which, as we have seen, is pro- ( 1 : 

portional to the slip, dOjdt, as long as the slip ( /T 0 *" 

is small. If the motor is started under load \ / °\ J 

there is a constant load torque, and finally there V j 
is the torque l d 2 d/dt 2 required to accelerate the * "" 
rotor. Tlie variations in slip speed (not actual : ^ 

speed ) # aro therefore represented by the varia- ' 

tions in speed of the mechanical model rupre- Fl °* 312 

sented in Fig. 312. A disc of moment of inertia lLLU8TBATB! 

/ can rotate on a horizontal axis, and a weight ' r&1 h ronizinq 
IV x is suspended by a string passed round it. If the radius of the disc 
is unity and this weight IF, is numerically equal to the load torque, 
then the torque produced by IV L will represent the load torque. 
It will try to accelerate the disc, just as the load torque in the 
actual motor tries to accelerate the slip, and therefore, reduce the 
actual speed. If the disc is acted on by a frictional torque pro- 
portional to its speed, then chis torque will represent the induction 
motor torque in the actual motor. If these are the only external 
torques acting on the disc, then a uniform speed will be attained 
when they are equal and opposite. This uniform speed corresponds 
to the uniform slip speed of the induction motor before the direct 
current excitation is switched on. 


Now suppose that another weight W 2 is suddenly clutched to the 
periphery of the disc. Jf this weight is numerically equal to the 
torque T m , the torque set up by it when it is in any angular position 
from the vertical will be T m sin 0. Thus it will represent the 
synchronizing torque produced by the sudden application of the 
direct current excitation. There are now two possible? conditions 
of motion of the model ; firstly, it may come to rest with the weight 
)V 2 in such a position that the torque T m sin 0 due to it just balances 
the load torque due to the weight IF,. If this happens the slip 
velocity is zero, which means that the actual motor has pulled into 
stop and is now running uniformly at synchronous speed. The 
value of the angle 0, which makes these two torques balance, is 
the angle by which the rotor poles will lag behind the stator poles. 
Secondly, the disc may continue to make whole revolutions, its 
speed being greater when W 2 is at the bottom than when TF a is at 
the top. In the actual motor this means that the slip speed is not 
uniform, the motor being therefore subjected to violent mechanical 
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stresses. In order that the motor may pull into step, it is necessary 
that in the model of its slip motion the diso shall come to rest. 
It is therefore necessary that the weight W t shall be sufficiently 
large ; and secondly, that it shall be clutched on to the disc some- 
where near the bottom position, so that it immediately begins to 
exert a retarding torque on the disc. Clutching on the weight W % 
at the bottom is similar to switching on the direct current excitation 
at the moment the indue 3d rotor fields and stator fields are in line. 
This position is indicated by the induced stator current passing 
through its zero value, and therefore, if a moving coil zero centre 
ammeter is included in the rotor circuit, this ammeter will indicate 
when to switch on the direct current excitation.* 

The induction motor run as a synchronous motor has the 
following advantages compared with the ordinary salient pole 
synchronous motor — • 

(а) It will start and synchronize against full load torque, whereas 
the ordinary synchronous motor must be started under no load 
conditions. 

(б) Its air gap is not much greater than that of an ordinary 
induction motor, whereas the gap of a salient pole motor is long. 
The exciter is not therefore of such large capacity as that for a 
salient pole motor, but, on the other hand, it must be a low- voltage, 
heavy-current machine owing to the very low resistance of the rotor 
winding. 

(c) The rotor winding combines the functions of exciting and 
damping winding : the salient polo motor requires a separate 
damping winding. 

(d) No special starting gear is required. The salient polo motor 
must be started up. either by a separate starting motor or by 
applying a reduced voltage to the armature, either method involving 
complication and extra control gear. 

The above comparison shows that if a mechanical load is to be 
driven, but at the same time the phase advancing properties of the 
synchronous motor are to be utilized, then the autosynchronous 
motor is a good proposition. If the synchronous motor is to act 
as a phase advancer only, without doing any mechanical work, then 
the salient pole type is the best, because owing to its longer air 
gap it is able to supply a greater amount of wattless leading kVA 
without becoming unstable. 

In practice the choice between the salient-pole type and induction- 
motor type depends upon the conflicting requirements of high 

* For a coinplote account see Cotton, “The Pulling ir^bo Step of the Syn- 
chronous Induction Motor,” Journ. I.E.R. , Vol. 63, p. 211. This paperhaea 
very extensive bibliography. 
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starting torque and high synchronizing torque, and stability during 
synchronous motor operation. The salient pole motor cannot 
develop a starting torque equal to that of the induction-motor type 
unless elaborate and expensive '‘modifications are made to the 
machine, and consequently where a high starting torque is necessary 
the induction-motor type is preferable. On the other hand, the 
salient-pole machine has a field system which is magnetically Btrong 
in comparison with the armature, because of the long air gap, with 
the result that it is very stable on violently fluctuating loads. The 
induction-motor type is at a disadvantage in this respect, as the 
very small air gap means a magnetically weak rotor, and therefore 
violent phase swinging when the loatl varies. The best field of 
application of the synchronous-induction motor is, therefore, for 
drives requiring a heavy starting torque, but in which the load 
torque «is fairly steady. 

13. Circle Diagram of the Induction Motor. The total stator 
flux produced by the stator current consists of two portions, 
namely — 

(tj = useful stator flux, i.e. the flux from the stator which 
enters the rotor 

F x = leakage stator flux, i.e. the flux from the stator which 
does not enter the rotor. 


Similarly, for the flux produced by the rotor currents, we have 
the useful rotor flux 0 2 , that rotor flux which enters the stator, and 
the leakage rotor flux t\, that rotor flux which does not enter the 
stator. Then the total stator and rotor fluxes are (<I> 1 + F x ) and 
(4> 2 + F 2 ) respectively, and wo have 

cl) | P 

— L_Z — l ras X v the stator leakage factor 

®i 

(T) I V 

-JLX — * =.- the rotor leakage factor. 

cD, 

Since the induction motor acts like a transformer, the total 
stator and rotor fluxes will be nearly, but not exactly, in phase 
opposition. Draw OA (Fig. 313) to represent the total stator flux, 
and mark off OC = F v CA = <f> v Draw AB to represent the 
total rotor flux, making AD = <S> 2 and DB = F r Then the result- 
ant stator flux, which is equal to the vector sum of the total stator 
flux and the useful Totor flux, is equal to the vector sum of OA and 
AD, namely, OD . 

Now, as in a transformer, we are justified in assuming that the 
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resultant flux remains constant. Also, since the wattless compon- 
ent of the no load current is proportional to this flux, we see that 
OD represents, to another scale, the wattless or magnetizing com- 

0 

Again, the resultant rotor 
flux is the vector sum of 
the total flux produced by 
its own current and the flux 
entering the rotor from the 
stator. It is therefore the 
vector sum of AB and CA t 
that is, CB. Now the stator 
and rotor currents are in 
phase with the fluxes they 
produce, namely, OA and 
AB respectively. The rotor 
current is induced by the 
oscillations in the resultant 
rotor flux CB , and therefore, the rotor current is in quadrature 
with the flux CB. Hence, the angle ABC is a right angle. Pro- 
ducing AB to E , and drawing OE parallel to CB , we have, 
/ OED = 90°, and therefore, the locus of E is a semicircle. Now 

= X x ' A, - 1 = a constant. 

DA 

Hence, the locus of A is also a semicircle with its centre on OD 
produced. 

Assume first of all an ideal motor with no losses. OA represents 
the stator current, and AB the rotor current to the same scale. 
Hence, AD represents the rotor current to a slightly different scale 
since 

AB 

— — = a constant. 

AD 2 

Hence the point D represents the no load, working point. The 
motor will be running at synchronous speed, since we are assuming 
no losses, and therefore, the rotor current will be zero. The point 
F at the extremity of the current locus will be the “ standstill ” 
point, that is, OF will be the stator current flowing if the rotor is 
clamped and full voltage applied. 

The quantity (X x X t -l) is called the “dispersion coefficient,” 
d, say. Hence 

OD = ED _ . 

DF DA 

Calling the diameter DF , unity, we therefore have OD = d. We 
shall see that for a given magnetizing current it is desirable that 


ponent of the no load stator current. 
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the diameter of the circle shall be as large as possible, and therefore, 
& must be as small as possible. In order to keep 6 small the 
magnetic leakage must be reduced to a minimum, and since the 
leakage depends mainly on the width of the air gap, induction 
motors have an exceedingly narrow air gap. 

Since the magnetizing current is in quadrature with the applied 
voltage, the voltage will be represented in phase by the direction 
of OY. 

Hence, for any working point A, we have — 

Stator current per phase 7 — OA 
Angle of lag - - i YOA 

Power factor = cos q> 

Intake = V3 El cos (f 

= Vz E x AN 
oc AN 

The angle of lag is a minimum, and therefore, tho power factor a 
maximum when the stator current sector is tangential to the 
circle, as at OT (Fig. 314). | 

/. Max. power factor -= cos q> min | T 

_ TM i 
MG' i + d 

1 

’ 1 + 2d 

Thus, to secure a good power factor it is necessary that d should 
be small. 

The effect of the various losses taking place in the motor is to 
modify the diagram. Consider first of all the copper losses. Since 
tho motor acts like a transformer, the ratio of stator to rotor 
current is constant. Hence 

Total copper loss oc (rotor current) 3 

oc AD* 

oc DN X DF 

oc DN, since DF is constant 

Draw a line DO of fixed inclination (Fig. 313). Then DN is pro- 
portional to NN' ; and if the inclination is so chosen that NN f 
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represents the copper losses to the same scale that AN represents 
the intake, the standstill point will be at 0 instead of F. 

NN * can be divided at N** t such that 

N'N** = rotor copper loss, and N"N = stator copper loss. 


Now consider the iron losses. As in a transformer, the resultant 
stator flux is approximately constant, and therefore, the stator 

iron losses are sensibly con- 
stant. The iron losses in 
the rotor can be neglected 
because of the very slow 
frequency of magnetic re- 
versal under working con- 
ditions. Again, the fall in 
speed within the working 
range is so small that the 
friction and windage losses 
can also be taken as being 
constant. The stray losses 
are therefore constant, and the small working component of the 
stator current required to supply these Josses will bo constant. The 
intake of the motor without losses is AN. Hence, marking off NN'" 
to represent the stray losses (Fig. 315), we have for the intake 
corresponding to the working point A the length of the vertical 
AN"'. Drawing a horizontal through AN'", wo get O' for the 
origin of. the actual diagram when losses are taken into account. 
The actual no load current per phase, 7 0> is therefore O'D , O'O 
being its working component, and OD the magnetizing component. 
For any working point A 

the stator current == 0* A 

Intake = AN* 9 * 

Total losses = N'N*** 

Output = AN * 

Efficiency - — - 

The maximum output occurs when tho working point is at K , 
where K is such that the tangent at K is parallel to DO. 

The torque is proportional to the rotor intake, i.e. to the 
sum of the output and the rotor copper loss. It is therefore 
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represented by AN ", and it is a maximum when the working 
point is at L, where the tangent at L is parallel to DH . Thus 
length of the vertical from L on to DH gives the pull-out torque. 

Slin = ro ^° r copper loss 
rotor intake 

__ N'N" 

AN" 

at the standstill point 0 , N'N" becomes* 

OP, and AN" also becomes OP, the slip 
then being unity. The starting torque 
without* any added rotor-resistance is 
obviously the torque at standstill, 
namely, OP, and we see that this is 
very small. If resistance is inserted 
in the rotor circuit this is equivalent Induction Motor 

to increasing the inclination of DO, haraoteristics 

but not of DII. Hence,, the standstill 

point is brought more to the left of the diagram. If the resistance 
added to the rotor is increased, the point O moves moro and more 
to the left, and we see that the length OP first increase's, then 
reaches a maximum, and finally decreases. This agrees with the 
variation of starting torque with rotor resistance as derived 
analytically. 

It is easily deduced from the circle diagram that if the per- 
formance characteristics are plotted against the torque, the various 
curves will turn back at a value of the torque equal to the pull-out 
torque. This is shown in Fig. 316.* 

14. Experimental Determination of the Circle Diagram. The 
following tests are performed : First, the motor is allowed to run 
light with full voltage applied to the stator. The stator current 
per phase, I 0 , is measured, and also the no load intake W ot measured 
by the two wattmeter method. Then the power factor at no load 

n _ w a 

008 ^ ~ V3 El. 

Thus both l 0 and tp 0 are known, so that the no load curront vector 
OA (Fig. 317) can be drawn. 

Next, a brake is put on the motor so that the rotor is either 
clamped or allowed to crawl round slowly, the slip-rings being 
short-circuited. This is analogous to the short-circuit test on a 

* See also “The Circle Diagram of the Induction Motor,” Jovrn. I.E.E., 
1928. p. 1,174. 
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transformer, and it is therefore necessary that a reduced voltage 



Fia. 317 


should bo applied, this 
voltage being adjusted until 
the stator currefit is equal 
to the normal full load cur- 
rent. If the applied volts 
E v the stator current /„ 
and power W 9 are measured 
as before, then we have 


Cos <p 9 = 


Ws 

V3 K,I, 


Construction or Circle Diagram 80 that tho ang]o ^ can ^ 

calculated. Now tljo short- 
circuit current would be very much greater if tho normal voltage 
were applied, and we have, approximately, standstill current with 
full voltage applied 



This gives the length of tho stator current vector at standstill, and 
since its phase angle <p s is known, we can locate the standstill 
point C. 

In making this test it is preferable to allow the motor to crawl 
round slowly, since in this way the reluctance of the gap, which 
varies with the relative positions of the rotor and stator teeth, 
will have its average value. Obviously the speed must be very 
low or a back E.M.F. would be induced, the resulting point C 
then not being the true standstill point. 

The centre of the circle is on the horizontal through A , and both 
A and C are points on the circle ; hence, bisecting AC at right 
angles, we obtain Q, the centre of the circle which can therefore 
be drawn. 

In order to draw tho torque line it is necessary to separate the 
stator and rotor copper losses. This can be done in several ways. 
The power W 9 in the standstill test is equal to the total copper 
losses, because the iron losses at the reduced voltago are negligible. 
If R 9 is tho stator resistance per phase, then tho stator copper loss 
during this test is 3I 9 2 R 9 , and the rotor copper loss, therefore 
( W t - 3I 9 2 R 9 ). Hence, the perpendicular CD in the diagram is 
divided in tho ratio 


CE _ W t - 3 I 9 2 R 9 
ED 3 I 2 R 9 


the torque line AE then being drawn. This is the easiest method 
to apply it the motor has a Bquirrel-cage rotor. It the rotor is 
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phase wound, then the stator and rotor resistances per phase can 
be measured separately. For any stator and rotor currents / 1 and 
I 2 respectively, we have 

Rotor copper lo ss __ 1 2 2 R r __R r // 2 V 

Stator copper loss I 2 R a R a X V/i/ 

The transformation ratio (/_.// 1 ) can be obtained by including 
ammeters in the rotor circuit 
during the short-circuit test. 

We have seen how to 
calculate the power factor, 
efficiency, and slip for 
different values of the 
stator fiurrent per phase. 

We can also find the intake 
and output in watts, and 
the torque in lb. foot units, 
by the following equations. 

Lot E = line volts. Then for 
any working point P , if Hie 
lengths PR , PM, and PN 
are measured on the current 
scale, 



Fia. 31 s 

Lkakage in Induction Motors 


Intake = Vs E x PR 

Output = Vs E X PM 

„ VS Ex 33,000 v 

Torque = — — — — x PN 

H 746 X 2t tN, 


where N a is the synchronous speed in r.p.rn., namely, 120//p. 

15 It will bo seen that the characteristics of an induction motor 
depend very largely upon the value of the dispersion coefficient <5, 
and therefore, upon the stator and rotor magnetic leakage fluxes. 
Magnetic leakage in an induction motor can take place in several 
ways, as illustrated in Fig. 318. 

(a) Slot leakage . This tlux passes across the slots and along the 
tops of the teeth 

(b) Fluxes which zig-zag backwards and foruxirds between the tops 
of the stator and rotor teeth . This leakage is called the “ zig-zag ” 
leakage. 

(c) End leakage . This takes place at the projecting ends of 
the coils.* 

16. The Equivalent Circuit of the Induction Motor. We have seen 
that the induction motor is essentially a transformer, and conse- 

* For a more complete discussion of induction motor leakage, Bee any 
standard textbook on the design of electrical machinery. 
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quently it can bo represented by an equivalent circuit similar to 
that of the transformer, as given in Fig. 218. There is, however, 
one essential difference, and that is, that the motor acts like a 
transformer whose secondary (rotor) resistance varies with c change 
of speed. This is shown by the following reasoning 


oKE x 


2 VRf + 

w 



KEy 




+ x 2 2 


The effect of speed can thus be regarded as changing the secondary 

N 

resistance from R 2 at standstill to ll 2 ^ ^ at any speed N . The 
change in resistance is therefore 

n n n N 

2*2 — rtg • ' 


N.-N 




N.-N 


Hence, if we denote the reciprocal of the transformation ratio K 
by k we have for the equivalent circuit the accurate form of Fig. 
319(^4), and the approximate form of Fig. 319(5). Using the 
approximate circuit, we see that the current I t flows through a 

variable resistance j [r x + k 2 . r 2 ) + k 2 . . r 2 j in series with a 

constant reactance ( x x + k 2 x 2 ). The two voltage drops in these will 
be- - * 

| (r, + «-,) + *•. r, | // 


in phase with I 2 and (x x + k 2 x 2 )Ii , in quadrature with 7 a . But 
the vector sum of these two drops is the applied voltage E v and 
therefore, since the two component voltages are in quadrature, the 
voltage triangle will lie in a semicircle as shown in Fig. 321. In this 
triangle O' A is the reactance drop and AB the resistance drop. Also, 
since the reactance is constant, O'A is also proportional to the 
current //, which is the current induced in the stator by the rotor 
current, exactly as in the case of a transformer. The total stator 
current is I v which is the vector sum of I x \ and I 0 the no-load cur- 
rent, this latter having a magnetizing component Ip and a working 
component I m . Hence, the triangle 00' A is a current triangle, OA 
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being the stator current, and O' A the rotor current (referred to the 
stator). It is obvious that the diagram thus obtained from the 
equivalent circuit is the circle diagram as developed previously by 
anothef method. The standstill point, D, will be that for which N 
is zero, the resistance therefore being (r } -f k-r % ). By giving r a a 
series of values, as, for example, when a rotor starter is used with a 



slip-ring motor, any desired position between the extremes O' and D 
can be secured for this point.* 

17. Testing of Induction Motors. The following tests are made on 
induction motors — 

(a) No-load Test at Normal Voltage and Frequency. This gives the 
no-load current and power factor and also the sum of the core loss 
and friction loss. 

If the no-load test is carried out at a series of applied voltages, 
after the manner of the no-load test on a D.C. shunt motor, it is 
possible to separate the iron and friction losses. Fig. 320 shows 
the results of a test made on a 5 h.p. 250 volt squirrel-cage induction 
motor, the watts being plotted against F 2 /J ,000, a very convenient 
unit for low-voltage motors. At low voltage the speed of an induc- 
tion motor falls off considerably, with the result that the initial 
portion turns downwards. Also for voltages beyond normal, i.c. 
for F 2 /1,000 greater than 65 in the case of the 250 volt motor, the 
curve turns upwards. There is, however, a suflicient range over 
which the graph is linear to enable a straight line to be drawn and 
the friction and windage loss to be thus determined with good 
accuracy. 

(i b ) Test at Reduced Voltage with Rotor Either Stalled or Allowed to 
Rotate Very Slowly. This test gives the short-circuit current and 

* For further development of the theory of the induction motor, and of 
other A.C. motors, as well as circuit theory, see Mallott, Vectors for Electrical 
Engineers . 



386 


ELECTRICAL TECHNOLOGY 


power factor, so that the results of tests (a) and (b) along with 
resistance tests on the windings give sufficient data for the circle 
diagram to be drawn. * 

(c) Heat Run . It is possible to perform a regenerative test gn two 
induction motors, but the test is difficult and is rarely carried out. 
The usual method is to couple the motor to a direct-current generator 
and to load up this machine by means of a resistance' load, if of 
small size, or to adjust its excitation so that when paralleled on to 
a D.C. supply it returns energy to this supply. The excitation is, 



Fig. 230 . Analysis of Stray Losses in Induction Motor 


therefore, adjusted so that the induction motor takes its normal 
full-load current from the A.C. supply. This test gives the tempera- 
ture rise of the different parts of the motor, usually by direct 
measurement with thermometer, and also information for the 
calculation of the efficiency. No attempt is made to calculate the 
efficiency directly from the intake of the D.C. generator, since this 
method is liable to considerable errors. Instead, the various losses 
in the motor are determined separately, and the total losses then 
obtained by adding together the individual losses. This is called 
the segregation of losses method, and it is the best method for all 
classes of electrical machinery. The intake of the motor oh load is 
determined by the two-wattmeter method, and the stator voltage, 
stator current, and speed, or slip, read. As is shown later, the value 
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of the slip is used in the calculation of the efficiency, and some 
method of determining the slip accurately is therefore necessary. 
The slip is given by 



and therefore it can be calculated from measured values of N B and N , 
but since the difference ( N s - N) is so small in comparison with N 9t 
a small error in either measurement will lead to a considerable error 
in the calculated value of a . 

In the case of machines with very small slip, a good method is to 



Fio. 321. Derivation of Circle Diagram from 
Equivalent Circuit 


connect a zero-centre, moving-coil ammeter in one of the connec- 
tions between slip-rings and starter. The very low-frequency current 
through the instrument will cause the pointer to oscillate backwards 
and forwards at slip frequency, one complete oscillation (i.e. one 
“swing-swang”) of the needle corresponding to one complete cycle 
of the rotor current. Thus, by timing the needle with a stop-watch, 
a very accurate determination of the slip can be made. 

The stroboscopic method is another good method. In this, a 
white disc with black sectors, the number of sectors being equal to 
the number of poles, is mounted on the motor shaft and is illumin- 
ated by light which is intermittently blotted out, as, for example, 
by being made to pass through a rotating disc with equidistant slits 
in the periphery. Suppose this disc is driven by a small synchronous 
motor, and that there are as many slits as the driving motor has 
poles, then the interval between the glimpses of the painted disc 
will be equal to the time taken for the synchronous motor to rotate 
an angular distance equal to the pole pitch, namely, half the periodic 
time of the supply. If the induction motor rotated at synchronous 
speed its disc would rotate through an angle equal to the spacing 
of the black sectors during this interval, so that at each glimpse 
the pattern would appear to be in the same position, i.e. stationary 
in space. But since the motor travels at a speed less than synchro- 
nism, the angular distance travelled by a sector during the period 
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between two glimpses will be less than the sector pitch, and as a 
result the disc will have the appearance of rotating backwards 
slowly. The speed of the pattern is timed with a stop-wafch, and 
this speed is the slip speed, the speed at which a synchronous' motor 
would run if supplied at slip frequency. 

Slip frequency = of = cycles per sec. 

where n is the observed speed of the pattern in revolutions per 
minute. 

If the disc can be screened from the light, the same phenomenon 



(II. Tinsley A Co ) 

Fia. 322. Drysdale Stroboscopic Slip Meter 


can be observed if the disc is illuminated by a number of neon lamps 
in parallel, worked from the stator supply. With either method 
observations arc easy to make so long as the slip is small ; but with 
a large slip the speed of rotation becomes so fast that, combined 
with the eyestrain caused by the intermittent illumination of the 
disc, the timing of the disc becomes difficult. This is overcome in the 
Drysdale slip meter, in which the slotted disc, instead of being driven 
directly by the synchronous motor, is driven by a conical roller. 
When making an observation the speed of the disc is varied by sliding 
it along the roller until a position is reached at which the pattern 
appears stationary. The slip is then read directly from a scale on 
the instrument. This instrument is illustrated in Fig. 322. 

The method of calculating the efficiency of the motor from the 
results of the test is best illustrated by a numerical example. It 
will be seen that the slip is required in order that the rotor PR loss 
may be separated from the total copper losses. 


THE INDUCTION MOTOR 


The results of no-load and full-load tests on a three-phase mesh- 
connected motor were as follows. The intake as measured by the 
two-wattmeter method gave 3,000 and - 550 watts on no-load, and 
39,000 and 23,500 watts on full load. The motor had four poles, 
the supply frequency was 50, full-load speed 1,460 r.p.m., stator 
resistance per phase (hot) 013 ohm. No-load current 25 amp., 
full-load current 92 amp. per lino. 


Stray losses 4- no-load stator PR loss 

= 3,000 - 550 = 2,450 watts 

25 \* A 
: 1 X 0* 


No-load stator PR loss 

Stray losses 
Full-load intake 

Stator PR loss 
Rotor intake 


-H 


•13 


Vs) 

= 82 watts 

= 2,450 - 82 = 2,370 watts (say) 

= 39,000 + 23,500 = 62,500 watts 
/ 92 \2 

= 3x/^=J X 0-13 = 1,100 watts 


= 62,500- (1,100 + 2,370) 

= 59,030 watts 

Synchronous speed N, — 1,500 r.p.m. 

Actual speed N — 1,460 r.p.m. 

„. .. N, - N tnn 1,500- 1,460 1AA 
. . % slip X 100 = — X 100 


N, 


Rotor PR loss 


1,500 


= 2-66 
*06 
~ 100 


X 59,030 


Output 


Intake 

Percentage 


= 1,570 watts 

= Rotor intake - rotor PR loss 


= 59,030 - 1,570 
== 57,460 watts 
= 62,500 watts 
57,460 


62,500 


X 100 


= 91*9% 


It will be seen that the above method necessitates that the motor 
shall be put on full load. If this is not possible, then it is necessary 
to draw the circle, diagram from the results of no-load and locked 
tests, and to determine the efficiency from that. 

18. The Induction Motor run as a Generator. If the rotor of 
an induction motor is driven by another motor, or by a prime 
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mover, and at the same time the stator winding is connected to a 
three-phase supply, then so long as the rotor speed is less than 
synchronous speed, the rotor will develop a motoring torque which, 
for small values of the slip, is proportional to the slip. If it is 
driven at a gradually increasing speed, its torque will gradually 
decrease and will become zero at exactly synchronous speed. The 

rotor will then carry no 
induced current. If its 
speed is now increased 
above synchronism, its 
slip will be negative, the 
back E.M.F. induced in 
the stator by the pulsa- 
tions in tho useful' rotor 
flux will be reversed, and 
will no longer have a 
component in diroct 
opposition to the supply 
E.M.F. Hence, the in- 
ToRqtJJe Slip Curve duction motor will now 

be acting as a generator. 
The completo torque speed curve for speeds below and above 
synchronism is as shown in Fig. 323. When the induction motor 
functions as a generator, it is called an “ asynchronous ” generator. 
It differs from the ordinary synchronous generator in the following 
respects — 

(a) It has no direct current excitation. 

(b) It Will only generate when its stator is connected to a line 
of fixed frequency, its exciting current being the wattless magnet- 
izing current drawn from the line. This current, as we have seen, 
produces a rotating field, and there is obviously no difference 
between a rotating magnetic field produced by polyphase alter- 
nating currents, and one produced by a direct current excited 
system which is itself driven at synchronous speed. 

(c) The frequency of the magnetizing current fixes the frequency 
of alternating current supplied by tho induction motor. Thus the 
frequency is not affected by the speed at which the asynchronous 
generator is driven. There must bo at least one synchronous 
alternator connected to the system in order to fix the frequency. 

(d) No synchronizing is required since the machine cannot 
generate any E.M.F. until it is connected to the line. 

It will be seen that such generators have a somewhat limited 
application, the most promising field probably being the utiliza- 
tion of somewhat small and variable water supplies where there 
is no hydraulic storage, and where the whole of the available 
energy must be either utilized or wasted. They are also used in 
connection with variable speed induction motor sots. Thus, if a 
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commutator motor is worked in cascade with a main induction 
motor for speed regulating purposes, it can be direct coupled to an 
asynchronous generator whose 

stator is connected to the ■ Motor 

supply, instead of being 
coupled to the main motor. 

In such a case the slip energy 
of the main rotor is returned 
(less losses) to the line, instead 
of being converted into 
mechanical energy. 

Asynchronous generators, or 
induction generators as they 
are cojnmonly called, are nearly 
always provided with squirrel - 
cage rotors. 

The characteristics of the 
generator can be derived from 
the circle diagram, the working 
point being now below the 

horizontal axis. For any working point A (Fig. 324), 

Total power delivered to generator — A N' 



Fia. 324 

Circle Diagram of Induction 
Generator 


Rotor copper loss 
Stator copper loss 
Stray losses 


= N'N" 
= N"N 
- NN'" 
Output = N"'A 
N'N " 


Slip 

Power factor 


N"A 
= cos AOY' 


19. The Single-phase Induction Motor. This motor is similar 
in construction to the polyphase induction motor, with the excep- 
tion that the stator has a single-phase winding. The alternating 
field produced by the single-phase stator current can be resolved 
into two rotating components, and if the motor is running at 
nearly synchronous speed under the influence of the forward com- 
ponent, then its velocity relative to the backward component will 
be nearly twice synchronous speed. The total torque is the sum 
of the torques developed by each of these fields assumed as acting 
independently. It can therefore be obtained by drawing the 
torque speed curves. The curve for the forward field is exactly 
similar to that of a polyphase motor. That for the backward field 
is below the horizontal axis, since this field produces a retarding 
torque owing to its direction ; also, the curve is reversed, since 
synchronous speed to the forward field is twice synchronous speed 
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to the backward field, while full speed in the reversed direction is 
synchronous speed to the backward field. The two component 
curves are shown dotted in Fig. 325, and the total torque is indicated 

by the full line ourve. It 
will be seen that . this 
characteristic is similar, in 
shape to that of a polyphase 
motor with low rotor resist- 
ance, with the exceptions 
that the torque is zero at a 
speed slightly less than 
synchronous speed, and it 
is zero again at zero speed. 
That is, the single-phase 
motor is not self-starting. 
It can be made self-starting 
by supplying the stator with 
an auxiliary winding for starting purposes, spacing this winding 90 
electrical degrees from the main stator winding, and arranging that the 
current through it is as nearly in quadrature with the main current 
as possible. For starting purposes, the motor is thus converted 
temporarily into a two-phase motor. The most common method 
of obtaining the required phase difference is the split-phase method. 

A choker is connected in series with the auxiliary winding, thus 
giving it a greater reactance than the main winding. This auxiliary 
winding is only used for starting purposes, and it is cut out of 
circuit as soon as the motor attains full speed. In the Ileyland 
single- phase motor, the auxiliary winding is placed in a few deep 
slots ; it is thus situated farther from the surface of the stator 
than the main winding, and is more deeply embedded in the iron. 
This gives it the necessary reactance. 

The presence of the backward travelling field in the single-phase 
induction motor is a disadvantage in several respects. 

(а) It reduces the total torque since it acts in opposition to the 
forward field 

(б) It renders the torque zero at starting so that an auxiliary 
winding has to be provided, thus increasing the size and cost of 
the motor 

(c) It requires a wattless magnetizing current just as the 
forward field does, the total magnetizing current being twice what it 
would be if the forward rotating field could be produced alone. 
This large magnetizing current gives, the motor a very poor power 
factor. 

(d) Owing to the greater magnetizing current, and the fact that 
the rotor current is not zero at synchronism, the copper losses in 
the single-phase motor are greater than in the polyphase motor. 
The rotor core losses are also not negligible. 



Torque/Slip Curve tor Single -phase 
Motor 
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Because of the increased losses and the space taken up by the 
starting winding, it can be taken that on the average a frame 
which will give a certain horse-power at a given speed when used 
for a polyphase motor will only give about two-thirds that 
horse-power when wound as a single-phase motor. 

Examples on Chapter XX 

(1) A 0-pole induction motor is supplied by an 8-pole alternator running 
at 750 r.p.m. If the slip of the motor is 3 por cent, what is its actual speed ? 

Ant. — 970 r.p.m. 

(2) A three-phase, 50 cycle induction motor, with its rotor star connected, 
gives 100 volts (root mean square) at standstill between dip rings on open 
circuit. Calculate the current in each phase of the rotor winding when 
joined to a star-connected circuit, each limb of which has a resistance of 
10 ohms and a reactance of 10 ohms. The resistance per phase of the rotor 
winding is 0*2 ohm and its reactance at stand-still 10 ohms. Calculate also 
the curront in each rotor phase when the slip rings are short-circuitod and the 
motor is running with a slip of 4 per cent. (London Univ., 1922.) 

A tit. — 2*58 and 6*2 amps. 

(3) Prove that, ignoring stator losses, the input to an induction motor 
working at constant virtual voltage and frequency, is approximately pro- 
portional to the torque. Give a method of changing the number of poles 
in an induction motor. (London Univ., 1921.) 

(4) A 200-h.p. throe-phase induction motor has at no load a speed of about 
500 r.p.m. and a slip of 1*5 per cent at full load. Show by a diagram drawn to 
scale how you would expect the torque of this motor to vary as the speed 
is varied from 0 to 500 r.p.m. (London Univ., 1921.) 

(5) Define the 41 slip '* of a three-phase motor. Draw two ourves con- 
necting the torque of the motor with the slip for two different values of the 
resistance in the rotor circuits. State the connection between these two 
curves and give the theory of the curves. (London Univ., 1915.) 

(6) What arrangement would you propose for altering the speed of a 
600-h.p. three-phase haulage motor 7 The motor is required to start at twice 
full load torque, to come up to speed in 30 sec., to run for 5 min. at full 
speed, and then to Btop. It is to repeat this operation every 12 min. 
(London Univ. Mining, 1920.) 

(7) State the advantages of cascade control of induction motors for 
traction work Define the term “ cascade synchronous speed.*' (London 
Univ., 1911.) 

(8) Describe a method of obtaining, economically, speed regulation in the 
case of a large three-phase induction motor, the range over which speed 
regulation is desired being approximately synchronous speed to about 70 per 
cent below synchronous speed. Describe briefly the apparatus required for 
this purpose, and explain its working. (London Univ., 1921.) 

(9) Show how to arrange two windings on the rotor of a three-phase induc- 
tion motor to provide automatically large torque at starting and low rotor 
copper loss when running. How would you calculate the starting torque of 
such a motor T (C. and G., 1923.) 

(10) A 4-pole, 50 cycle, throe -phase, 200- volt induction motor is run on light 
load and takes 12*5 amp. per line at a power factor of 0*2. The same motor, 
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when the rotor is allowed to rotate very slowly, takes 100 amp. when a 
pressure of 120 volts between phases is applied, at a power factor of 0*25. 
Estimate the pull-out torque and maximum power factor at which the motor 
will work. (C. and G., 1918.) [Graphical.] # 

(11) The speed of a 400-h.p. electrically driven fan is reduced by (a) a 
shunt motor with field control, (b) an induction motor with rotor resistance 
control. Compare the economy obtainable per hour in the two cases when 
the speed is reduced 15 per cent. Assume that the torque of the fan varies 
as the square of the speed and the cost of energy is Id. per B.O.T. unit. 
Ignore losses in the motors. (C. and G., 1921.) 

Arts. — There is a saving of 2s. 8d. per hour by using a shunt motor. 

(12) Show how the losses in a three-phase slip ring induction motor can 
be analsyod from no load and short-circuit tests taken when the power is 
supplied (a) to the stator and (b) to the rotor. (C. and G., 1922.) 

(13) How can the speed of an induction motor be varied by altering the 
number of phases ? Give any two methods of varying the speed of an 
induction motor by supplying the slip energy to machines possessing 
commutators. (C. and G., 1922.) 

(14) An induction motor whose windings can be arranged for 12 or 24 poles 
can be run in cascade with a direct coupled induction motor which can be 
arranged for 2 or 4 poles. With such an arrangement the cascade control 
is never used for the 24 pole speed. Why is this ? Calculate the approximate 
speeds which can be obtained from the set, tho supply frequency being 50. 

Arm. — 500, 250, 428, 375 r.p.m. 

(15) A 4-pole, 35-h.p. y 50-cycle induction motor has a full load slip of 
2 per cent, and a pull out torque equal to 2£ times the normal full load 
torque. Draw to scale the torque /speed curve for all speeds between zero 
and full speed. 

(16) Draw the circle diagram for a 6-pole, star -connected, three-phase 
induction motor having the given data, and find the full load power factor, 
stator current, and slip. Rated output 40 b.h.p., at 380 volts, 60 cycles. 
No load current 16 arnps. Power absorbed at no load 1,550 watts. Short- 
circuit (standstill) current 310 amps at a power factor of 0*23. Resistance 
from terminal to terminal of stator winding (hot) 0*156 ohm. 

Arm. — 0*91, 60 amps., 6 per cent. 

(17) From the circle diagram of the motor in question 16, plot the following 
characteristics against torque : Speed, power factor, efficiency, output, and 
stator ourrent. 



CHAPTER XXI 

CONVERTING MACHINERY 

1. Methods of Conversion. At the present time over 90 per cent 
of the total electrical energy generated is produced in A.C. sta- 
tions. A large proportion of this is utilized as direct current 
energy, and it is therefore necessary to convert from alternating 
to direct current. The most important methods of effecting this 
conversion are — 

(a) Motor-generator sets. The motors are three phase alter- 
nating current motors, either synchronous or asynchronous ; and 
the generators arc direct current, shunt, or compound. 

(b) Rotary convertors. 

(e) Motor convertors. 

(d) Mercury arc rectifiers. 

(e) Valve, and other rectifiers. 

2. The Rotary Convertor. This is essentially a direct current 
machine having a direct current armature of ordinary design, from 
which tappings are taken to slip rings as well as the ordinary con- 
nections to the commutator. The field system is identical with 
that of an ordinary direct current machine ; it may be shunt or 
compound excited, and is usually fitted with interpoles In all 
heteropolar machines, that is, machines with alternate N . and S. 
poles, whether for direct or alternating current, the E.M.F.s induced 
in individual armature conductors are alternating. The voltage 
across pairs of slip rings will thus be alternating, while the voltage 
across the brushes at the commutator will be direct. The follow- 
ing are the rules for taking off the tappings to the slip rings. If the 
armature is wave-wound, it has only two electrical circuits through 
it, whatever the number of poles. Hence, there will be only one 
tapping taken to each slip ring. For single phase there will be 
two slip rings, and there will be one-half the total number of 
armature conductors in each path from one tapping point to 
another. For three phase, there will be three slip rings and three 
tappings, the armature being divided into three equal parts. And 
so on. 

If the armature is lap-wound, it has as many paths through it 
from brush to brush as there are poles. Hence, for any given 
potential relative to that of either of the brushes, there will be as 
many points in the winding having that potential, as there are 
pairs of poles. The number of tappings taken to each slip ring is 
thus equal to the number of pairs of poles. The total number of 
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tappings is equal to the product of the number of slip rings and 
the number of pairs of poles. The arrangement of these tappings 
is shown in Fig. 326. The numbers of conductors in each path 
between two consecutive tappings must be equal. Hence, "the wind- 
ing must be such that it can bo divided into the requisite number 
of identical paths. The existence of this condition shows that any 
direct current winding is not necessarily suitable for use on a 
rotary convertor armature.* 
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3. Voltage and Current Ratios. Fig. 327 represents an armature 
rotating in a two-pole field. The voltage at the direct current side, 
namely, the voltage across the brushes AB , is obviously the same 
as the maximum value of the singlo phase voltage, since in a single 
phase rotary the tappings are diametrically opposite. 

Max. A.C. volts = D.C. volts = E t say 
Effective A.C. volts = E/V2 

Consider now an “ m ” phase convertor. Two consecutive tap- 
pings such as C and D will be an angular distance of 27 r/m radians 
apart. If the direct current voltage is represented by 2r, the 
diameter AB of the circle, then the maximum value of the 

* The Transverter. This is a modification of the rotary convertor; and con- 
sists of a group of phase-multiplying transformers, and a synchronously driven 
brush system, the units of which pass over fixed commutator segments. 
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alternating-current voltage between the points C and D will be 
represented by the length oi the chord CD 


E m „ = 2r sin- 
m 

= E sin — 
m 


E*ff = E x 


sin — 
m 

"V2“ 


Hence, when there are m tap- 
ping points the voltage between 
adjacent points, and therefore 
between adjacent slip rings, bears 
the following definite ratio to the 
direct current voltage. 



Calculation of Voltage 
Ratios 


sin — 

A.C: volts m 
D.C. volts \/2 


The numerical values of this ratio are given in the following table — 


D.C. 

1 phase. 

2 phase. 

3 phase. 

4 phase. 

6 phase. 

12 phase. 

1 

““W 2 

Bin 2IV2 

BU1 3/V2 

“ n ?/V2 

““6/V2 

8in 12/V2 


0*707 

0*707 

0*612 

0-fl 

0*364 

0*183 


The value of m taken in calculating the above ratios is only equal 
to the number of tappings when the voltage between adjacent 
tappings is required. Thus for single phase there are two tappings 
and m = 2. For two phase there are four tappings, but since each 
pair of diametrically opposite tappings can be regarded as being 
the terminals of a separate single phase, wi = 2 in this case also. 
In the four phase convertor, there are four equidistant tappings as 
in the two phase, but the phase voltage is now taken as the voltage 
between consecutive tappings, so that m = 4. 

We have now to ..calculate the current ratios. If E = D.C. volts 
and I = D.C. line current, then 


Power on D.C. side » El 
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Let E p = phase voltage and 7 P = phase current, i.e. the alter- 
nating current flowing through the armature between two tapping 
points. Then if the power factor is cos <p t 

Power on A.C. side = mE p l p cos <p 
Now the A.C. line current I t is the vector difference of the phase 
currents in two consecutive phases. Hence, from the vector 
diagram in Fig. 328, wo have 

7 97 A0B 

/, = 21 p COS “5T“ 
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Calculation of Current 
Ratios 


= 2/,cos(£-* 
\2 m 

= 2/ p sin ^ ' 
v rn 

f- 

2 sin — 
m 

7 T 

sin — 

Also E p = E x ~ - ™ 

V I 


Power on A.C. side = m X 


A 1 sin — 
m 

~^/2~ 



X cos 9? 


= 2^2 * El* cos ^ 

Assuming 100 per cent efficiency and equating the expressions 
for the power on the D.C. and A.C. sides, we have 

— . EL cos q> — El 

2y/2 r 


/, _ 2 V2 
I m 


. sec tp 


For unity power factor, sec <p = 1 and the current ratios are- 


D.C. 1 phase. 

| 2 phase. 

3 phase. 

4 phase. 

6 phase. 

12 phase. 

1-414 

•707 

•943 

•707 

•472 

-236 


4. Wave Form of the Armature Current. Suppose that a rotary 
convertor is converting from alternating to direct current. Then 
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relative to the alternating side it is motoring, while relative to the 
direct current side it is generating The total current in the 
armature is thus the difference between the alternating and the 
direct # currents. Consider first of all a single phase convertor ; 
let A and B bo the tapping points (Fig. 327), For a point F mid- 
way between the tapping points, 
the alternating voltage has its 
crest value the instant F is opposites 
a polo centre ; and if tho current is 
in phase with the voltage, tin) current 
will go through its crest value at tho 
same instant. The direct current is 
constant in magnitude and flows in 
one direction through the conductoL 
at F while F is under the influence 
of the S . pole, and in the reverse 
direction while F is under tho N. 
pole. It reverses each time tho 
conductor passes under a brush. 

Hence, the direct current in one 
conductor can be regarded as on 
alternating current of rectangular 
wave form, which reverses each 
time the conductor passes under a 
brush. For the point F , mid- way 
between A and B , the alternating 
and rectangular waves are in phase, 
so long as the power factor is unity 
and tho resulting wave form is as 
shown in Fig. 329 (I). 

For a point 0 displaced any angle a from F , the alternating- 
current wave has the same form and is in phase with that through 
F, but 0 reaches a brush a degrees before F does, so that the 
rectangular wave for 0 reverses a degrees in front of the rect- 
angular wave for F , thus modifying the resulting wave form as 
shown by curve II. 

For a conductor at the tapping point the alternating and 
rectangular waves are 90° apart, the resulting wave form being as 
in curve III. 

An examination of these curves shows that the effective value 
of the resultant current, and therefore, the armature I 2 R loss, is 
the greatest at the tapping points and least at the mid points. 
Since the effective value increases as the phase angle between the 
sinusoidal and rectangular waves increases, we see that the greater 
the number of phases, tho smaller will be the heating effect, 
because, as the number of phases increases, the maximum possible 
phase cUfference between the two waves decreases. 
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The variation in the heating effect is best illustrated by curves 
of current squared, plotted against time for different values of the 
angle a. We will consider for simplicity a single-phase convertor, 
although the method can be extended to a machine with any number 
of phases. We require the relationship between 1 and /„ (not J t ) in 
order to draw the curves of resultant current. We have 
mE P I p cos ip = El 

j _ 1 E 1 

• • * fl — - • n” • 

ffl "j cos <p 
E 

For a single- phase machine -- 1 *414 and m — 2, hence, considering 

first of qJl a power factor of unity on the A.C. side, we have 

/ p = jx 1*414 X / 

= I/V 2 

The direct current per conductor 

I a = //2 

I 9 — V2I at and 

^ 9' max ~ 2/ a 

The current curves are drawn to scale in Fig. 330, the cases being 
A for a conductor half-way between tapping points, B for a con- 
ductor displaced 45 electrical degrees from A , and C for a conductor 
at a tapping point. In the lower half of the figure the curves of 
current squared are plotted to the same scale, and it is at once 
apparent how much greater is the heating at a tapping point than 
at the mid -point. 

Now suppose that the power factor is less than unity, say 0*8, 
then for the same value of 7 a , l p > max is increased in the ratio of 
sec (p to unity 

• 7 = ~ = 2*57 

The angle (p is 37 degrees, very approximately, and as a result the 
maximum displacement between the direct- and alternating-current 
waves, which occurs at one of the tapping points can be (90 + 37) 
= 127 degrees. The corresponding curves for this case are drawn 
in Fig. 331, from which it is evident that the decrease in power factor 
produces a greater heating at one of the tapping points. It is true 
that the displacement at the other tapping point is now (90-37) 
== 53 degrees instead of 90 degrees, but this is offset by the fact that 
I p is increased, so that on the whole the effect of a decrease in power 
factor is to produce a considerable increase in the heating. 

A mathematical expression for the total PR loss in the 
armature is derived as follows — 
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We havo seen that the alternating phase current 
I 9 = — — — , and 1 1 = I sec q> 


2 sin ^ m 

tn 

cosec ~ sec ® X / 
r/» tn 

2 77 

(^»)w«* = cosec — sec o? X / 
tn m 

Considering the two-pole arfhature of Fig. 327, the direct current 
Bowing through any conductor 0 is^ , and the alternating current, 
being (a - g?) from its maximum value, is given by 

• = (Mmax COS (d - <f) 

Hence, total current in any conductor 

I . 


-Hi-i 

2 ( m 


cosec — sec w cos (a 
tn 


To find the total copper loss it is necessary to calculate the 
R.M.S. value of the above expression for one particular conductor 
as the armature makes half a revolution. The conductor at F 
passes from one brush to the other in half a revolution, and if 
angles are reckoned from the mid-position F , the alternating 

E.M.F. will go through one half cycle between the limits- ^ and 

mt 

+ ^ • But we must consider any conductor. Let its distance 
from F be ff. The limits for this conductor are obviously 


-(r + # )“ d (?-'’) 


Hence, the mean of the squares of the instantaneous values of the 
current, i.e. the square of the K.M.S. current in the particular 
conductor considered is 


p-P 

n J La ( 

- 0+/0 


5 °“" 


— sec q> cos (a - q>) !]•*■ 


^ j 1 - — cosec — sec <p cos (/} + <p) + cosec* — sec* <p l 
4 ( TTTti tn m* tn ) 
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We have now to find the mean of this for the whole armature. 
This is obviously the same as the mean for one armature path 
between two consecutive tappings. Now two such tappings are 

?— apart, and therefore, the limit i\ of integration are - — and + — 

fjl 171 171 

The expression for the square of the R.M.S. value can be written 


i \\-A cos [fi + v ) + B\ 


Mean value — - (1 + B) X 

4 4 


I* t\ i t>\ I* A w m J 


COS {P + <p)dS 


■f <1 +B)-l 1 ^x- 

4 4 it 


sin — cos « 
m 


Finally substituting the values of A and B , we have mean value 
of the square of the current for the whole armature 

8 


I 2 L 10 , 8 2 7T j ) 

= —11- — -f — cosec 2 — sec 2 w 1 
4(7 r 2 m 2 m ) 

Hence, total I 2 R loss in the armature 


- 2 X 


g 

— -cosec 2 — sec 2 
m 




since we are considering a two-circuit winding, R being the resist- 
ance of each circuit. If the armature were carrying a direct cur- 
rent only, its external value being 7, as before, the I 2 Il loss 
would be 

Hence 


I 2 R loss when acting as a rotary __ j _ 16 8 cosec 2 77 sec * 

I 2 R loss as a plain D.C. machine 7 r a m 2 c08ec m se ^ 

This shows that as the number of phases is increased, the I 2 R loss 
decreases, and is always less than the loss in a plain D.C. machine, 
except in the case of a single phase rotary. For a unity power 
factor load, for which sec <p = 1 , the square roots of the above 
ratio are 


D.C. 

m = 2 

m =* 3 

m = 4 

m a 0 

m — 12 

1 

118 

•70 

•62 

•52 

•455 


14 — (T.5482) 
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If the output of the rotary armature were limited only by the 
armature copper loss, then the ratios of the maximum outputs 



Connection to Connection to 

slip ring. FlO. 332 slip ring. 

Curve Showing Relative Heating Between Tapping Points 
of Convertor Armature Having m Slip Rings 


possible to the output when working as an ordinary D.C. machine, 
would be the reciprocals of the ratios in the abovo table, namely 


D.C. 

mmm 

■KAMI 

m = 3 

m 

m = 6 

me 12 

10 

OD 

o» 

1-33 

1*63 

1*02 

2*20 


This table shows how, in the case of all but a single phase con- 
vertor, the output from a given armature increases as the number 
of phases increases. In practice it is usual to work rotary con- 
verters six phase, since twelve phase working involves too much 
complication. 

The heating effects in the armature, at different positions with 
respect to the tapping points, and also in terms of the number of 
phases, are illustrated graphically in Fig. 332. 

The above comparisons are based on the assumption that the 
power factor on the alternating-current side is unity. If it is not 
unity, then since the expression for the heating effect contains a 
term sec 2 <p, we see that as q> increases, the heating effect very 
considerably increases, the rotary convertor being no longer so very 
superior to the plain direct current machine from the point of view 
of armature heating. . 
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5. Armature Reaction in Polyphase Convertors. From the con- 
sideration of armature reaction in direct-current generators, we 
have seen that the M.M.F. due to the direct current is directed along 
the brush axis, and is therefore fixed in space. On the other hand, 
the afmature is rotating at synchronous speed, so that we can also 
regard the armature M.M.F. due to the direct component of the 



£ fg 

Km. 333 

Double Delta System of Connections 


current as rotating at synchronous speed relative to the armature 
itself. Its direction is at right angles to the main field. The alter- 
nating component of the armature current also sets up an armature 
reaction which also rotates at synchronous speed with respect to 
the armature, and in consequence these two components of the 
armature reaction have no relative velocity. Also, the M.M.F. due 
to the alternating component acts at right angles to the main field, 
but in a direction opposite to that due to the direct component, 
these two thus tending to cancel one another out. Actually they do 
not quite neutralize one another, the direct M.M.F. being slightly 
the greater, but the difference is so small that to all intents and 
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purposes the rotary convertor can be regarded as having negligible 
armature reaction. As a result of this there is no distortion of the 
field form, and the machine can therefore withstand very heavy 
overloads without serious sparking at the commutator. . In fact, 
when rotary convertors are required for traction purposes, One of 
the standard works tests is actually to short-circuit the machine 
momentarily. 

6. Methods of Obtaining Six-phase Current. Since there is 


a fixed voltage ratio between the D.C. and A.C. sides, it will be 
seen that to give a definito voltage at the commutator, a definite 

4 voltage must be applied 


Supply 



* 1 


Lv.V/WwI IvwwwwJ" ^ 

iAWiAAA/J 


Primary 


to the slip rings, and 
this is almost sure to 
be different from the 
supply voltage. Trans- 


formers have therefore 



to be interposed be- 
tween the alternating- 
current supply and the 
slip rings, the necessary 
six phase current being 
obtained by suitable 
arrangements of the 
secondary windings 
( a ) Double Delta. 
Each phase of the 
secondary has two 
separate wind ings, 
which are arranged to 
form two independent 
mesh -connected sec- 


Double Stab Connection ondaries, as shown in 


Fig. 333. By taking 

connections from points 1, 2, 3 on the first, and 1', 2', 3' on the 
second, one of the two voltage triangles is reversed, relative to the 
other. Again, both windings are connected to a symmetrical 
armature, and this fixes the relative positions of the two voltage 
triangles, so that the lengths of the six vectors obtained by joining 
their corners are equal to one another. Those vectors are the 
voltages applied to pairs of slip rings, and since there is a phase 
difference of 60° between two consecutive vectors, we see that a 
true six phase supply is obtained. 

(6) Double Star. As before, there are two separate secondaries, 
but in this case they are star-connected (Fig. 334) The first 
secondary gives the ordinary three-phase voltage star 1,-2, 3, while 
the second gives the reversed star 1 # , 2', 3', since the connections 
from it are at the opposite ends of the windings to the connections. 
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from the first. Also, the two star points must coincide because of 
the symmetry of the armature winding, and therefore, as before, 
the sides of the hexagon give the voltages of the six-phaso supply. 

(c) Diametral. In the double star method, the two star 
pointy have the same potent ial and they could therefore be joined 
together if desired. If this were done, then each phase of the 
transformer secondary would have one winding only, the six ends 
being taken to the slip rings, and the middle points, connected 
together. But the potential of the middle point is fixed by the 
armature of the convertor, and therefore, the star point need not 
be made, thus leuving the 
three separate phases of 
the secondary winding 
connected to the slip 
rings, as in Fig. 335. In 
this case the voltage in- 
duced in each phase of 
the secondary is given 
hy the diameter of the 
circle, whereas in the 
double star method it 
is given by the radius. 

This method is the most 
commonly used, because 
it is the simplest. If the 
rotary convertor is sup- 
plying;! t hree-wiro system 
on the D.C. side, then the 
star point is formed, and 
the middle wire connected to it. This fixes its potential midway 
between the potentials of the positives and negative outers, and 
no extra balancing plant is required. 

Example. A star-connected three .phase alternator, giving 1.500 volts per 
phase, supplies six-phase current by means of three mesh-connected trans- 
formers, each provided with two equal secondaries. The current is passed 
into a rotary convertor supplying direct current at 650 volts. Calculate the 
change ratio of the transformers and the current supplied by each of the 
secondaries, if 200 kW are taken from the convertor. Neglect magnetic 
leakage and loss in transformation. Show by diagrams how the six contact 
rings of the convertor are connected to the secondaries. (London Univ.\ 1003.) 

The diagram of connections is given in Fig. 333. If E a — R.M.S. 
voltage between adjacent slip rings, and / a = current supplied to 
each slip ring, then 



Fig. :m 

Piametkai. Connection 


E 


E a = - 


sin - ='^-sin 30 = 104-4 volts 

m y/2 


\/2 

/ = 200^000 = 364 amp 


650 
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l tt = W* X / = X 364 = 1714 amp. 
m 6 

The voltage induced in each secondary winding is given by the 
length of the side of an equilateral triangle drawn in the six -phase 
voltage hexagon. Each side of the hexagon represents a voltage of 
194-4. Hence, voltage in each secondary 

= V3 X 194-4 = 337 volts 


L) C. i>us» b.irs A 



Connections for Three -.phase Convertor to be Started 
from the D.C. Side 

/. Transformation ratio of the transformer 

K = — — = -1295 

V3 X 1500 

No. of turns on each secondary = *1295 X turns on each 
primary. 

7. Methods of Starting Rotary Convertors. In the great majority 
of cases, rotary convertors are supplied with alternating current, 
and deliver direct current. It is therefore unlikely that there will 
be any direct current supply for starting, unless it is specially 
provided, so that the convertors in most cases are started up from 
the alternating-current side. If direct current is available, the 
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procedure is as follows : The direct current switch (Pig. 336) is 
closed, and the oil switch on l ho alternating-current side, left open. 
The rotary is then run up to speed like an ordinary shunt motor 
by means of the starting resistance. The shunl regulator is 
adjusted until synchronism is obtained, and the oil switch then 
closed. No voltage adjustment is necessary, aa when synchronizing 
alternators, because the voltage ratio between the direct and 
alternating-current sides is fixed. 

If the load on the direct current side is rapidly fluctuating while 
synchronizing, it may be very difficult to decide the correct 
moment of synchronism, because of the variations in speed pro- 
duced by the variations in voltage, /n such a case it is better to 
run the rotary up to a speed well above synchronism, open the 
D.C. switch, and thus allow the machine to slow down. Ab soon 
as synchronous speed is reached, as indicated by the synchroscope, 
close the oil switch. Alternating current will then flow through 
the armature and keep it running at synchronous speed. There is 
no danger of a heavy rush of current on closing the oil switch, 
because no power is being drawn from the direct current supply. 
At the worst, the armature will be violently pulled into stop if the 
switch is not closed quite at the right moment. Finally tho J).C. 
switch is closed. 

Thero are three common methods of starting up from the 
alternating-current side — 

(a) By Taps on the Main Transformer This is a very 
commonly used method, the arrangement of the control gear being 
as indicated in Fig. 337. It will be noticed that no synchronizing 
gear is required, but a moving coil zero -centre voltmeter V is 
connected across the brushes on tho D.C. side, and the field wind- 
ing is split up into a number of sections by means of a “ field 
break-up switch. 11 On tho A.C. side, either auto-transformers are 
interposed between the Blip rings and tho main transformer, or the 
secondaries of tho main transformer are used as auto-transformers, 
this second arrangement being shown in tho figure. When starting, 
the D.C. switch and the field break-up switch are opened, and the 
brushes lifted off the commutator. The A.C. switch is closed, the 
auto-transformer being arranged so that the smallest voltage is 
applied to the brushes An alternating current flows through the 
armature and produces a rotating magnetic field, the lines of force 
of which sweep past the dampers on the pole faces, thereby inducing 
currents in them. Hence, the armature starts up like an inverted 
squirrel-cage induction motor. Now the rotating field produced 
by the armature rotates at synchronous speed relative to 
the armature, and therefore, as the speed of the armature 
increases, the actual speed, in space, of the rotating field becomes 
smaller and smaller, until eventually its poles move so slowly past 
the salient poles of the field system, that they magnetize the latter. 
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The two systems of polos then grip each other, the rotating field 
therefore becoming stationary in space. This means that the 
armature must now be running at synchronous speed, tjie rotary 
having what is called “ jumped into step/* It is obvious that it 
is possible for the polarity of the D.C. side to come up in the wrong 
direction, because this polarity depends upon the ultimate polarity 
of the main poles, and therefore, on the relative positions of the 
main poles and the rotating field at the instant the convertor 
jumps into step. If the polarity on the D.C. side is wrong it will 



Fio. 337 
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be indicated by the zero-centre voltmeter V being deflected in the 
wrong direction. It can be corrected by what is called “ slipping 
a polo/* The field switch is momentarily reversed, thus causing 
the armature field to bo repelled by the main field, and as a result 
each pole of the armature field moves on towards the next main 
pole. This is indicated by the needle of the zero-centre voltmeter 
swinging over to the right side, the field break-up switch being 
then closed in the right position. Finally the convertor is con- 
nected to the D.C. system by closing the D.C. switch. 

The field is split up into sections by the field break-up switch, 
because, at the moment of starting, the actual velocity in space 
of the armature field is the synchronous speed, and consequently, 
owing to the very large number of field turns, a very high voltage 
would be induced in the field winding. When the armature is 
running at synchronous speed, the armature field is stationary in 
spaco, and consequently no voltage is induced in the field wind- 
ing, the sections of which can therefore be all connected in series. 
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For the same reason, the brush gear on the D.C. side is lifted at 
starting, otherwise heavy currents would circulate across the 
brush faces and cause excessive sparking. 

The full A.C. voltage is not applied to the slip rings at starting, 
because of the very heavy rush of current which would be pro- 
duced on the A.C. side. Also, this current would be very nearly 
wattless, so that it would probably interfere with the voltage 
regulation of the line. 

(b) By Separate Starting Motor. The convertor is started 

up by means of a small direct- 
coupled squirrel-cage induction 
motor. This motor has a. smaller 
number of poles than the con- 
vertor, so that it is able to bring 
the convertor right up to syn- 
chronous speed. The convertor 
is started up by this motor, 
the field circuit being closed, 

Supply 


[ 

* Oil L 1 
Switch ] 


L 1 -!: 

lvww>f 



Transformer 


Ivwws WWW} WVWV} 

'mcr i— — -r 

jwvwvl jVWWvJ 



Self-synchronizing Method 


Induction 
Regulator f 


To Slip Rings 
Fia. 339 

Voltage Regulation by 
Induction Regulator 


so that the voltage is built up in the right direction exactly as 
in the case of a shunt dynamo when brought up to speed. Syn- 
chronizing is necessary before connecting the slip rings to the 
alternating-current supply, the necessary speed regulation being 
obtained by means of an adjustable resistance in one stator phase 
of the starting motor. After synchronizing, the switch controlling 
the starting motor is opened and the convertor main switch on the 
D.C. side is closed. 

At the present time it is usual to build the starting motor with 
a rotor consisting simply of a solid iron cylinder, since there is no 
possibility of trouble with such a rotor as it is only in operation a 
very short time. 

(c) Self-synchronizing Method. This method is due to 
Rosenberg. The convertor is started up by a small starting motor 
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as in case ( b ), but the stator of this motor is in series with the 
convertor armature, as can be seen from Fig. 338. The main oil 
switch is first closed, the switch 8 across the starting mptor being 
open. The shunt-field circuit is also closed, the regulator being 
set to the normal position. The starting motor M , having fewer 
poles than the convertor, brings the latter up to synchronous speed, 
and as soon as this speed is attained, the convertor jumps into step 
because its armature is also carrying the alternating current taken 
by the starting motor. There is very little possibility of reversed 
polarity, because the armature rotating field is produced by a very 
small current, and in consequence, it is not sufficiently strong to 
reverse the residual magnetism in the field. As soon as the 
convertor is in step the switch 8 is closed, thus short-circuiting the 
starting motor. Brush-lifting gear and field break-up switch are 
unnecessary, because the rotating field produced by the aVmaturo 
current during starting is not sufficiently strong to produce induced 
voltages of any importance. 

8. Voltage Regulation of Rotary Convertors. There are four 
methods as follows — 

(a) Hand Regulation. The main transformer is provided 
with tappings, so that the voltage applied to the slip rings can be 
varied within limits. This is not a very satisfactory method, first, 
because it is not automatic ; second, because the voltage can only 
be varied in jumps ; third, because of excessive wear and tear on 
tappings from which very heavy currents are taken. 

( b ) By Induction Regulator. The method of connecting a 
three phase induction regulator in the circuit is shown in Fig. 339. 
The regulator, which is very similar in construction to a three 
phase induction motor, acts like a booster, and raises or lowers 
the total voltage applied to the slip rings according to the position 
in which its rotor is placed relative to its stator. The regulator 
can be arranged for hand or automatic operation, and by means 
of it a variation of voltage on the 1).C. side as high as 30 per 
cent or more can be obtained. 

(c) By Choking Coils : Reactance Control. Choking coils 
are placed between tho main transformer and the slip rings, as in 
Fig. 336, and the convertor is compound excited, having both 
shunt and series excitation. The voltage at the slip rings is 
obviously equal to the vector difference of the voltage E at the 
main transformer terminals, and the voltage E c across the choker 
terminals, this latter voltage leading the current by 90°. On 
normal load the current I is in phase with the supply voltage OA 
(Fig. 340 (a) ), the slip ring voltage being therefore equal to OC . 
If the load increases, the convertor becomes over-excited due to 
the series excitation, and the current vector 1 and choker voltage 
vector OB are shifted round in a counter-clockwise direction, thus 
increasing the slip ring voltage OC 9 as shown in Fig. 340 (b). This 
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method is very good so long as a voltage regulation of not more 
than 15 per cent is required. 

(d) Synchronous Booster Control. This method is often 
used where a wide range of voltage on the D.O. side is required, 
and where the fluctuations in load are very rapid as in traction 
work. The synchronous booster consists of an alternating current 
generator, whose armature is mounted on the convertor shaft and 
is connected electrically in series with the convertor armature, as 
shown diagrammatically in Fig. 341. The booster and convertor 


B 



Fig. 340 

Reactance Control 


A C from Transformer 



P.C. from Convertor 

Fig. 341 

Voltage Regulation by 
Synchronous Booster 


fields obviously have equal numbers of poles. If the booster field 
is supplied with series as well as separate excitation, the booster 
voltage will increase with the load, the voltage control thus being 
automatic. 

The disadvantage of booster control is that it is liable to affect 
commutation if commutating poles are used. If the commutation 
is good when the voltage is about the middle of the range, then 
when the booster raises the voltage the commutating poles become 
magnetized by armature reaction, their effect then being too 
powerful. Conversely, when the convertor is giving the minimum 
voltage, the commutating poles are partially demagnetized and 
their effect is neutralized. This difficulty has been overcome by 
connecting diverters across the commutating poles when the 
convertor is delivering large D.C. voltages. 

(e) Split-pole Convertors. In the split-pole convertor the 
distribution of flux density under the poles is varied ; this alters 
the wave form of the voltage across the slip rings and so alters the 
transformation ratio. 

Let E, = line voltage ; E t = phase voltage ; E =» D.C. voltage 

E 

/. for a six-phase machine (E t ) mxx = — ( = radius of the circle 
in Fig 327). 
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This can be put in the form 


E 


. (X.Y 


max ^ (^t)aff y 


(Af.) 




•// 


(«.)*/ 

= 2Z 1 /C a x E t 

Thus 2 K x K 2 is the transformation ratio. 


•// 


Now for a sine; wave = y/2 and J£ 2 = 1/V 3. As the wave 
torm alters, K 2 remains practically constant, but K x varies very 
considerably, as shown below. 


Sine Wave. 

K { =. 1*41 

h\ }jV i 


Rectangular Wave. 


K, = 1 

K m * 104/V3 


Triangular Wave. 

A 

A, - 1*74 

K, = 1.006/V3 


Hence, we can say that the limits of K X K 2 are 1 to 1-74, so that by 
varying the wave form, a very large change of D.C. voltage can 
be produced. This change is effected by altering the distribution 
of flux. The pole consists of three limbs provided with main 
shunt, and auxiliary series windings as shown in Fig. 342. If the 
shunt winding produces, say, N. polarity, and the series windings 
tend to producci polarities of the order N.,S. 9 N., then the D.C. 
voltage will decrease. If the series windings tend to produce 
polarities of the order 8. 9 N.,S. 9 then the D.C. voltago w ill increase. 

The objections to this method are : First, mechanical difficulties 
of construction ; second, difficulty with commutation, which limits 
its application to low frequencies. It is therefore only suitable 
for small capacity, 25-cycle machines. To simplify construction 
the split-polo convertor is often made with a two-part, instead of 
three-part, pole. 

9. Inverted Rotary Convertors. Usually, rotary convertors change 
the supply from A.C. to D.C., and if they are worked in the 
opposite sense they are styled tk inverted.” With a convertor 
working normally, the speed is fixed at synchronism, because it 
is operating like a synchronous motor on the A.C. side ; and this 
also applies to an inverted convertor if it shares the load on the 
A.C. side w r ith a synchronous generator. If it does not share 
the load in this way, there is nothing to fix the speed, and the 
speed will vary as the flux per pole varies. Thus, if the load is 
highly inductive, the lagging alternating current will produce a 
powerful demagnetizing effect, thus causing a serious increase in 
speed. To prevent this, inverted convertors are always separately 
excited from a direct-coupled exciter. The increase in excitation 
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due to a rise in speed will increase the flux per pole and so bring 
down the speed again. 

10. Parallel Operation of Rotary Convertors. We have seen that 
two splint* generators work satisfactorily in parallel, because they 
have drooping voltago characteristics. Thus, if one machine takes 
too much load, its voltage drops, thereby automatically throwing 
the excess load on to the other machine. With convertors, the 
D.C. voltage is fixed because the A.C. voltago applied to the slip 





Fig. 342 Fig. 343 

Split Pole Convertor Rotaries in Parallel 


rings is fixed. Therefore, if two convertors which are working from 
the same A.C. supply are also parallel on their D.C. sides, trouble 
due to unequal distribution of the load will result. This does not 
hold if they are connected to the A.C. supply via transformers, 
because the drop in the transformers gives the necessary drooping 
voltage characteristic. Often, to save the cost of transformers, two 
rotary convertors are supplied direct from a low voltage alternator. 
In such a case, there are two methods of obtaining satisfactory 
parallel operation on the D.C. sides. 

(a) The alternator can have two separate armature windings, 
one for each convertor. 

(i b ) Balancing transformers can be used. The operation of 
these transformers will be understood by referring to Fig. 343, in 
which single phase convertors are represented for simplicity. A 
single core has two windings, connected in series with each con- 
vertor on its A.C. side, as shown. They are arranged so that 
they produce fluxes through the core in opposition, so that when 
the load is balanced, the core will carry zero flux. If convertor A 
carries a greater load than B , its transformer coil will produce a 
greater flux than that of B , so that the transformer will now carry 
a finite resultant flux. This flux induces in the balancing coil of 
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convertor B a current in the same direction as the ordinary load 
current, thus automatically equalizing the load. 

These balancing transformers are quite small, and therefore 
cheap, since they have to deal, not with the total intake, of the 
oonvertors, but only with temporary differences in load. 

11. The Motor Convertor. This consists essentially of an indue* 
tion motor and a D.C. generator mechanically coupled together. 
The rotor of the induction motor is wound for either 9 or 12 phases, 
according to the size, and tappings are taken to equidistant points 
on the D.C. armature. Three of the rotor phases are brought out 
to slip rings, as shown in Fig. 344, by means of which the set is 
started up exactly like an induction motor. When full speed is 
attained, the free ends of all the phases are short-circuited. Since 
the E.M.F. induced in the D.C. armature is injeptod into the rotor 
of the induction motor, the set will run at a speed less than the 
synchronous speed of the induction motor. The connections are 
so arranged that the direction of rotation of the rotating field set 
up by the alternating currents flowing through the D.C. armature, 
is opposite to the direction of motion. Hence, the speed of the set 
is such that this rotating field is stationary in space, because its 
poles are held by the salient poles of the D.C. generator field. 

Lot = angular speed of the set in r.p.m. 

Let cd, = synchronous speed of induction motor, i.e. the speed 
of the rotating field produced by its stator. 

Let cd =■' speed of induction motor rotor relative to this rotating 
field. 

Then cd,= £2 + cd . . . , . . (1) 

Again let N x = No. of poles on induction motor, 

N t = No. of poles on D.C. generator 

Then, since the speed of the rotating field is inversely proportional 
to the number of poles, the speed of the rotating field of the D.C. 
armature relative to this armature is co X NJN^. 

But this rotating field is stationary in space, 

: Q-bxJ=o (2) 

N, 


Q 


CD 


N V 

X i = (oj t - £2) X from equation (1) 

N § N t 




N ,+ N t 


C0 M 


Thus, if N x = N 2 , then 12 
synchronous speed. 


i . co, ; i.e. the set runs at one-half 
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The torque on the induction motor rotor is equal to the retarding 
torque of the D.C. armature T t say. Power of the rotating field of 
the induction motor 

= T x co 8 

Mechanical power conveyed along the shaft from the induction 
motor to the D.C. generator 

= T X Cl 

Hence, electrical power conveyed from the induction motor rotor 
to the D.C. armature • 

= T(co t - Cl) 

= T . Q, when N x -- N t 

Thus, when N 1 = N 2 , the D.C. generator receives half of its power 
mechanically and half electrically. 

The motor convertor compares very favourably with the rotary 
convertor, as is shown by the following points. 

(a) The cascade convertor has exceptionally good commutating 
properties, because the frequency at the D.C. end is lower than the 
supply frequency. 

(b) The cascade convertor has about the same efficiency as a 
rotary convertor, and is more efficient than a motor generator set. 
For an output of 500 kW, the full-load efficiency of a cascade con- 
vertor is about 92 per cent, the overall efficiency of a motor 
generator set, 89 per cent. 

(c) No step-down transformer is required when working from a 
H.T. supply, unless this is greater than, say, 11,000 volts, because 
an induction motor stator can be wound for this voltage. This 
makes up for the greater floor space required by the two separate 
machines of the cascade set, a very important consideration in 
sub-stations. 

(< d ) No synchronizing is required, the cascade convertor starting 
like an ordinary induction motor. These qualities are only obtained 
in the rotary at the expense of complications, such as starting 
motor and extra switch gear. 

(e) The voltage regulation of the rotary convertor necessitates 
still further complication and expense, especially if a wide voltage 
range on a violently fluctuating load is required. The motor 
convertor can be arranged for a voltage variation as high as 40 per 
cent without additional apparatus. 

(/) The power factor is better than that of a motor generator 
set with induction motor, as good as that of a motor generator set 
with synchronous motor, and may be better than that of a rotary 
convertor if the latter has to work over a wide range of voltage. 

(g) The cascade convertor is not liablo to reversal of polarity. 

12. The Mercury Arc Rectifier or Current Convertor. The operation 
of this rectifier depends upon the “ valve ” action of an arc in 
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mercury vapour. The appearance of such an arc operating in a 
vacuum is shown in Fig. 345. The arc begins at the anode, which 
becomes heated up, but is not vaporized. Next comes a luminous 
column which, in the mercury- vapour lamp, is utilized as the 
source of light. Next, a dark gap, and finally a white-hot cath- 
ode spot. This spot is the basis of the arc, and it travels in an 
irregular manner at high speed over 
the surface of the cathode. With 
a mercury cathode a deep crater is 
formed under this spot, and also a 
pale negative flame rises from the 
cathode. In the rectifier this flame 
is an # undesirable element. The 
mercury arc will only allow current 
to pass in one direction ; hence, the 
valve action which is the funda- 
mental principle of the rectifier. The 
theory of the arc is as follows : In 
gases, electricity travels in elemen- 
tary charges called ions. The positive 
ions are bound to the chemical 
atom, or to matter, but the negative 
ions are chemically freo. They are 
called electrons. Consider a point 
on the cathode brought to a white 
heat. At this temperature free 
electrons are liberated, and since 
there is a potential gradient main- 
tained between the anode and cathode, they travel at a high speed 
towards the anode. They have frequent collisions with neutral 
mercury vapour molecules, and split up the bound charges of the 
latter, this process being called “ ionization by shock.” This results 
in the freeing of new positive ions and negative electrons, and also 
in raising tho conductivity of the vapour path. The positive ions 
already present, and those newly created, move rapidly towards 
the cathode, the upper surface of which is brought to a white 
heat as a result of the continuous bombardment. The negative 
electrons also bombard the anode, but being unassociated with 
chemical atoms, they have no weighable mass and therefore do 
not raise the temperature of the anode very much. 

It will be seen that the arc will only form if some free electrons 
are present at first, and for this reason tho arc has to be “ ignited,” 
like an ordinary arc between carbons, by bringing an ignition 
anode into contact with the mercury cathode and then withdrawing 
it. 

TUere are certain losses in the arc, and they depend upon the 
pressure drop in it. This drop is made up of three separate drops, 
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that due to the anode, in the arc itself, and at the cathode. 
The drops at both electrodes arc constant, being independent of 
the current density or the degree of vacuum. The dfcop at the 
iron anode is about 6*5 volts, and at the mercury cathode, about 5*5 
volts, giving a total for the electrodes of 12 volts. The drop in the 
arc itself depends upon the degree of vacuum, to which it is directly 
proportional ; and on the current density, to which it is inversely 
proportional. In large rectifiers it is about 0*1 volt per cm. Thus, 





Fig. 346 . Half-wave and Full-wave Single-phase 
Rectifiers 


in an arc 80 cm. long, the drop in the arc itself is 8 volts, the 
total drop being therefore 20 volts. We thus see that since an 
increasing pressure does not increase the losses, it is preferable to 
work at as high a pressure as possible. Thus, at 1,500 volts the 
efficiency is 98-5 per cent. 

The cathode drop is the result of the expenditure of energy in 
liberating electrons from the cathode and in evaporating mercury. 
The drop in the arc is the result of the energy expended in the 
ionization of the arc path, while the drop at the anode is the result 
of the energy expended in overcoming the electrostatic field in the 
vicinity of the anode. 

The rectifier can be operated with any desired number of phases 
and Fig. 346 shows two methods of operation with single-phase 
supply. In the first figure there is only one anode, and, consequently, 
as current can only flow through the rectifier from anode to cathode, 
it follows that the external load will only carry current during those 
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half cycles which correspond to this direction of current flow. In 
other words, only alternate half waves are utilized, the rectifier 
therefore being called a 41 half-wave” rectifier. 

In the second figure the load is taken to a centre tapping on the 
transformer secondary, with the result that each half wave is 
utilized, the current stream being from anode A x to cathode K 
when A x is negative with respect to the centre tapping, and from 
A t to K when A 2 is negative with respect to this tapping. In other 
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Fia. 347 . Three-phase Rectifier 


words, the arc switches over from one anode to the other at the end 
of each half cycle. In this way both half waves are utilized and the 
rectifier becomes a “ full-wave ” rectifier. 

In the three-phase rectifier there are three anodes, Fig. 347, and 
since none of the phases has a centre tapping, the rectifier can be 
regarded as three half-wave rectifiers combined, the three compo- 
nents of the total load current having the usual three-phase mutual 
displacement of 2n/3 radians. Now the arc will only pass between 
an anode and the cathode when that particular anode is at a higher 
potential than the others : as soon as the next anode in the sequence 
attains a potential higher than the first, the arc is immediately 
transferred to this second anode. Now on examining the waves of 
secondary voltage, we see that intersections occur at intervals of 
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2te/ 3 radians, and this shows that each anode only carries current 
for 2nj 3, or one-third of a cycle, and not for one-half cycle as in the 
case of the single-phase rectifier. * 

If the anodes are arranged in a circle round the cathode, as is 
usual, then the rectifier can be regarded as a rotating switch which 
makes one complete revolution in each cycle and which maintains 
contact with each anode for one-third of a cycle per revolution. 
This is, in fact, the best way in which to regard the polyphase 



rectifier, and it is important to note that the rectifier is not in any 
way the seat of the energy supplied to the load. This energy 
comes from the transformer secondary, and therefore originally 
from the A.C. supply. On comparing the curve of load current with 
either of those obtained from a single-phase rectifier, we see that 
an increase in the number of phases very appreciably diminishes 
the percentage variation. 

Still further improvement is effected by a six-phase rectifier, as 
shown in Fig. 348. The supply to this rectifier is given as double 
star, which means that each phase is, in effect, centre tapped, and, 
as a result, we can regard the six-phase rectifier, supplied in this 
manner, as a combination of three full-wave rectifiers. To obtain 
the curve of load current, we therefore draw the waves fot the three 
phases each with the negative half reversed. This gives intersections 
2n/6 apart, showing that the period of commutation, i.e. the time 



CONVERTING MACHINERY 423 

during which the arc remains at any one anode, is now only one- 
sixth of the periodic time. 

Now if the current ceases for au interval of time as short as 
1 X 10 _G sec., it is sufficient to cool the cathode spot and thus stop 
the emission of electrons. Means must therefore be provided to 
prevent this occurring, the usual method being to have a separate 
’ k exciting ” anode worked from a separate external source. Thus, 
besides the main anodes, there are two auxiliary anodes, the igni- 
tion anode and the excitation anode. Cooling of the cathode spot 
can also be prevented by placing a choker in the D.C. circuit. This 
has the effect of prolonging the half waves of current, with the 
result that the alternate half waves overlap, and the resulting 
direct current never falls to zero. This is shown in Fig. 341) for a 
singlcMphase full-wave rectifier. 

Even without this choker the transfer of the electron stream from 
one anode to the next cannot be instantaneous because the current 
changes associated with the 
transfer, combined with the 
appreciable inductance of the 
circuits, result in an inductive 
drop which opposes the change. 

In addition, the ionized mercury 
vapour has a tendency to remain 
in the neighbourhood of an 
anode for an interval ol time 
which, although very small, is :m - Wa ™ Forms ° » Rw»inw> 
comparable with the period of 

commutation. This effect sets an upper limit to the frequency at 
which this type of rectifier can be operated, this limit lying between 
2,000 and 5,000 cycles per second. 

The reasons for the choice of mercury for the cathode are as 
follows: during operation, the cathode is violently bombarded by 
massive positive ions with the result that, if solid, there is rapid 
deterioration. With a mercury pool as cathode there can be no 
such damage, and, when cool, all the condensed mercury vapour 
from the enclosure drains back into the pool. In addition, once the 
arc is started, the hot spot from which the electron stream is 
emitted is maintained at the temperature necessary for electron 
emission through the bombardment by the positive ions. Another 
important advantage of mercury is that, at a given operating 
temperature, a smaller voltage is required to release the electrons 
than for any other metal. 

Large polyphase rectifiers are always worked with six or more 
phases, because this gives a smaller variation in the direct current 
than a three phase rectifier. The secondaries of the main transformer 
are arranged for diametral connection as with rotary convertors, and 
the middle point is connected to the negative pole on the D.C. 
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side. The connections of such a rectifier, including those to the 
ignition anodes, are shown in Fig. 350.* The ignition anode hangs 
down at the end of a steel wire about 10 mm. above tjie surface 
of the mercury cathode, but held up by a spring. It is pulled 
down by a solenoid actuated from an auxiliary D.C. supply when 



Fig. 350 

Polyphase Rectifier 


the push-button switch T is closed. It is then released, thus 
striking the arc and starting the rectifier. 

In the polyphase rectifier, two excitation anodes are provided, 
these being operated by a small single-phase transformer in a 
manner similar to a single phase rectifier. 

* Very complete information regarding systems of connection, as well as 
the general theory and mode of operation, is given in Mercury Arc Current 
Convertora, by H. Rissik. Mercury Area , by Teago and Gill, is also an admir- 
able little book. 
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If a number of rectifiers have to work in parallel, it is desirable 
that they should have a drooping voltage characteristic. The drop 
in the rectifier is practically fixed, as we have seen, but the neces- 
sary droop in the characteristic can be obtained by connecting 
choking coils in the leads to the anodes. 

The small rectifiers of up to about 500 kW capacity, as invented by 
Cooper-Hewitt, are made of glass ; but for largo power rectifiers this 
is obviously impracticable, a steel receptacle being used. Since 
the inlet glands for the electrodes are of largo size, considerable 
difficulties were encountered in trying to make these tight, since 
the vacuum must be maintained at about 0 01 mm. of mercury. 
The final arrangement is a combination of asbestos packing with 
mercury scaling. . In order to maintain the vacuum, the rectifier 
is supplied with a direct-coupled motor-driven air pump. A 
second constructional difficulty was that of cooling the anodes. 
If the anodes reach too high a temperature due, say, to continuous 
overloading, they will send oil electrons just as the cathode doos. 
As a result, the current will flow in both directions, thus destroying 
the valve action and constituting a short circuit. This is avoided 
by water-cooling the anodes. The greatest difficulty has been the 
elimination of the possibility of short circuits, the main causes of 
w hich are — 

(a) Insufficient vacuum. This is iuoked after by the air pump. 

(b) Continuous overloading ; eliminated by water-cooling the 
anodes. 

(c) Occluded gases in the anodes due to impure iron ; eliminated 
by the use of chemically pure electrolytic iron for the anodes. 

(d) Condensed mercury collecting on the anode surface. The 
cover is provided with a tall steel cylinder, and all the anodes, 
with the exception of the ignition anode, are arranged outside this. 

(e) Effects of ultra-violet light from the luminous column of 
the are. 

(/) Contact between the anodes and the negative flame. The 
anodes are shielded from effects (e) and (/) by surrounding them 
by steel cylinders, the mouths of which arc closed by a number of 
inclined steel slats. 

Internal short-circuiting can be caused by back-firing or cross- 
fixing which is the result of a failure of the rectifying action. From 
what has been said, it will be clear that this action can only take 
place if the arc continues to rotate round the ring of anodes, and to 
remain with each anode only for the correct length of time. If any 
of the anodes become overheated they may emit electrons them- 
selves and thus try to act as cathodes. Irregular firing commonly 
takes place when starting up from cold, and this is due to small 
globules of mercury which have condensed on the anodes. These 
are converted to vapour when the anodes are warmed up so that 
the trouble is only temporary. The anodes are usually of iron, or 
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sometimes carbon, since neither substance is wetted by mercury, 
and, in addition, the number of electrons emitted, even when they 
are raised to high temperatures, is very small in comparison with 
the number emitted by mercury. 9 

Back-firing and cross-firing are hindered by shielding the anodes 



Fio. 361. 2,600- A. Grid-controlled Steel-tank Rectifier 
English Electric i'o. t Ltd. 


from one another and from the cathode. With the glass bulb type 
this shielding is effected by housing the anodes at the ends of long 
extensions to the bulb, which are given one, or sometimes two 
right-angle bends. With the steel container type the anodes and 
the mercury pool are fitted with insulating shields. 

The construction of a modem rectifier of large capacity is clearly 
indicated by the drawing of Fig. 361. 

The efficiency of the rectifier is about 95 per cent, the maxinftim 


CONVERTING MACHINERY 


427 


value being at three-quarter load, and only falling off appreciably 
below one-quarter load. It is thus superior to any running machinery, 
even the rotary convertor. The fact that it is a static piece of 
apparatus very considerably lessens running costs and attendance 
charges. Also, it is started very easily, since it is only necessary 
to close momentarily the ignition circuit. With new rectifiers, 
it is usual to load up for the first 
time on an auxiliary load of 50 to 
100 amp. in order to drive out all 
gases ; also, when starting up after 
a shut-down, this precaution is 
observed for the first few months. 

If a rectifier has been stopped for 
some time, the anodes are brought 
into circuit separately, so as to 
warm them up, this precaution being 
due to the fact that the arc may 
otherwise start unevenly at the 
anodes and cause short-circuiting, as 
explained previously. Thus, with new rectifiers starting takes from 
5 to 10 min. ; but after a month or so when the above precautions 
are no longer necessary, it takes but a fraction of a second, since the 
ignition push-button is closed and almost immediately released. 

13. Voltage and Current Relationships. Let E v U.M.S. secon- 
dary voltage per phase. Then, with the origin at o, Fig. 352, we 
have 

e = E max cos 0 
= V 2 E p cos 0 

for the mean D.C. voltage, wo have, for an m-pliase rectifier, 



Fin. 352. To Illustrate 
Voltaoe Ratio 


= V2 E 


m C m 

X 2 nf 
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= V2 E- X jr- X 
v in 


: sin 


71 

m 


= V2 E v . — . sin — 
v 7i rr* 


Actually the terminal voltage will be the above, less the sum of 
the drops in the rectifier and in the transformer. 

Example. The full load terminal voltage on the output aide of a six -phase 
rectifier is to be 1,500, and the sum of all the drops is 25 volts. Calculate the 
transformer secondary phase voltage. 
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F dc = V2 E. . — . sin — - (sum of drops) 
v n rn 

1,600 ■= V2E v . - . sin 30 - 26 

71 

V2 E„ . - = 1,626 

71 

1,525 X 71 
=■ 1,140 volts. 

lii calculating the current relationship, we have to note that the 
rectified current is supplied in turn by each secondary phase of the 



transformer, and that this current persists in each phase only for 
2 tt jm of a cycle per cycle. The secondary current is thus in the 
nature of a scries of intermittent impulses, as shown in Fig. 353. 

The mean current per phase is thus j ^ , while the R.M.S. current 

18 /v£ 


. Thus with a six-phase rectifier 
I 


Imean ~ 


6’ whUe/ ««~2% 


14. Grid Control ot Mercury Arc Rectifiers. Imagine that a 
perforated grid is interposed between cathode and anode in such a 
way that the electrons can only roach the anode via the grid. Then 
it is quite clear that the motion of the electrons will now depend on 
the potential of the grid relative to that of the cathode. If the 
grid is positive, the electrons will be accelerated in their path to the 
anode, as in Fig. 354 (a), whereas if the grid is negative, the electrons 
will be decelerated. Provided this negative grid potential is large 
enough, the electrons will be turned back by the repulsion of the 
grid and will not be able to reach the anode at all, as in Fig. 354 (6). 
In such a case, the flow of current will cease. Rissik defines the 
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function of grid control as follows:* "The function of any system 
of grid control is to permit the establishment of a current aro at the 
anodes of a current convertor at a predetermined instant in the 
anode voltage-cycle by the application of a positive potential to 
the individual control grids, and to prevent the ro-establishing of 
the arc at some other instant by the subsequent application of a 
negative grid bias. The former potential is usually referred to as the 
liberating voltage, whilst the latter is generally known as the blocking 
potential." The liberating voltage varies between the limits 25 and 
150, and the blocking potential between 100 and 300 volts. 

It is clear that the grid control voltage will have to be synchronous 
with the voltage supply to the anodes, and therefore the most 
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Fig. 354 


obvious method of obtaining the control voltage is to use an altern- 
ating voltage of suitable value derived from the supply. The control 
is carried out by varying the phase of the grid voltage. Consider 
the first figure of Fig. 355, which is taken from Mercury Arc Current 
Convertors , by H. liissik. The grid voltage v g is in phase with the 
anode voltage. The horizontal ignition line of ordinate g represents 
the necessary voltage to be applied to the anode before ignition 
can take place, and therefore the point of intersection of this line 
with the grid voltage wave gives the moment at which the arc is 
struck. Now, once the arc is started, the grid has no further influence 
on the performance, the arc continuing at the anode as in the case 
of a rectifier without grids. In the figure, this is until the anode 
voltage falls to zero, and the anode delivers current for practically 
half a cycle. The angle a, by which ignition is delayed from the 
zero of the anode voltage, is called the ignition angle. In the second 
figure, the ignition angle <% is considerably greater than a v with 
the result that the intersection of v y with the ignition line occurs 
considerably later in the cycle, and the time of delivery of current 
by the anode is considerably reduced. In the third figure, the angle 
a 3 is still greater, and we see that when v g is nearly in phase opposition 
to e the time of delivery of current by the anode is very small 


* Lee. cit. f Chap. IX. 
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indeed. We have seen that the average direct voltage is the average 
of the anode voltage curve reckoned over the period of ignition, and 
we therefore see that grid control gives a means of varying the 
output voltage. Furthermore, since the grid voltage is inoperative 
once the arc has been started, this voltage need not be sinusoidal 



but can be in the form of almost instantaneous impulses, which can 
be obtained from a synchronously driven alternator which gives a 
very peaky wave form. 

The application of this method of voltage control in the case of 
a six-phase rectifier is illustrated by the figures in Fig. 35(5. In the 
first figure, the grid impulses synchronize with the intersections of 
the various anode voltage curves so that the grids try to start the 
arc at the moment it would have started without their aid. The 
grids thus have no effect and the output voltage is that of a six- 
phase rectifier, without grids : this voltage is taken to be 100 per 
cent. In the second figure, the instant of application of the grid 
impulses has been advanced an angle a = 30° with the result that 
the arc starts suddenly at an anode when the impulse is applied, 
and persists until the impulse has been applied to the next anode 
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in the sequence. With a = 30° the average output voltage, as 
represented by the average under the shaded area, is reduced to 
86*6 per cent. With a = 60° this average is reduced to 50 per cent, 
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Fia. 356. Variation of the Output Voltage with the Phase- angle 
of Alio Commutation 
( English Electric Co.) 


and so on, until when a = 120° the output voltage is reduced to 
zero. The above curves of output voltage variation are theoretical 
curves corresponding to a pure resistance load, and, in practice, the 
irregularities are somewhat smoothed out by the inevitable induct- 
ance of the load circuit. If smoothing equipment is used, the output 
voltage can be made almost uniform. 

The connection scheme for such a method of voltage control is 
illustrated (Ungrammatically in Fig. 357 in which the liberating and 
blocking voltages are shown as derived from batteries, and the grid 
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impulses applied via a synchronously driven distributor. In such a 
scheme the instant of ignition is controlled by varying the angular 
position of the distributor. There are other systems of voltage 
control, but standard works must be consulted for these. 

The relationship between the mean output voltage with retarded 
ignition to the output voltage without any control of the ignition, 




( Englith Electric Co.) 

is very easily deduced as follows, the assumption being that the 
voltage wavos are not distorted. Fig. 358 shows two consecutive 
intersections of the anode voltage waves. For uncontrolled ignition 
the period of ignition will be that corresponding to the angular 
range P to Q, and, as before, we have 




CONVERTING! MACHINERY 


433 


If the ignition is retarded an angle a by means of grid control, 
then the arc commences at the instant corresponding to the point 
R and changes over to the next anode in the sequence, at the instant 



•KlG. 358. TO ILLUSTRATE TICE EFFECT OF THE ANGLE OF GrII> 
Excitation 


corresponding to point S. The total period is the same as before, 
viz. 2 Ti/m, but the limits are now 

r + (»7 + a ) 

X ~ I cosO.dO 

V -(£-) 


E' h o = V2 E v 


= V 2 E v . — . sin — . cos a 
n m 


• ^ILO 

• • lil 

^DO 


= cos a 


In other words, the ratio of the reduced output voltage, obtained 
by grid control, to the output voltage given with no such control, 
is equal to the cosine of the angle of ignition retard. 

15. Inverted Operation. The rotary convertor can operate either 
direct or inverted, but the rectifier, without grids, can only operate 
direct, because it is not possible to reverse the direction of current 
flow. With grid .control, however, inverted operation is possible in 
spite of the fact that reversal of current in the arc is not possible. 
To understand this, consider, first, the case of a direct-current shunt 
maohine which, as we know, will either run as a generator or a 


434 


ELECTRICAL TECHNOLOGY 


motor. Pig. 359 shows three possible modes of operation. In (a) 
the armature voltage E a is greater than the bus-bar voltage E, and 
the machine generates. In (b), E a is less than E , and the machine 
motors, but neither voltage is reversed in sign and consequently 
the current has to reverse. In ( c ), E a is again less than E, but the 
connections to the bus-bars have been reversed, and E a has been 
reversed in direction, with the result that motoring action has been 
secured without the reversal of current flow. The inverted operation 
of a mercury arc rectifier is analogous to the above; the current 
flow cannot be reversed, and consequently the voltage must be 
reversed, and at the same time must be reduced. Now without 
grids only the positive portions of the anode voltage curves are 
utilized so that reversal is impossible, but with grid control the 




( c)E a <E , and reversed 
Motormg with / m 
the original direction. 


impulses can be timed so as to utilize the negative portions of the 
voltage waves and also to give this reversed voltage the required 
reduced value. For inverted operation the leads to the load must 
also be changed over as in the case of the direct current machine of 
Fig. 359. Fig. 360 shows, in a diagrammatic way, the difference 
between normal and inverted running of the rectifier. The external 
load is shown as a direct-current machine which in the first case 
runs as a motor, and when the rectifier is functioning inverted, runs 
as a generator. 

There are several practical applications of the mercury aro 
invertor, one of these being Ward-Leonard control of a direct 
current motor with two rectifiers taking the place of the motor- 
generator sot, as shown diagrammatically in Fig. 361. The control 
of the speed is effected by grid control of the output voltage of a 
rectifier in place of excitation control of the generator voltage in the 
ordinary system. One of the rectifiers is used for forward running, 
while the other is used when the direction of rotation of the motor 
has to be reversed. For simplicity, a single-phase supply is shown 
in the diagram, the dotted connections referring to the rectifier used 
for reverse running. So long as the driven machine is operating 
only as a motor, then neither rectifier will be used as an inv&W, 
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but if regenerative control is required, motor action will change 
over to generator action and one or other of the rectifiers will have 
to operate inverted, according to the direction of rotation. 



Fig. 360. Inverted Operation of Mercury-arc Convertor 


10. Hot Cathode Rectifiers.* The mercury arc rectifier previously 
described is a cold cathode rectifier, in that the heating of the 
cathode necessary for electron emission is localized at the small 

* See Henney, Electron Tubes in Industry, and Guilliksen and Vedder, 
Industrial Electronics , 
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cathode spot and is derived from the bombardment of the cathode 
by the positive ions. In the hot cathode rectifiers, the cathode is 








L-WWWW- 


^WWWVVL 



A.C. 

Supply 



Fig. 361. The Application of Mercury-arc Rectifiers to 
D.C. Motor Control 

heated as a whole from an external source. The enclosure is highly 
evacuated and a very small amount of mercury is enclosed, but this 



Fig. 362. Halt- wave and Full- wave Hot Cathode Rectifiers 

mercury does not form the cathode. Its function is to supply gas 
molecules to be converted into positively charged ions by collision, 
so that, for a given anode voltage, the current output is increased. 
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The operation is fundamentally the same as that of the mercury 
arc rectifier, the current passing through the tube as an arc, but 
only with a possibility of one direction of flow, viz. from anode to 
cathode. With a single tube, half-wave rectification is obtained, 
while .with two tubes and a centre- tapped transformer, the rectifica- 
tion is full wave. Comparison of the connection schemes of Fig. 362 
with those of Fig. 346 will show that the hot cathode rectifier and 
mercury arc rectifier are essentially similar, the chief difference being 



that the cathode of the former is a filament which is heated by the 
passage of current derived from a small filament transformer. 

This type of rectifier has several advantages as compared with the 
mercury arc rectifier previously described, viz. 

1. Smaller size for a given capacity. 

2. Smaller arc length, leading to a lower arc drop and therefore 
a higher efficiency. 

3. Lower drop at the cathode, this again increasing the efficiency. 

4. Freedom from back-firing. 

The cathode is usually a barium -coated filament, since this 
material is very efficient from the point of view of electron emission 
when its temperature is raised. 

The tungar rectifier is similar to the above, except that it has a 
tungsten filament and the tube contains an atmosphere of argon, 
there being no mercury present. It is suited to low voltages and 
comparatively heavy currents, and is therefore commonly used for 
charging batteries and similar small power requirements. The 
kenotron is a highly evacuated rectifier with no heavy gas molecules, 
such as those of mercury vapour, present. It is therefore only 
suitable for very small currents, its application being to high- 
voltage rectification. 

If the hot cathode rectifier is provided with a control grid, then 
the rectifier becomes a gas-filled relay or thyratron. Just as the 
two-element hot cathode rectifier is similar in operation to the 
mercury arc rectifier, so is the thyratron similar in operation to the 
merSury arc rectifier with grid control. Thus if an alternating 
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potential of supply frequency is applied to the grid, the output will 
be dependent on the phase of this grid potential. The grid voltage 
necessary to control the anode current is called the pritical grid 
voltage : it is not a constant, but varies with the anode voltage. 
Hence, if the anode voltage is alternating, the critical grid voltage 
will also be cyclic (although not sinusoidal), as shown in Fig. 363. 


(a) 


Grid Voltage Grief Voltage 


(b) 


(0 


Fig. 364 . Frinciple of the Thyratron 

• 

If the grid is given a steady bias, as represented by the horizontal 
line below the axis, the thyratron will start to pass current at the 
intersection of this line with the critical grid voltage curve. By 
altering the grid bias, the grid line can be shifted either up or down, 
and can be made to coincide with the axis. There is no current 
flow during the negative half cycle and the range of control by this 
method is from the utilization of the whole of the positive half 
cycle to the utilization of half of the positive half cycle. Thus the 
average current can only bo varied from full to half value by this 
method. 

By applying an alternating grid potential, and making use of 
phase control, then the average current can be varied from full 
value right down to zero, as illustrated by the curves of Fig'. 1 364. 
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The usual circuit for illustrating phase control of the grid voltage 
is shown in Fig. 365, in which it will be seen that the grid is connected 
to the junction of a condenser C and a non-inductive resistance R 





f* A.C.Supply 

Fig. 365. Principle of the Thyratron 

in scries. By varying t and R, the phase of the grid voltage can be 
varied, and therefore the output of the thyratron controlled. 

There are many industrial appliances of thyratrons, one of these 
being illustrated in Fig. 366. The thyratron is here operating as a 



Fio. 366. An Application of the Thybatron 


relay in conjunction with a photo-electric cell. When light is thrown 
on the cell, current flows through the cell and a potential difference 
is established across the ends of the high resistance R. This brings 
the grid of the thyratron within the ignition range and consequently 
an arc is struck and the thyratron anode current flows through the 
operating coil of the relay. In some cases the circuit is arranged so 
that the relay is operated when the light supply to the photo-cell 
fails. Typical examples of this application are the automatic 
lightihg of street lamps with failing daylight, and the operation of 
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burglar alarms. In this second application the light beam consists 
of ultra-violet rays only and is therefore invisible. 

17. Solid Contact Rectifiers.* The most important of the solid 
contact rectifiers is the copper disc rectifier, the action of which is 
based on the fact that a copper disc covered with a layer of cuprous 
oxide has a greater resistance to the current flow in one direction 
than in the reverse direction. Copper oxide rectifiers for small 
outputs consist of copper discs having on one side a layer of cuprous 
oxide obtained by the oxidation of pure copper blanks. The oxide 
layer has a thin annular coating of graphite, and contact with this 
is made by means of a lead washer : The requisite number of discs 
is mounted on an insulated steel rod with coppered steel space and 



Fig. 367 . Half-wave and Full-wave Kectifikks 


tinned cooling fins. The oxidation is carried out by heating in air 
for several minutes at about 1,020° C., the melting point being 
1,040° C. The rectifying action is very poor, however, unless a 
special subsequent heat treatment is given, this consisting of 
annealing at about 600° C., followed by rapid quenching. The 
surface layer of black cupric oxide, CuO, formed during cooling is 
removed by cyanide solution. 

The forward average current rating for three-quarter inch diameter 
discs is about one-third of an ampere, and the maximum safe reverse 
voltage about 9 volts. For large powers, of the order of several 
kilowatts, the large-plate type of element is used, consisting of a 
long oxidized copper strip about 2 in. wide. Series-parallel combin- 
ations involving standard elements can be arranged to meet any 
voltage and current requirements. 

Another important dry-plate metal rectifier is the selenium type 
developed in Germany. With this rectifier, discs of steel are used 

* It is not possible to describe the many forms of rectifier which have been 
devised for different purposes, e.g. the synchronously driven commutator, 
vibrating reed, electrolytic rectifier, and so on ; very full particulars will be 
found in Alternating Current Rectification , by Jolley. 
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with a specially prepared surface on which is deposited a thin layer 
of selenium, a hard grey-coloured element. Contact is made by a 
ring of special alloy apparently deposited by spluttering. Selenium 
rectifiers are very efficient, and for the same output are more 
compact than the copper oxide type. 

As with other types of rectifier, the copper oxide rectifier can be 
used either for half-wave or for full-wave operation, the latter 
requiring a bridge arrangement of the elements, as shown in Fig. 
367. Alternatively, full- wave rectification can be secured by means 
of two rectifiers and a centre-tapped transformer exactly as with 
the other types of rectifier. Owing to its simplicity, and the fact 



that auxiliary batteries or filament supplies are not required, this 
type of rectifier is now very widely used. In very small sizes it is 
used in the mains units of wireless receiving sets (and in measuring 
instruments), while in larger sizes with large current output it : s 
commonly used in the place of batteries if direct current is required 
where only an alternating-current supply is available. 


Example. A half-wavo rectifier is used to charge a 40-volt battery from an 
alternating-current supply of R.M.S. voltage 200. The resistance of the 
rectifier to current in one direction is 200 ohms, and in the other direction 
very high. If the battery resistance is negligible, calculate the ampere-hours 
put into the battery in 24 hours. 

The battery E.M.F. of 40 volts is opposed to the supply voltage 
during the charging half cycle, so that for the resultant voltage we 
have 

e = E max sin 0-40 


But charging cannot commence until the supply voltage has 
risen to 40, and charging ceases just before the end of the half cycle 
at the instant the supply voltage has fallen to 40. The corresponding 
angles are 


: 40 . 40 QO 

arc sm — — arc sm = 8 / 
Ago 


180 - 8° 7' = 171° 53', Fig. 368. 


ahd 
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Taking the origin at the instant the applied voltage is a maximum, 
we have for the average charging E.M.F. over one half period 

• + 8i°53' * 


if 


283 cos Odd- 40 

53' 


= - X 283 sin 81° 53' - 40 

71 


= - X 283 X -99 - 40 

71 

= 179-40 
= 139 volts 


Average charging current per half cycle 
139 


= = *695 amp., or -35 amp. per cycle. 


Hence ampere-hours per 24 hours 

= -35 X 24 = 8*4. 


Examples on Chapter XXI 


(1) A six-phase rotary convertor is supplied from a transformer with the 
secondaries conneoted in double delta. If the convertor delivers 500 amp. 
to the D.C. load, what current will flow in the secondary winding of each 
transformer T 136 amp. 


(2) A rotary convertor with six slip rings is fed from the secondaries of a 
three phase transformer with star-connected primaries. Each primary coil 
has ten times as many turns as the secondary. A load of 200 amp. at 500 
volts is taken from the continuous-ourrent side. Draw carefully a diagram 
of the connections, and also, a vector diagram showing the magnitude and 
phase relationship of the voltages of the line, of the transformer coils, and 
of the slip rings. Calculate the approximate voltages on the mains and the 
currents in the primary coils (assume the efficiency to be 100 per cent, and 
the power factor, unity). (London Univ., 1914.) 

Ana , — Assuming diametrical secondary connections, line voltage 6,100, 
current in primary coils 9*5 amp., voltage at slip rings 353. 


(3) A six-phase rotary convertor is supplying 100 amp. to the D.C. side. 
Draw graphs of the current in the armature (a) for a conductor mid-way 
between two tapping jjoints, (b) for a conductor at a tapping point. 

(4) Explain the action of the rotary convertor, and explain why it is more 
economical to use a rotary convertor with a large number of phases. Show 
that in a six-phase rotary convertor working at unity power factor, the 
heating of a coil close to the tapping point is about twice as great as that 
of a coil midway between two tapping points. (London Univ., 1922.) 


(5) Explain tho switchboard connections that must be made in a sub- 
station containing self -synchronizing rotary convertors, and compare the 
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advantages of this type of convertor with that in which the rotary is started 
up without this special device. Give a diagram of connections of the self- 
synchronizing rotary convertor, and explain the method of starting up. 
(C. and G. Distribution.) 

(6) Cpmpare critically the following methods of starting rotary convertors: 

(a) starting electrically from the continuous current side ; (6) starting 

electrically from the alternating current side ; (c) starting mechanically by 
a small motor. Consider the matter under the following headings : (d) ease 
of operation ; (e) time taken to come to synchronism ; (/) reliability in 

times of stress when the generating voltage is steady. (C.and C., 1914.) 

(7) Examine critically the suitability of the various methods of adjusting 
the voltage on the D.C. side of a rotary convertor when the range of voltage 
is a wide one, say, from 440 to 550 volts. 

(8) Explain why, in a rotary convertor, the heating of the armature for a 
given lo^L is reduced as the number of phases on the A.C. side of the machine 
is increased. Show generally how the distribution of temperature in the 
armature changes as the excitation of the rotary convertor is changed. (C. 
and G., 1918.) 

(9) The speed of a rotary convertor, when used to convert direct current 
power into alternating current power, varies with the power factor of the 
load on the alternating current side of the machine. Explain this result, and 
describe an arrangement which may be used to reduce the speed variation. 
(London Univ., 1924.) 



CHAPTER XXII 
COMMUTATOR MOTORS 

I. The Single-Phase Series Motor 

1 . If an alternating current is sent through an ordinary D.C. series 
motor, the field and armature currents reverse simultaneously, so 
that a unidirectional torque is produced and the armature rotates. 
The motor has to bo modified very considerably for work with 
alternating currents. Thus, all the iron has to be thoroughly 
laminated both in armature .and field.* 

There are two E.M.F.s induced in an element of the armature 
winding. First, there is the dynamically induced E.M.F. caused 
by the rotation of the armature conductors in the magnetic field. 
Second, there is the statically induced E.M.F. produced by the 
alternations in the flux, independently of rotation. Whatever the 
brush position may bo, there is always an E.M.F. induced in the 
short-circuited winding element. Thus, when the brushes are in 
the normal position, the short-circuited element has a statically 
induced E.M.F. ; and when the brushes are perpendicular to the 
normal position, it has the dynamically induced E.M.F. Hence, 
the motor shows a much greater tendency to sparking than a D.C. 
mot-or, and the elimination of sparking has been one of the most 
difficult problems in the evolution of the motor. Both excessive 
sparking and poor power factor are prevented by “ compensating ” 
the motor, the aim of which is to neutralize the effect of self -induc- 
tion. This can only be done for the armature, since to neutralize 
the self-induction of the field means that the field flux must be 
neutralized, which is obviously impossible. The armature can be 
compensated by employing coils carrying the armature current, 
and placed in such a way as to neutralize the armature flux. The 
Fig. 369 a-b-c shows how this can be done. In 369(a), the field flux is 
produced along the axis AB , and the armature produces its flux 
at right angles to this, namely, along the brush axis CD. Thus 
the compensating coil must produce its flux along CD and in a 
direction opposite to that of the armature flux at every instant. 
In the figure the field and compensating windings are shown as 
solenoids ; in the actual motor they are distributed windings. 

Since two fields at right angles produce a single resultant field, 
it is possible to combine the main field and compensating windings 
into a single winding producing its flux in the direction of this 
resultant, as shown in Fig. 369(b). 

The compensating coil, instead of being connected in series with 
the main field coil, can bo short-circuited as in Fig. 369(c). It then 
acts like the short-circuited secondary of a transformer,' of which 
the primary is the armature winding. Since the fluxes produced 
* For full particulars see Dover's Electric Traction . 
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by tho primary and secondary of a transformer almost neutralize 
one another, we see that this method gives good compensation, in 
spite of the fact that, due to the air gap, magnetic leakage is 
greater than in an ordinary transformer. 


A 



Fig. 369 

Compensated Series Motor 


In spite of compensation, there is often great difficulty in pre- 
venting sparking, and therefore, some manufacturers increase the 
resistance of the path taken by the current in a winding element 
as it is short-circuited at the brushes. This is done by using 
leads of high resistance between the windings and tho commutator 
segments. It can be seen from Fig. 370 that these leads form a 
high resistance both for the short-circuit current and also for the 
main current flowing from brush to armature. Hence, the PR 
loss due to the circulating currents in the short-circuited elements 


is considerably reduced (since the 
currents are reduced) while the PR 
loss due to the main current is in- 
creased. In practice, the inserted 
resistance is so chosen that the sum of 
those two losses is a minimum. 




Fig. 370 

Resistance Leads 


Fig. 371 

Circle Diagram of Ideal 
Motor 


2*. The Circle Diagram. Consider a compensated motor having 
no losses of any kind, and connected to constant voltage mains. 
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Let OC (Fig. 371) represent the applied E, and 01 repre- 

sent the current, /, in phase. Then i_ CO I is the angle of lag, q > . 
The statically induced E.M.F. due to self-induction of the field is 
equal to Leal, and lags 90° behind 1 It is represented by vector 
OA on the diagram. The dynamically induced E.M.F. in the 
armature is obviously the motor back E.M.F., and it is therefore 
represented by OB , in phase opposition to the current. Also, OB 
must have a component in phase opposition to E , since the machine 
is a motor. The applied E.M.F. is equal and opposite to the 
resultant of OA and OB , 

E = OC = OB reversed + OA reversed. 

If we draw a semicircle on OC as diameter and join CD , we see 
that E is the resultant of OD and CD. Again, OD is in linp with 
OB and DC is parallel to OA, the point D being the intersection 
of the current vector with the semicircle. 


Hence, OD = OB, the dynamically induced E.M.F., 
and CD = OA, the statically induced E.M.F., Lwl. 


Now OC is constant, and therefore, the semicircle ODC is the locus 
of the intersection of these two vectors. 

Again, CD = Liol, and since L and co are constant, CD repre- 
sents the current in magnitude. If now a perpendicular CF is 
drawn, then L DCF = [_ COD =• <p, and therefore, referred to 
CF, the vector CD represents the current both in magnitude and 
phase. If we assume that the iron is not saturated, but is worked 
on the straight part of the characteristic, a condition which approx- 
imately holds in order that the iron losses may not be too high, 
the flux is proportional to the current. Hence, CD also represents 
the flux. 


The power factor = cos cp =■ 


OD 

OC 


is proportional to OD, since OC is constant. 

Torque is proportional to the product of the current and flux. 

T oc CD X CD 
oc CH x OC 

oc CII, since OC is constant. 

Intake = El cos <p 

oc OC X CD x cos q: 
oc OCX DH 
oc DH 




If different positions of the point D are taken on the circle, and 
the above quantities, measured off, the characteristics can be 



Fio. 372 Fio. 373 

Characteristics of Series Motor Corrected Circus Diagram 

drawn. These are of the form shown in Fig. 372. Since the cur- 
rent is a maximum at standstill, the speed becomes zero when the 
current reaches its maximum value. The speed tends to become 
infinite when the current is very small, so that the mechanical 
characteristics of the motor are very similar to those of a D.C. 
series motor. The motor is thus very suitable for traction use, in 
which sphere it is very largely used. 


3. The Effect of Losses on the Diagram. 

Copper losses = PR = / X / .R 

IR is the resistance drop, and is in phase with /. Hence, it can be 
represented by marking off a length DD' (Fig. 373) equal to IR. 

Copper losses = CD X DD' 

- 2 A COD' 
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If we neglect for the moment the iron and friction losses, we have 


Output = 2 A OCD - 2 A CDD' 

= 2 A OCD' 
oc D'H' 

Again, the ratio DD'jCD = IRjl = i? 

= a constant, 

and therefore the angle DCD' is a constant, == a, say ; and the 
locus of D' is a circle whose centre is a little to the left of OC. 


S eed oc dynamically induced E.M.F. 
pee g_ 

OP OP' 

CD ’ CD ' 


Draw 00' inclined at the fixed anglo a to 00, meeting CD' produced 
in O'. Then 


Q j OD’ 

Speed cc--, 


0Q_ 
OC ’ 


The iron and friction losses cannot be represented geometrically, 
because the speed and flux are both variables. If they are deter- 
mined by a separate core loss test, or calculated from design data, 
a curve of these losses can be drawn as shown dotted. The output, 
taking losses of all kinds into account, is then D'H " , 


/, Efficiency 


D'H" 

DH 


4. Conditions Necessary for a Good Power Factor. From the 
circle diagram, 

tan = a* — statically induced E.M.F. in the field 
/ ^ OD dynamically induced E.M.F. in the armature 

Let / = supply frequency 

T a = No. of turns on the armature 

T t = No. of turns on the field 

$ = flux (max. value ) 

Hence, statically induced E.M.F. in the field 

. oc 4>7V 
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Now let the speed be such that the dynamically induced E.M.F. in 
the armature is of frequency f x 

Dynamically induced E.M.F. oc ^T a f x 


tan <p oc 


«*>/ 


f T 

= k XyX~, where k is a constant 

a 


cos <p = 


Vl + tan 2 9> 


J 


l + i 2 X 


P x Tl 
fi 2 TJ 


Hence* for a good power factor the two ratios ///, and T f /T a must 
be kept small. Now / is proportional to the synchronous speed 
<y„ and f x is proportional to the actual speed go. Thus, the ratio 
f/f 1 is kept small by having a low frequency supply and a high 
actual speed. On the Continent the frequency for singlo-phase 
traction work is as low as 15. Because of tho low frequency, these 
motors have a larger number of poles than D.C. traction motors. 
As a rough rule, it can be taken that there is a pair of poles for 
each 100 to 150 h.p. They are built in sizes as large as 3,000 h.p. 

To keep the ratio T f /T a small, the motors have a magnetically 
strong armature, this being possible because of tho compensation 
of the armature. 

The characteristics of A.C. series motors can thus be summed 
up as follows — 


(а) They have a compensating winding located in the pole faces. 

(б) A large' number of poles. 

(c) A large number of turns on the armature winding. 

(d) A comparatively small number of turns on the field. 

(e) A low frequency of supply. This, combined with the neces- 
sity for a low synchronous speed, is the reason for the large number 
of poles. 

(/) Small air gap : necessary because of the weak field. 

(g) Interpoles with shunt or compound excitation. 

5. Excitation ol the Interpoles. When a winding element under- 
goes commutation, a reactance E.M.F. is set up in it, due to the 
reversal of the current, exactly as in a D.C. machine. This is 
compensated by having series excitation of the interpoles. The 
interpoles also have to compensate for a voltago, called the “ trans- 
former voltage,” which is induced in the winding elements by 
ordinary transformer action, independently of whether the arma- 
ture is stationary or rotating. This transformer voltage, like all 
statically induced voltages, is in quadrature with the flux which 
produces it, and therefore it cannot be compensated for by series 
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excitation of the interpoles. On the other hand, shunt excitation 
gives a quadrature flux, and therefore both reactance and trans- 



former voltages can be neutralized by having shunt, in addition to 
series, excitation of the^ interpoles. The actual arrangement of the 

II. The Repulsion Motor 

6. This motor differs from 
the A.C. series motor in 
that no current is led into 
the armature, the brushes 
being short-circuited as 
shown in Fig. 375. 

Consider an ordinary D.C. 
armature with short-cir- 
cuited brushes placed in a 
bi-polar field excited by 
alternating current. 

(a) Let the brush axis be 
perpendicular to the main 
flux as in Fig. 375 (a). Then 
the E.M.F.S induced in the 
two halves of the winding 
shown will neutralize one 
another, and the armature 
will neither carry any in- 
duced current nor produce 
any torque. 

(b) Let the brush axis be 
along the direction of the 
main flux, as in Fig. 375 (b). 

* For further information, see Dover, Electric Traction and Electric Motors 
and Control Systems. 


windings is shown m Fig. 374.* 

(A) 


-if 


\ 

JL 


/ 



cm 


- CO 


Action op Repulsion Motor with 
Different Brush Settings 
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Then a current will be induced in the armature, the four quarters 
of which will produce four torques as indicated by the dotted 
arrows. These will neutralize one another, the total torque being 
again zero. 

(c). Let the brush axis be inclined at any angle a to the direc- 
tion of the main flux, as in Fig. 375(c). Then calling the torques 
T x and T t as shown, 

Resultant torque, T = 2 (T x - T t ) 

The torque is also given by the expression 

T oc (current between brushes) x (component of main flux 
perpendicular to brush axis) 

Now, current between brushes 

• oc component of main flux along brush axis 
oc <E> cos a 

T oc O sin a X O cos a 
oc sin a cos a, oc sin 2 a 

Hence, T is a maximum when 2a = 90°, i.e. when a = 45°. 



Fiq. 376 

The actual arrangement of Fig. 376(a) can be considered as 
replaced by that in Fig. 376(b). If the total number of turns on 
the actual field is T t , then 

Number of turns on winding T = T f cos a 
Number of turns on winding E = T f sin a 

The axis of the winding T , namely, the brush axis, is called the 
transformer axis of the motor. The winding E has no transformer 
action on the armature, except on those coils which undergo short 
circuit at the brushes, and therefore, it transmits no energy to the 
armature. Its function is to supply the excitation only, and 
the axis of E is called the excitation axis. When the motor is 
ruqning, the armature develops mechanical energy, and this energy 
is imparted to it along the transformer axis, i.e. from the stator 
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winding T. Also the flux in the transformer winding T induces 
a static E.M.F. in T ; and since the phase difference between a 
flux and the statically induced E.M.F. it sets up is 90°, it follows 
that the flux in winding T is in quadrature with the current, and 
therefore, with the flux along the excitation axis. But these two 
fluxes are 90° apart in space as well as in time, and therefore, the 
motor possesses 

(a) A uniform rotating field, if the two fluxes are equal. 

(b) An elliptical field, if they are different in magnitude. 

In the armature there is or static E.M.F. along the energy axis 
set up by transformer action, and this is in quadrature with the 
flux producing it, i.e. with the flux through T. Again, the flux 
through T is in quadrature with the flux through E, and this 
latter flux produces the dynamically induced E,M.F. in the arma- 
ture, which is, of course, in phase with the flux through E. Hence, 
the armature dynamically induced E.M.F. is in phaso opposition, 
180°, to the statically induced E.M.F. The difference between 
those two armature E.M.F.s is equal to the armature drop in volts 
RL If we assume an ideal motor with zero resistance, then the 
two are equal and opposite. 

Let <t>* = max. flux produced by winding T 
<I>„ = max. flux produced by winding E 
T a = No. of armature turns 

Then dynamic E.M.F. E d oc x Np . . . (1) 

Static E.M.F. E t oc <b t TJ .... (2) 

where N is the speed, and p, the number of poles. 

But E d is equal to E B 

==: oj 

Again, if wo call the synchronous speed r.p.ra. N § > then 


/ = 


n,p 

120 ’ 


oc N t p 


Q> e Np oc Q> t N,p 



oc 


N 

N. 


Hence, the two fields are equal at synchronous speed only, and at 
this speed the total field is a pure rotating one. 

At speeds below N t O, < 0 # 

At speeds above N B <!>, > 

Under these conditions the resultant field is elliptical, the major 
axis at speeds below N r becoming the minor axis at speeds al>ove 
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N v At synchronous speed, the armature and the rotating field 
travel at the same rate, and therefore, there are no armature core 
losses. Also, there are no circulating currents in the coils under- 
going commutation. At speeds above synchronism, the trans- 
former flux increases rapidly with the speed, thereby resulting in 
large core losses and heavy circulating currents in the coils under- 
going commutation. These conditions limit the operating speed 
of the motor to the neighbourhood of synchronous speed. If 
higher speeds are necessary, the transformer flux has to be 
weakened. On a low-frequency system the repulsion motor must 
therefore be a low-speed machine with relatively few poles, so that 
it will be considerably heavier than a series motor of the same 
power. This is because the fewer the poles, the greater must bo 
the crqss section of the magnetic paths for the same output. Thus, 
whereas scries motors are suited to very low frequencies in the 
neighbourhood of 15, repulsion motors are better suited for 
frequencies of about 25. 

7. The Compensated Repulsion Motor. In the compensated 
motor, the field windings R , which set up the excitation flux <S> e 
along the excitation axis are dis- 
pensed with, the excitation flux 
being set up by the armature itself. 

To do this, the armature has another 
set of brushes which have their axis 
along the excitation axis. (See Fig. 

377. ) Thus, the armature itself takes 
the place of the field E in the simple 
repulsion motor, two important 
advantages being derived from this 
arrangement. 

(a) Since the main field is produced 
by the armature itself, the leakage 
which occurs between armature and field in all other motors 
is entirely eliminated. 

(b) Practically complete compensation of the induced voltage in 
the excitation winding can be obtained at one particular speed, so 
that at this speed the motor operates at unity power factor. If 
there were no losses in the machine, this speed would be the 
synchronous speed, but because of losses it is slightly greater 
than this. 

8. The Doubly Fed or Series Repulsion Motor. This is a modi- 
fication of the repulsion motor to enable it to operate satisfactorily 
at speeds greater than synchronous speed. One scheme of con- 
nections is shown in Fig. 37$. We have seen that at high speeds 
the transformer flux increases rapidly with the speed, thereby 
setting up heavy circulating currents in the coils undergoing com- 
mutation, and also causing heavy core losses. In the doubly fed 





Transformer 

Axis 


— Supply — « 

Excitation 
Axis 

Fio. 377 

Compensated Repulsion 
Motor 
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motor this is overcome by weakening the transformer flux. The 
diagram indicates that the point A can be moved along the 
secondary of the main transformer, thus altering the voltage 
applied to the stator winding. At starting, the brushes are 
often short-circuited and the motor is thus brought up to speed as 
an ordinary repulsion motor. Then, when the speed is near to 
synchronism, the connections are automatically changed over to 



Fia. 378 

Dhublv Fed Motor 


Fig. 379 

Vector Diagram of 
Compensated Motor 


the doubly fed arrangement. Thus, the doubly fed motor com- 
bines some of the advantages of the scries and the ordinary 
repulsion motor. 

9. Vector Diagram lor a Compensated Repulsion Motor. Consider 
for simplicity an ideal motor having no losses. In the armature 
there are (a) the transformer E.M.F., (b) the dynamic E.M.F. 
We have seen that in an armature with zero resistance these are 
equal and opposite. Now in the compensated motor the armature 
produces its own exciting field, as previously explained ; and 
therefore, there are two more E.M.F.s to consider. These are (c) 
the statically induced E.M.F. set up by the pulsations in the 
exciting field ; (d) the dynamically induced E.M.F. set up by 

rotation in the transformer field. 

Let OA (Fig. 379) represent the stator current. Then a vector, 
such as OX, in phase with OA, will represent the exciting field, 
i.e. the field along the excitation axis. Let OB represent the 
dynamic E.M.F. (5) in phase with OX. Hence, OG, equal and 
opposite to OB, will represent the transformer E.M.F. (a). Now, 
OG is produced by the combined action of the stator and armature 
windings. The flux producing OC is perpendicular to it, namely, 
along OH ; hence, OH also represents the transformer flux. f This 
flux, as well as the flux OX, links with the armature, and therefore, 
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if Oil is drawn proportional to the current producing this flux, the 
resultant of OH and OA , namely, HA , represents the total armature 
current. 

The statically induced E.M.F. (c) lags behind the main field, as 
shown* by the vector CF , and therefore the dynamically induced 
E.M.F. ( d ), which is in phase opposition to CF, will bo represented 
by a vector such as FK. Now tho supply E.M.F., E> is equal and 
opposite to the resultant, of the E.M.F.s, OC, CF , and FK, namely, 
equal and opposite to OK. It is therefore represented by OE in 
the diagram. 

III. The Polyphase Commutator Motor 


10. Action of the Commutator. Imagine first of all an armaturo 
with a two-layer winding brought out to a commutator, a D.C. 
armature, in fact, and let this armature be rotated in a magnetic 
field. First of all let this field be stationary in space, then the 
E.M.F.s induced in individual armature conductors are alternating 
E.M.F.s, undergoing one complete cycle for an angular movement 
of two pole pitches. But the distribution of induced E.M.F.s in all 
the armature conductors is stationary in space, the E.M.F. at any 
particular point in space being proportional to the flux density at 
that particular point. Now, the action of the commutator is to 
comiect the brushes which press on it to points in the winding 
which are fixed in space, and consequently if tho magnetic field 
is stationary the distribution of potential round the commutator 
is also stationary. Again, since each armature coil is connected to 
adjacent commutator segments (assuming a simple lap winding, 
as is usual), the potential distribution round the commutator is the 
coil E.M.F. integrated right round the armature. There will be a 
position of minimum potential, which for convenience can be called 
zero potential, and a pole pitch away there will be a point of maxi- 
mum potential. Also there will be one point of zero potential and 
one of maximum potential for each pair of poles on the machine. 
Obviously, if the machine is to be used as a D.C. machine, these 
points will give the positions of the negative and positive brush 
positions respectively, so that the potential distributions and brush 
positions for two- and four-pole ^machines will be as shown in Fig. 
380. The magnitude of the E.M.F. between brushes of opposite 
polarity will be 


„ <t>ZN 1A _ 
E = X 10-* 

oU 


With a stationary magnetic field the external frequency is zero, 
i.e. the external ^circuit carries direct current, while tho internal 
frequency is given by the speed N of the armature. 

Now imagine that the magnetic field rotates in space, as would* 
be the case in a machine consisting of a stator fed with polyphase 
currents after the manner of an induction motor, and having a 
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rotor carrying a D.C. winding. Then, since the distribution of 
E.M.F. in the armature conductors is, at any instant, dependent 
on the position in space at that instant of the magnetic field, it 
follows that as the field rotates in space, the E.M.F. distribution 
round the winding will also rotate in space at the same speed and 
in the same direction. But obviously the potential distribution 
round the commutator will move whenever the E.M.F. distribution 



Fig. 380 . Potential Distribution Round Commutator 


round the winding moves, so that we see, finally, that the potential 
distribution round the commutator rotates in space at the same 
speed, and in the same direction, as the magnetic field. 

Thus it is obvious that the P.D. between two brushes pressing 
on the commutator will now be alternating, the frequency being 
determined by the speed of the magnetic field in space. But the 
internal frequency is determined by the relative speed of the arma- 
ture to the stator rotating field, so that it follows that the commu- 
tator now acts as a frequency changer. Take, for example, the case 
of a 4-pole machine having its stator fed from a 50-cycle supply, 
and let the rotor travel at 1,000 r.p.m. in the same direction a? the 
stator field. 

Speed of stator field = 120//polcs 
= 120 X 50/4 
= 1,500 r.p.m. 

.\ Relative speed of stator field to rotor = 1,500 - 1,000 

= 500 r.p.m. 

External frequency, i.e. frequency of the alternating P.D. at the 
brushes 

= frequency corresponding to field speed 
= 50 cycles/sec. 
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Internal frequency, i.o. frequency of currents in the rotor con* 
ductors 

= frequency corresponding to relative speed 
= 4 X 500/120 
• = 16*67 cycles/eec. 

It will be clear that (a) the P.D. between any two brushes will 
depend on their angular distance apart, and (6) that any number 
of phases of the external circuit can be arranged merely by pro- 
viding the necessary number of brushes. Thus in the case of a 
2-pole machine two diametrically opposite brushes will give single- 
phase, three equally spaced brushes will give three-phase, and so on. 
Thus the commutator can act, not only as a frequency changer, but 
as a jjhase convertor as well. 

Suppose that the commutator is worked single-phase, then the 
brushes will be placed as in the case of a D.C. machine. The voltage 
given by the E.M.F. will bo the maximum value, and therefore for 
the R.M.S. value (assuming a sinusoidal voltage) we have 


(s>zn ' 
E - 60V 2 


X 10- 8 


where N' is the relative speed of stator field to rotor in r.p.m. 

As in the case of the rotary convertor, wo can regard the vector 
diagram for the armature as a complete circle and the voltage 
between two brushes of angular spacing a equal to the length of 
the chord which subtends an angle a at the centre. Thus, if the 
external circuit is three-phase, the angle a is 120° and wo have to 
multiply the above value by 

sin 7T \m = sin 77/3 = 0*866 

Hence for three-phase external supply the brush voltage is given 

by 


E = ---7- X lO- 8 X <&ZN‘ lt.M.S. volts 
60 V 2 


11. The Expedor. Consider an armature with D.C. winding 
rotating inside a stator without any windings, the stator being 
present merely to complete the magnetic path of the flux. Then, 
since the stator can produce no flux, this must obviously be produced 
by currents flowing in the armature winding. For example, if the 
armature is connected via the commutator to the slip rings of an 
induction motor, as in Fig. 381, it will carry the current of the main 
motor and so set up a rotating field. The speed of this field in space 
will depend on the external frequency, as explained above, this 
external frequency being the rotor frequency of the main motor: 
the Bpeed will be entirely independent of the speed of the armature. 

Jfirst, suppose that the armature is stationary : then its conductors 
will be cut by the lines of force of its own rotating magnetic field. 
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and in consequence it will act like a choke in series with the rotor 
of the main motor. The result is that the power factor of the main 
motor will be reduced. # 

Now let the armature bo rotated in the same direction as its own 
field in space ; if its speed is less than the field speed, the relative 
velocity of field to armature will decrease, and consequently the 
induced E.M.F. in the armature will decrease. Hence, although still 
acting as a choke, the effective reactance of the armature will be 
reduced, and the overall power factor consequently improved. 

Now suppose that the driving motor rotates the armature at 
exactly the same speed as the field speed, and in the same direction, 



Fig. 381 . The Expedor 


then the relative velocity of field to armature will be zero and the 
induced E.M.F. will be zero. Consequently the armature will have 
no effect on the operation of the main motor beyond the slight 
increase in slip due to the additional I 2 R loss in the rotor circuit 
caused by the resistance of the armature and leads. 

Finally, let the armature speed be greater than the field speed, 
then the relative velocity of field to armature is reversed, the phase 
of the induced E.M.F. is reversed, and as a result the armature 
now acts as a condenser instead of a choke. It therefore follows that 
so long as the armature is driven at a speed greater than that of 
its own field, and in the same direction, it will improve the power 
factor of the main motor, the amount of the improvement increasing 
as the excess of armature speed above field speed is increased. 

The machine is called a phase advancer, or sometimes an exciter. 
As it carries the full rotor current of the main motor it is also a 
series exciter, and to this class of machine Miles Walker has given 
the name Expedor.* Because it is a series machine the improvement 
in power factor effected by the expedor will be zero at no load, but 
will increase as the load current increases. 

For the purpose of comparatively small industrial motors it is 
clearly desirable that there should be a single machine instead of a 

* It is possible for the stator of the expedor to be provided with windings 
so that it can contribute to the total but the consideration of such 

machines is beyond the scope, of this book. 
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combination of three machines. G.E.C. Ltd. developed a single 
machine in which an expedor is incorporated with an induction 
motor. In such a machine it will be clear that there can be no 
control over the speed of the exciter armature, or, as it is called, 
the compensating winding. Consequently the compensator field 
must be quite separate from the main field of the induction-motor 
part of the machine. This is accomplished by housing the com- 
pensating winding in entirely separate slots near the inner periphery 



of the rotor core. The core discs are therefore of the type shown in 
Fig. 382. The compensating winding is a lap winding brought out 
to a small commutator, and the electrical connections of main 
winding and compensating winding are the same as for Fig. 381. 

The essential feature of this class of expedor is that the com- 
pensator field speed must be less than the actual speed of the com- 
pensator, and in the G.E.C. machine this is effected by arranging 
the compensator to have a different number of poles from the main 
field. A numerical example will make this clear. 


Let / = supply frequency 

= number of main motor poles 
p 2 = number of compensator poles 
a = fractional slip of motor 

Then synchronous speed of motor = 

* 120 / 
and actual speed of motor = — - (1 - o) 

Pi 

Slip frequency of motor = of 
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Speed of compensator field = 

Motor speed __ 120/(1 - or) pi 
Compensator field speed *” p x A 120c/ 

Pl(T 

Thus if Pi = 6 poles 

p 2 = 2 poles 
a = 5 per cent, i.e. ^ 

then m otor speed = 2(1 - ) 

compensator field speed ^ 

= 6*33 

Hence under these conditions the compensating winding is 
rotated 6*33 times as fast as the field produced by it, thus fulfilling 
the necessary condition. 

12. The Susceptor. Ill the expedor type of machine the com- 
pensating winding is in series with the main rotor. This is a class 
of machine in which the compensator is in the nature of a shunt 
exciter, and to this class Miles Walker has given the name Susceptor, 
Consider again an induction motor with external exciter. The 
simplest susceptor is a small rotary convertor armature rotating 
in a stator without any windings. This armature is coupled to the 
main motor so that its speed cannot be varied independently of 
the main motor. Its slip rings are connected to the main supply, 
while its commutator is connected to the main rotor, the scheme 
being shown in Fig. 383. 

The supply at line frequency to the susceptor will set up a rotating 
field at synchronous speed relative to the armature. Also since the 
slip rings are connected to fixed points in the armature winding, 
this relative speed will be maintained whatever the actual armature 
speed may be. The connections are such that the rotations of 
susceptor and its field are in opposite directions, and therefore, 
since the actual speed is the same as the main motor speed, the 
speed of the field in space is the slip speed. We have seen that the 
external frequency on the commutator side corresponds to the 
actual field speed in space, and consequently this frequency is 
the same as the slip frequency of the main motor. It is for this 
reason that the commutator can be in direct electrical connection 
with the main slip rings, as shown in Fig. 383. ‘ 
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Now, since the susceptor M.M.F. is produced by currents fed in 
at the slip-ring end, the position of the susceptor field in space at 
any instant will be entirely independent of the positions of the 



windings 

Fio. 383. The Susceptor 



Fio. 384. The Compensated Induction Motor- -Susceptor-type 
Compensation 


brushes on the commutator. But we saw in § 10 that the potential 
distribution round the commutator rotates in space with the field, 
and always keeps pace with it. Hence the E.M.F. at the brushes 
at fiiny particular instant depends on the relative position of the 
brushes and the commutator potential distribution. In other words, 
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the phase of the E.M.F. at the commutator depends on the angular 
position of the brushes, and if the brush position is altered, the 
phase of this E.M.F. will be altered by a corresponding amount, 
ft therefore follows that the phase of the E.M.F. injected into the 
main rotor circuit, and consequently the overall power factor of 
the equipment, can be controlled by rocking the brushes round the 
commutator. 

Now, when considering the combination of induction motor and 
susceptor into a single machine, it will be realized at once that 


Supply 



with an ordinary stator-fed induction motor this will be impossible, 
because the motor field speed is the synchronous speed, N a , whereas 
the susceptor field speed is oN 9 . The difficulty is overcome by 
using a rotor-fed motor, i.e. a motor whose rotor is used as the 
primary and stator as the secondary. In such a motor the field 
speed is the slip speed oN tt with the result that one and the same 
field can act as both main field and susceptor field. This further 
simplifies the construction, since both main rotor (primary) winding 
and compensating winding can be housed in the same rotor slots. 
The scheme of connections is therefore somewhat different from 
that of Fig. 383 and is given diagrammatically in Fig. 384.* 

13. Speed Control. If a D.C. motor is separately excited so as 
to have a field of constant strength, then the speed of the armature 
will be proportional to the voltage applied to it. Furthermore, 
for any given armature applied voltage the drop in speed with 
increased load will be small, the motor having a mechanical charac- 
teristic like that of a shunt motor. In fact, for a given motor, there 
will be a family of such characteristics, each corresponding to a 
definite value of the applied voltage. This principle can be applied 
to the induction motor. If the motor is stator-fed in the usual way, 
the field speed will be the synchronous speed, and consequently if 
* This motor must not be oonfused with the Schrage motor describe)! in 

M*. 
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the rotor is a D.C. armature with commutator, the potential distri- 
bution round the commutator will rotate at synchronous speed. 
In other words, the frequency external to the armature wiH bo the 
same as the stator frequency, showing that the commutator can 
be cqnnected to a supply at stator frequency. Hence, in order 
that the speed may be varied, all that is necessary is that there 
shall be control over the voltage applied to the commutator. In 
the B.T.-H. variable-speed motor this is accomplished by means 
of an induction regulator, the essential connections being given in 
Fig. 385. It is to be noted that the commutator on this machine is 
used for the purpose of speed control, and not of power-factor 
improvement. 

14. The Schrage Motor. This is a motor in which power-factor 
correction and speed control are both available in one and the 



Fig. 386 . Connection Scheme of the Schrage Motor 


same machine. It has been explained that the speed of an induction 
motor is dependent on the total E.M.F. acting in the secondary 
circuit. If the secondary is short-circuited in the usual way, this 
E.M.F is the induced E.M.F. and the motor rims at normal speed. 
If an E.M,F. of the correct frequency from some other source is 
injected into the secondary circuit, then if this injected E.M.F. 
has a component in direct opposition to the induced E.M.F., the 
speed will be below normal. On the other hand, if it has a com- 
ponent in phase with the induced E.M.F., the total E.M.F. acting 
in the secondary will be increased and the speed will be above 
normal. In other words, if the injected E.M.F. bucks the induced 
rotor E.M.F., ther motor will run at subsynchronous speeds, whereas 
if it boosts the induced E.M.F., the motor will run at hyper- 
synchronous speeds. In addition, if this injected E.M.F. has a 
quadrature component which leads the induced rotor E.M.F., the 
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power factor of the motor will be improved. The Schrage motor is a 
machine in which these adjustments are available. It is essentially 
an induction motor with integral compensator of the* susceptor 
type, so that it is rotor-fed. It differs from the -motor of Pig. 384 
in that each brush set is duplicated, thus giving two separate brush 
sets, and these are arranged so that the brushes as a whole can be 
rocked round the commutator, or one set can be rocked relative to 
the other. Each phase of the stator (secondary) winding is connected 
to the brushes of one set according to the scheme of Fig. 386. 

There are three possible modes of action illustrated in Figs. 
387 (a), (6), and (c). In Fig;, (a) the two brushes a and 6 of a set 
are in line with one another, so that at every instant they will be 
in direct electrical contact through a commutator bar. Hence 



(a) (/>) (i) 


Fig. 387 . Methods of Operation of the Sohrage Motor 

each secondary phase is short-circuited and the motor will run like 
a plain induction motor. In Fig. (6) the brush sets are opened out 
and the connections are such that the commutator P.D. between 
the points a and 6 will have a component in direct opposition to the 
secondary induced E.M.F., so that the motor will run at subsyn- 
chronous speed. In Fig. (c) the position of the brushes a and b is 
reversed, so that the E.M.F. picked off at the commutator is in 
phase opposition to that of Fig. (6). Hence this E.M.F. will have a 
component in phase with the rotor induced E.M.F., and the motor 
will run at hypersynchronous speeds. For any given setting of the 
brushes the motor will have a shunt characteristic. 

Although the magnitude of the E.M.F. between the brushes a 
and b is dependent on their relative angular positions, the phase of 
the E.M.F. depends upon the position of the centre line with respect 
to the centre of the rotor winding. Henco if the brushes as a whole 
are rocked round the commutator, the phase of the E.M.F. injected 
into the secondary circuit will be varied relative to the rotor induced 
E.M.F., and therefore the power factor of the motor will be varied. 
Hence the speed depends on the angular distance between the 
individual brush sets a and 6, while the power factor depends upon 
the angular position of the brushes as a whole. 

In the case of Fig. 387 (c) there will be a certain angular distance 
between brushes a and b for which the motor runs at exactly syn- 
chronous speed. The field speed will then be zero, or, in other words, 
the field will be stationary in space as in a D.C. machine. ' The com- 
pensating winding will therefore act like the armature of a D.C. gen- 
erator, and it will deliver a direct current to the secondary winding. 


CHAPTER XXIH 

COMPLEX WAVE FORMS 


1. Up to the present it has been assumed that alternating currents 
and voltages have been of simple sinusoidal form. Modern alter- 
nators are designed to give a terminal voltage which approaches 
very closely to a sine wave, but under certain conditions both 
current and voltage may be distorted very considerably. No 
matter what the wave form may 
be, the negative half-wave is an 
exact reproduction of the positive half, 

Fig. 388(a) being a possible wave form, 
but not Fig. 388(b). Since the wave 
form is repeated at regular intervals, 
it can be split up into fundamental 
and harmonic waves all of pure sinus- 
oidal form. Also, because of the fact 
that the negative half is a reproduction 
of the positive half, there are no even 
harmonics. An alternating voltage of 
any wave form can therefore be 
represented by the general expression 

e = E x sin cot + E 3 sin (3c ot + <p 3 ) + E 6 sin (5cot 4- 7*) + . . . 

where E l9 E s , E s , etc., are the amplitudes of the fundamental and 
harmonic waves, co = 27 rf, f being the fundamental frequency, and 
the angles <p t9 <p 5 , etc., the phases of the harmonics with respect to 
the fundamental. 

2. Effective Value of a Complex Wave. Consider the voltage 
wave represented by 

e = E x sin tot + E 9 sin (3 cot + (p 9 ) + E t sin (bcot + g? ft ) + . . . 



Fia. 388 


Then E %ft = R.M.S. value 

*=3 V Average of e a 

Now e* = E x * sin 2 cot + E* sin 2 (3 cot + <p 9 ) + ^* a sin 2 (5o>f 4 - y> b ) 

+ ... 

+ 2 B x B t sin cot . sin (3 cot + tp a ) + 2E x E t sin <ot . sin (6 wt + y> b ) 

4 “ • • • 


The average value of sin 2 a, where a is any angle, is The average 
value of sin a sin /?, where a and f$ are angles which correspond 
in different frequencies (as, for example, cot and 3 cot 4~ 7s) ** zero. 

46ff 
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Hence, E* 9ff = \E^ + + \Ef + • • 


= ( E u //) 2 + (Eurt ) 2 + (-®w/) a + • • • , 

E §ff = VE uff 2 + E utf 2 + Efit 2 + • • • 

Hence, the effective value of a complex wave is equal to the square 
root of the sum of the squares of the effective values of the com- 
ponents. Or, in terms of the maximum values of the components, 
we have 

E 4ff = 0*707 *s/E x -f- Ef -f- A'j 8 . 

3. Influence of the Nature of the Circuit on the Shape of the 
Current Wave. Consider first a circuit possessing resistance only. 
Then we have 

I x = EJR ; / a = EJR ; / 6 = EJR, etc 

Also, the various currents are in 
phase with the corresponding voltages. 
As a result the current wave is an 
exact reproduction of the voltage 
wave, and is in phase with it, as shown 
in Fig. 389(a) 

Consider now a purely inductive 
circuit of inductance L, then 

l x = 1 VJLco ; /, = EJSLa ) ; 

/ s = EJ5Lco, etc. 

Thus, the harmonics in the current 
wave are diminished in proportion to 
their frequency numbers, with the 
result that the current wave is much smoother than the voltage 
wave, as shown in Fig. 389(b). 

We have E,„ = 0-707VJ?, 4 + W* + E? + . . . 


% % 


\ 


(A) 



I 9ft = 0*707 V/j 2 + /, 2 + V + 

r / TsJ 

a! e * + t 


0707 

Lee 


ES 

+ W + 


Hence the effective reactance 


= ~ =Lu> x 


L eft 


tt 


E<? , ^ 6 2 


E 2 + ^ + 

1 9 25 


Now consider a circuit containing capacity only. Then l x 
= E x Ca) ; / s = SE 9 C(o ; I s = 5E 6 Co), etc., the effect' of capacity 
thus being to magnify the harmonics in the current wave. This is 
shown in Fig. 389 (g). 
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Again, E = 0*707 \ZE^ -f- E -f- i?g a -f* ! ! [ 
i§ft = 0*707 Vv + 77+ V+ • 

= 0*707 (7a> X \40 x a + 9# a 2 + 25 E* + . . i 
Hence, effective reactance 

1 v / ^7+ ^s 2 + Ay +TTT 
Cco V El 2 + 9# s a + 25^ fi a + . . " 

Thus the effect of a complex wave form is to diminish the react- 
ance of a condenser and to increase the reactance of an inductive 
circuit.* 

4. Selective Resonance. If the frequency of the supply is 
suitable, resonance may take place, not with the fundamental, but 
with one of the harmonics. This is called “ selective resonance.” 
For resonance with the fundamental, we have the condition La) 

= -J— . For resonance with the third harmonic, we have the 

C co j 

condition 3 La) = - — — : and so on. The effect of selective reson- 

3 Cm 

ance is to produce enormous distortion of the current wave, in 
which the fundamental may be actually of smaller amplitude than 
the particular harmonic which causos resonance, although in the 
voltage wave the amplitude of the harmonic is much less than that 
of the fundamental. 


Example. A voltage wave having a fundamental of amplitude 500, and 
a third harmonic of amplitude 10, is applied to a circuit containing R *= 1 

ohm, t = 1 henry, and G ~ - - m.f. in series. Find the frequency for 

50 

resonance with the third harmonic, and draw the voltage and current waves 
for this frequency. 

For resonance with the third harmonic, 


1 ^ 1 . . 1 /' 
9 X LC ’ ’ ’ ® 3 V I 


= 2,360 


/ s = 376 cycles per 
27T* 


1/50 X 10- 6 X 1 
sec. 

Impedance of the circuit to the fundamental, 

= 19,000 approx. 

''-t-rSr 026 *“>’- 

* Sqe also Golding’s Electrical Measurements and Measuring Instruments , 
Chap. XV, and Kemp’s Alternating Current Wave Farms . 


IS— (T.5432) 
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The impedance of the circuit to the third harmonic is the Bame as 
the resistance since ^Jiere is resonance with this harmonic. 


7 = El 

* R 


10 amp. 


/ Components 
/ ° r 

I Current K^jVC. 


Fig. 390 

To Illustrate Selective 
Resonance 


The voltage and current waves are shown in Fig. 390 ; and it will 
be seen that the harmonic is so greatly magnified in the case con- 
sidered, that to all intents and purposes the current is a triple 
frequency current. 

5. Power Conveyed by 
/S\ a 7 j a Complex Waves. An alter- 

/ ' \ / \ \ nating current can con- 

/ \ \ \ tribute power to a circuit 

E \ I [Ad \ only when it is flowing under 

the influence of a voltage of 
Components of 1 / Components the same frequency. Hence 

Voltage wave. \ / if the voltage and current 

\ / waves are assumed to be 

resolved into their com- 
^ I0, 390 ponents, the total power is 

To Illustrate Selective made U p of the following 

Resonance terms- ’ 

E x acting on I x produces E 1 I 1 cos <p x watts ; 

E z acting on I z produces E Z I Z cos <p z watts ; and so on.* 

Hence, total power 

W = cos <p x + E Z I Z cos <p z + E 6 I z cos <p 6 + ... 
the various power factors being given by 

Cos q>i = ; cos cp z = ; cos <p h = ; and so on. 

Z*i /a z 

With complex waves the power factor obviously cannot be denoted 
by the cosino of a phase angle, because the various components 
have, in general, different phase angles. It can be defined by the 
expression 

Power factor = — true_power — 
apparent power 

Now the true power in a circuit not containing motors, and in 
which there arc no iron losses, is equal to the copper loss, i.e. to 

/. Power factor = 

E*t t 


E 1 •*/ 


* Note that E lt E a , 
to crest valvea. 


, / lf , now refer to R.M.S. valves an^ not 
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Again, E, tf = 0*707 -p ~Ef -4* ~E^ . • 

l.i,= 0-707 VT/ + /,«+/,»+... 

i2 j 


But . /. = - 1 = — 1 . — 
1 Z x R Z x 


R 


icos <p x 


E E 

Similarly, 7, = -A . cos <p t ; 7 g = cos 9 ? 6 ; and so on. 

it /v 


I 0f1 = Vi^! 2 cos 2 <p x + 2£ 8 2 cos 2 <p 8 + E h * cos 2 <p $ + . . . . 

Henco, power factor 

I E x 2 cos 2 <p t + E s 2 cos 2 <p t + E b 2 cos 2 y s + . . . 

~~ V E i + E s 2 + E S + • • • 


This expression shows that with a complex wave the power factor 
can never have the same value that it would have with sinusoidal 
waves of the same effective value, except in the case of a pure 
resistance circuit. Also, resonance cannot bring the power factor 
to unity, as it does with sinusoidal waves, because if one of the 
angles <p v g? 3 , qp 6 , etc. is zero, then all the others will be finite. 

6. Effect of Iron on the Shape of the Current Wave. Consider an 
iron circuit, say, an anchor ring, of cross section A square cm. 
Let it be wound with a coil of N turns, and a sinusoidal voltage, 
applied. The apparatus is then similar to a transformer on no 
load and a sinusoidal flux given by 

E $ff = 4-44 B max ANfx 10 2 


i.O. 7? max 


E 0ft X 10 s 
4-44 A Nf 


will be produced. Also, this flux will lag 90° behind the applied 
voltago. 

The magnetizing force II is proportional to the current, and 
therefore, if the B-H curve for the iron were a straight line through 
the origin, pnd there were no hysteresis, the current curve would 
be sinusoidal and in phase with the flux density curve. The cur- 
rent curve would thus be in quadrature* (lagging) with the applied 
voltage, and the power would be zero. This is to be expected, 
since under these conditions the area of the B-H loop for a com- 
plete cycle would be zero, and we are not taking eddy current loss 
into account. Actually, the B-H loop has a definite area, and 
therefore, the current lags less than 90° behind the voltage in order 
that there may be some real power to supply the hysteresis loss. 
AlsOj since the B-H curve is not a straight line, but is a curve of 
the well-known shape, the current is distorted from the pure 
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sinusoidal form. In order to be able to draw the current curve 
it is necessary to calculate and then draw the hysteresis loop 
corresponding to this value of B max . (See Fig. 391 . )' Knowing 
B maX9 and remembering that the flux density is sinusoidal, the 
curve of flux density can bo very easily drawn as shown. Taking 
a series of points on this curve, projecting them on to the hysteresis 
loop, and reading off the corresponding value of the magnetizing 
current /, the current wave can be plotted. This wave contains a 
pronounced third harmonic whose amplitude, relative to the funda- 
mental, increases as the saturation of tho iron is increased. If 



Fig. 391 

Wave Form of Magnetizing Current 


ordinates are drawn, the mean of the products of corresponding 
ordinates on the current and voltage curves over a complete cycle 
will give the true power. Also, the effective (R.M.S.) value of the 
current can be calculated. The equivalent sinusoidal current wave 
is that current of the same effective value, which, if acted on by 
the applied voltage, would pr oduce the same power. If I eff is the 
effective value, as determined from the ordinates, and (p is the 
angle of lag of the equivalent sinusoidal wave, then 

Average power = cos <p 

= arc. cos / ^ge _power\ 

The curve of the equivalent current wave thus leads the curve of 
flux density by an angle ip 

where ip = 90 - <p 

The angle ip is called the “ Hysteric angle of lead.” 

It will be seen that the magnetizing current of a transformer will 
not be of pure sinusoidal form because of the hysteresis loss in the 
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core ; hence, the assumption of a sinusoidal form as on page 263 
is only approximate. 

The distortion produced by magnetic saturation is such that the 
current wave possesses a very pronounced third harmonic. This 
effect /san be made use of to produce a triple frequency current 
from a three-phase supply as follows. A transformer D (Fig. 392) 
has its primary winding in three separate parts, which are con- 
nected each in series with one of the chokers A , B , and C, to a three, 
phase supply. These chokers are designed to be very highly 
saturated, so that the pri- 
mary currents each contain 
a large third harmonic. 

Now, while the mutual 
phase # difference of the 
fundamentals is 120°, that 
of the harmonics is zero. 

As a result, there is no flux 
of supply frequency in the 
core of D, but there is a 
flux of three times normal 
frequency. This induces an 
E.M.F. of triple frequency 
in the secondary winding 
of D. 

This method is sometimes 
used when a small amount 
of power for lighting is 
required from a three-phase 
low-frequency supply. A low frequency, although suitable for 
power work, is unsuitable for lighting, especially with metal 
filament lamps. 

The above discussion of the effect of saturation of the iron applies 
to a circuit having a steady voltage of sinusoidal wave form applied 
to it. Now take the case of a coil with iron core, whose winding 
is connected in series with a circuit which is taking a sinusoidal 
current from the supply and whose impedance is so great that the 
introduction of the coil will not disturb this current. Then the curve 
of flux against time will no longer be sinusoidal, but will be flat- 
topped as is shown in Fig. 393. The flux wave is here obtained by 
projecting from the sinusoidal current wave on to the magnetization 
curve. Now the voltage induced in the coil, and therefore the 
voltage drop (neglecting the effect of resistance) is proportional to 
the rate of change of flux, the voltage drop curve thus being of the 
same form as the slope of the flux curve. This shows that the drop 
of volts is not sinusoidal, but is a peaked curve, the peaks being 
exceptionally pronounced when the iron is strongly saturated. 

7. Wave Form of an Alternator. The terminal voltage is the 



Fig. 392 

Taylor’s Method of Trebling the 
Frequency 
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vector sum of the E.M.F.s in the individual conductors. Hence, to 
obtain a sinusoidal terminal voltage it is necessary that these 
individual E.M.F.s should be as nearly sinusoidal tfs possible. 
Each of these E.M.F.s has a wave form which is an exact repro- 
duction of the distribution of flux round the air gap, so that the 



first essential for a good wave form is that this flux distribution 
should be as nearly sinusoidal as possible. There are three methods 
of obtaining this — 

(a) Rounding or Chamfering the Pole Face (Fig. 394). 
This makes the air gap at the middle smaller than at the pole tips. 



Fig. 394 


Fig. 395 

Shapes op Alternator Pole Shoes 


Theoretically, the width of the air gap should be a sinusoidal func- 
tion of the angular distance from the centre ; but as this *is not 
practicable, it is usual to make the radius of curvature of the pole 
face about 0*7 of the air gap radius. 

(6) Skewing the Pole Face. This causes the active length of 
conductor to vary from zero at the pole tip to a maximum at the 
centre. Theoretically, the axial length of the pole face should bo 
a sinusoidal function of the angular distance from the pole centre, 
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as in Fig. 395(b) . This is obviously impracticable, and therefore, the 
rhomboidal shape of Fig. 395(a) is adopted. Generally, the pole face 
is built up of laminations, and to enable stampings of the same 
shape to be used, the pole face is built up of separate packets of 
laminations, as in Fig. 395(a). 

The pole pitch r = — ; where D = diameter. 

V 

Let P = ratio of pole span to pole pitch, 

Distance x = — (1 - d) 

P 

and the inclination of the pole edge is given by 

tan a = — 
x 

An average value for the ratio P is 0*65 to 0*7 

(c) Use of a Cylin- 
drical Rotor with 
Distributed F s, e l d 
Winding. "This method 
is now invariably adopted 
with turbo-alternators. 

With a salient pole field 
system the flux distribu- 
tion is approximately 
rectangular, as in Fig. 

396(a), and it therefore 
possesses a very pro- 
nounced third harmonic. 

With a distributed field winding and a non-salient pole rotor, as 
in Fig. 396(b), the M.M.F. distribution is stopped as shown dotted. 
Because of fringing, the flux distribution rounds off the comers, 
thus giving a rough sine wave for the flux density. 

8. Elimination of Harmonics by Special Arrangements of the 
Stator Windings, (a) Use of Several Slots per Pole per Phase. 
If a number of non-sinusoidal E.M.F.s having a small mutual phase 
difference act in series, their resultant will, as shown by Fig 397, 
be much more nearly sinusoidal than the components. Hence, if 
the winding is arranged so that the E.M.F.s in individual con- 
ductors in each phase have a slight phase difference, this will 
diminish the harmonics in the terminal voltage. This is done 
by adopting distributed instead of concentrated windings. 

(b) The Use of Fractional Pitch Windings. Generally, 
alternator windings are arranged with a whole number of slots per 



MMF 

F/ux Density 

Fig. 390 

Comparison of Salient Pole and 
Cylindrical Rotors 
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pole per phase. If the number is fractional, e.g. 3J slots per pole 
per phase, the winding is called a “fractional pitch ” winding. 
With an ordinary distributed winding, the E.M.P.s in the conductors 
of one group of coils are given a small phase difference, but the 
successive groups occupy identical positions relative to the joles. 

With fractional pitch wind- 
ings, the various groups do 
not occupy identical posi- 
tions with respect to the 
poles, with the result that 
phase differences are pro- 
duced between groups of 
coils forming one phase, as 
well* as between individual 
coil sides. 

(c) Thk Use of Short 
Chord Windings. A “ short 
chord ” winding is one in 
which the coil width is less 
than the pole pitch. There 
is thus a phase difference 
between the E.M.F.s in the 
two coil sides. By the use 
of such coils it is possible to 
eliminate one particular har- 
monic. Thus, if the dis- 
Total E.M.F. Induced in a Multi- . 1 

turn Distributed Coil tance x (Fig *>98) is — th of 

the pole pitch, then the n th harmonic will be eliminated, because 
the n th harmonics in the E.M.F.s in the two coil sides will be 
in phase opposition. 

9. Suppression of Tooth Ripples. As a pole moves past the 


J UUUU UL f UUUUVf L 

| Pole | ( ~Poie | 

Minimum Reluctance . Maximum Reluctance. 

Fig. 39iJ 

Variation in Air Gap Reluctance 

stator teeth the configuration of the air gap is altered,' its reluct- 
ance passing through a series of maximum and minimum values 
as shown in Fig. 399. These variations in reluctance set up a 


/\ 

" > X‘ 

\y 

* — T — * 

Fig. 398 



Fig. 397 
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stationary wave of magnetism, one cycle of which corresponds 
to one slot pitch. 

Let a = number of slots per pole. 

2 a = number of slots per pair of poles. 

Hence, one pair of poles corresponds to 2 a cycles of this stationary 
wave, whereas it only corresponds to one cycle of the fundamental 
E.M.F. The frequency of the stationary wave is therefore 2 af. 

Now we have seen that a stationary wave can be split up into 
two travelling components which rotate in opposite directions. 
Hence, their angular velocities relative to the field are — 

(2 a + l)co and (2a - l)cu, 

co being the synchronous angular velocity. As a result, they set 
up harmonics of frequencies (2a + 1 )/ and (2o - 1 )/. 

Example. H there are three slots per pole per phase a = 9, 
and the harmonics due to tooth ripples are the (2 X 9 + 1 )th and 
(2x9 - 1 )th, i.e. the 19th and 17th. 

In order to suppress the tooth ripples it is necessary to reduce 
the variations of reluctance of the air gap to a minimum. This 
can be done — 

(a) By making the pole span a whole 
number of slot pitches. 

(b) By employing serai -enclosed or 
totally enclosed stator slots, as shown in 
Fig. 400. The placing of the windings 
in these slots is obviously more difficult 
than with open slots, and for this reason 
totally enclosed slots are rarely used 
except for low voltage bar windings, in 
which each slot contains one conductor 
only. 

10. Effect of Wave Form on Iron Losses, (a) Hysteresis Loss. 
Consider a transformer having a winding of N turns and a core of 
cross section A . 

Then instantaneous applied voltage 



A H C. 
A.. Open. 

JS. Semi -Enclosed. 

C . Totally Enclosed. 

Fig. 400 

Shapes of Slots 
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Hence, the half area of the voltage wave (Fig. 401) 



T * 

Fio. 401 




dB = NAB 


max 


so that S is proportional to B max . But the hysteresis loss 

w h CC B'max 
w h oc 

Now S is proportional to the average value of the applied voltage 
and 

E„ = 

Form factor 


W h 


«(■ 


E, 


•ft 


X 


l.fl 


Form factor/ 


( i y 

\Form factor/ 


if E eff is constant. 


A peaked wave has a larger form factor than a sinusoidal wave, 
and consequently gives a smaller hysteresis loss for a Corc 
given effective voltage. On the other hand, a flat- 
topped wave has a smaller form factor and therefore 
gives a greater hysteresis loss. 

(6) Eddy Current Loss. Let R = resistance of 
a local eddy current path (Fig. 402), and let e be 
the voltage acting round the path. Then power in 
the path = e 2 jR, Now e is induced by the voltage E applied to 
the winding, and therefore, e tff is proportional to E %ff v 

Hence, eddy current loss is proportional to 
Le.to E.„* 


A 


Fiq. 402 


Hence, so long as E §ff is constant, the eddy current loss is constant, 
and is independent of the wave form. 

11. Effect of Wave Form on the Operation ol a Synchronous 
Motor or on Two Alternators in Parallel. When two alternators 
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are paralleled on the same bus-bars, their E.M.F.s are in opposition 
with respect to the local path shown dotted in Fig 281, and there- 
fore, one machine acts as a synchronous motor relative to the other. 
Suppose the two E.M.F.s are sinusoidal, equal in magnitude and 
in exact phase opposition. Then there will be zero current circu- 


lating between the two machines. 
Suppose now that one wave form 
is sinusoidal, while the other pos- 
sesses a harmonic, say, the third. 
Then although the fundamentals 
will be in opposition, the harmonio • 
will have no E.M.F. of the same 



frequency to oppose it, so that it 

will produce an idle current round Fl ' a 403 

the local path. 

If both waves possess a harmonic and the wave forms are 
identical, then, if the fundamentals are in phase opposition, so also 
will be the harmonics. Thus, no circulating current, either of 
fundamental or harmonic frequency, will flow. 

If both waves possess, say, a third harmonic, but the wave 
forms are not identical, then if the fundamentals are in phase 



Fio. 404 

opposition, the harmonics will not be in opposition. They will 
therefore combiife to produce an idle circulating current. 

Hence, for satisfactory parallel operation the wave forms of the 
different alternators should be as nearly identical as possible. 
It is for this reason that difficulty is sometimes experienced in 
running alternators of different makes in parallel, and that trouble 
is almost jpvariably experienced when it is attempted to parallel 
old slow-speed sets with modern turbine-driven sets. 

12. Effect of Wave Form on the Drop in a Transformer. Let R 
and X be the effective resistance and reactance referred to the 
primary. Hence 

Drop = / X VR* + X* 

Split up the actual current wave into its various components and 
also split up the equivalent sine wave as shown in Fig. 403. In the 
latter the components will be of the same amplitude as in the 
former, but their frequencies will be that of the fundamental. 
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The drops produced by the various components can therefore be 
tabulated as follows — 


Component. 

Drops in Volts. 

Actual Wave. 

| Equivalent Sine Wave. 

Fundamental 

x Vr* + s« 

I . 

/, X VR» + S * 

3rd harmonics 

I, X Vr* + 9 S' 

( 

/, x Vr * + s* 

5th harmonic 

/. x Vr* -f 2fiS» 

x Vr » + s* 

nth harmonic 

/„ X Vft* -f n'S* 

/„ x Vr* + S' 


Hence, for a sine wave and a complex wave of the same effective 
value, the complex wave will produce the greater total drop in volts. 

13. Harmonics in a Mesh-connected Alternator. Relative to 
the local circuit round the mesh, as shown dotted in Fig. 404, the 
fundamentals balance one another, their vector sum being zero at 
every instant. Hence, with pure sine waves there will be no cur- 
rent through the windings unless the machine is actually delivering 
load. If a third harmonic is present, or a harmonic whose number 
is a multiple of three, then round the local path these harmonics 
in the three phases of the winding are all in phase with respect to 
this path, as shown by the sine wave diagram. Hence, a parasitic 
current consisting of the harmonics which are multiples of three 
will circulate round the local path. These harmonics will there- 
fore be absent from the current in the line. The terminal voltage 
wave obviously possesses all the harmonics produced in one phase 
of the winding. 

14. Harmonics in a Star-connected Alternator. *The line voltage 
is the vector difference of the voltages in the two phases joined to it. 
Now, there is a mutual phase difference of 120° between the funda- 
mental voltages in the three phases, and therefore, the third har- 
monic voltages in the three-phase windings are all in phase, as 
shown in Fig. 405. The vector differences of these* harmonics 
taken in pairs are therefore zero. Thus, the harmonics which are 
multiples of three disappear from the line voltage. If a three- 
phase four-wire system is used, or if two alternators working in 
parallel both have their star point earthed, then triple frequency 
currents will flow along the circuit between the star points. For 
this reason, when a number of star-connected alternators are work- 
ing in parallel, it is usual to earth the star point of only one of 
them. 

15. Experimental Determination ol Wave Form. It is possible 
to determine the wave form of an alternator by a “ step-by-step ” 



COMPLEX WAVE FORMS 


470 


process, by means of a revolving contact connected to one point of 
the armature winding. This method is now obsolete except for 
instructional purposes, having been superseded by the oscillograph. 
The following description refers to the Duddell oscillograph. This 
instrument is essentially a permanent magnet galvanometer in 
which the moving eoil is in the form of a phosphor bronze loop, as 
shown in the scheme of Fig. 406. The loop carries a very light 
mirror M, and tension is applied as shown. This loop has an 
exceptionally small natural period of oscillation of its own (about 
2 im)o to in ooo sec.) and therefore, when an alternating current is 



Fig. 4Gu Fig. 406 

Principle of Dugdell Oscillograph 

passed through it, it can respond instantly to the changes in 
magnitude of the current. The deflection of the mirror at any 
instant is thus proportional to the instantaneous value of the 
current through the “ vibrator ” at that instant. The motion of 
the loop is damped and rendered aperiodic by immersing the loop 
and mirror in an oil bath It is obvious that if a cinematograph 
film is moved at a uniform speed in a direction at right angles to 
the motion of the beam of light reflected from the mirror, this 
beam being at the same time focused on the film, a photographic 
record of the wave form will be obtained. Very often it is neces- 
sary to visualize the wave form on a screen. To do this it is 
necessary to impart to the beam of light reflected from the mirror 
a motion at right angles, this motion being such that the deflection 
is proportional to the time. To accomplish this the beam is 
reflected fipm M on to a long rocking mirror N (Fig. 407), and is 
then focused by a cylindrical lens L on to a screen. The mirror 
X is rocked by means of a face cam G , driven by means of a small 
synchronous motor. It is this motor which gives the deflection 
proportional to the time, since the motor speed is constant and is 
an exact multiple of the speed of the alternator whose wave form 
is required. At the end of one revolution of the cam, the mirror 
N has ip be returned very quickly to the starting point, and in 
order not to confuse the diagram, the light during this return 
motion is cut off by means of a vane V. 
ft is usual to provide the oscillograph with two vibrators side 
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by side, so that both current and voltage waves can be determined 
at tiie same instant. The voltage vibrator is connected in series 
with a high non-inductive resistance, while the current vibrator, 
with a certain amount of series resistance, is connected across a 
non-inductive shunt. It is necessary to be careful in making the 
connections to the vibrators, otherwise the line potential may be 
thrown across the two vibrators, with the consequent danger of 
their sparking across to one another and so being destroyed. 
Fig. 408 shows the correct and incorrect methods of making the 
connections. 



E 




Incorrect j 


/•;. Voltage Vibrator, 
f. Current Vibrator. 

Fro. 408 


16 . The Cathode-Ray Oscillograph. When a high unidirectional 
P.D. is maintained between two electrodes in a highly evacuated 
tube, a stream of electrons passes from the cathode to the anode. 
As each of these has a negative charge, the stream of electrons is 
equivalent to an electric current, and consequently if a magnetic 
field is applied transversely to the stream, a deflection, whose 
direction is given by the left-hand rule, will take place. If the 
electron stream is brought to a focus at a fluorescent screen then the 
application of the magnetic field will produce a deflection of the 
light spot on the screen. Similarly, if the stream passes between a 
pair of plates between which a P.D. is maintained, a deflection will 
be obtained. In the first case the deflection is proportional to the 
strength of the magnetic field, while in the second case it is pro- 
portional to the strength of the electrostatic field.* If the magnetic 
field is produced by a pair of current-carrying coils placed on either 
side of the tube, then the deflection will be proportional to the 
current. 

The application of alternating currents or P.D.s will result in the 
spot of light being drawn out in a line, and, owing to the very small 
inertia of the electrons, the deflection at any instant will be pro- 
portional to the current, or voltage, at that instant. In other words 
the appliance can be used as an oscillograph. One type of tube is 
illustrated in Fig. 409, from which it will be seen that a pear shape 

* These phenomena are explained at length in physios textbooks ; see, for 
example, Electricity and Magnetism far Advanced Students, by Starling. 
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is adopted, the wide end being coated on the inner surface with a 
fluorescent material. 9 

The cathode is a heated filament <7, and the electron stream from 
C first passes through a screen 8 , and then through an anode disc 
or “gun.” It is the P.D. applied between the gun and the filament 
which produces the electron stream. The screen S protects the 
filament from bombardment by a stream of positive particles 
travelling in the opposite direction to the electron stream. The 
electrons issue from the anode as a fine pencil of rays, and on their 
way to the viewing screen they pass two pairs of deflecting plates 
P x and P y . The P x plates are a little higher up the tube than the 
P y plates and the planes of the P x plates are perpendicular to those 



of the P v plates. The standard connection scheme for the type of 
tube just described is given in Fig. 410, and with it voltage deflec- 
tions can be obtained by applying a P.D. to either thtf P x or P y 
pairs of plates. Current deflections, as explained previously, are 
produced by passing the current through a pair of coils placed one 
on either side of the tube at about the same level as the deflecting 
plates.* 

In order to obtain a wave trace, as distinct from a straight line 
on the viewing screen, it is necessary to give the electron stream a 
deflection at right angles, exactly as with the Duddell oscillograph, 
but in this case it must be given electrically and not optically. For 

* See also Cathode-Ray OsciUography , by MaoGregor-Moms and Henley. 
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this purpose an auxiliary appliance, called the linear time base or 
sweep circuit, is necessary. Fig 411 shows such a circuit. P $ is a 
pentode and 0 a gas-filled triode (e.g. a thyrairon). P x and P 2 are 
potential dividers, R 1 (about 50,000 ohms) is a resistance in the grid 
circuit of the triode, and R 2 (about 500 ohms) is a limiting resistance 
in its anode circuit. R z (about 2 megohms) and C 2 (about 2 micro- 
farads) are for the purpose of isolating the D.C. potentials so that 
these do not produce a steady deflection of the spot. 





The action of the circuit is as follows : when the D.C. supply is 
first switched on, the condenser C A (or C z ) acts momentarily as *a 
short circuit, and the full D.C. voltage is applied to the pentode. 
Ct charges (at almost constant current, due to the shape of the anode 
current-anode volts characteristic of the pentode) and the voltage 
across it rises until it is sufficient for the triode G to discharge. The 
voltage required for discharge depends upon the grid bias of G , 
and is therefore controlled by the potential divider P 2 . Again, the 
charging current of C A depends upon the grid bias of the pentode 
and is controlled by the potential divider P v Now the rate of sweep 
on the oscillograph obviously depends upon the rate of increase of 
voltage across the time-base pair of deflecting plates, i.e. upon the 
rate of increase of the voltage across C v Let this rate of increase 
be dv/dt, then 

rfv „ \ _ JL dQ = J_ 

dt dt\C i ) Ci' dt Ci 

where Q is the quantity of electricity supplied to C € and i is the 
charging current. Since i is constant, the rate of sweep is constant 
and therefore the time base is linear. 

The rate of sweep can be controlled by P x and the amplitude of 
the sweep by P 2 . The condensers C 3 apd C A are of .the order of 1 
microfarad and 0*1 microfarad respectively. 
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In order to enable the sweep circuit to remain in synchronism 
with the voltage or current under examination, a synchronizing 
branch circuit consisting of C 1 (about 0*1 microfarad) and 1 R 4 
(about 2 megohms) is added. This enables the sweep frequency to 
be locked to some sub-multiple of the test frequency, by applying 
to the grid circuit of the triode a small alternating voltage of this 
frequency. 

17. Effect of Harmonics on the Form of the Rotating Field Pro- 
duced by a Three-phase Winding. We have seen that the third 
harmonics neutralize one another, and we will therefore determine 
the effect of the fifth and seventh. The instantaneous E.M.F. in 
Phase I can be represented by the expression 

e 1 = E l sin cot + E b sin (cot - <p b ) + E 1 sin (col - cp 7 ) 
neglecting harmonics of orders higher than the seventh, and neglect- 
ing the third for the reason just stated. Hence, for the instantaneous 
E.M.F.s in Phases II and III, we have 

e t = E x sin (cot - 120°) + E b sin 5(cot - (p 6 - 120°) 

+ E 7 sin 7 (cut - cp 1 - 120°) 
e 3 = E x sin (cot - 240°) + E B sin 5(cot -<p 5 - 240°) 

+ E 7 sin 7 (cot — cp 7 — 240°) 

Now sin 5(cot - q> b - 120°) = sin {5(cot - <p b ) - 240°} 
sin 7 (col ~ cp 7 - 120°) = sin {l(coi - <p 7 ) - 120°) 
sin 5(cot -cp b - 240°) = sin {5(col - cp b ) - 120°) 

' -sin 7 (cot -<p 7 - 240°) = sin {l(cot - cp 7 ) - 240°) 
e x = E x sin cot + E b sin (cot - cp b ) + E 7 sin (cot - q> 7 ) 
e 2 = E x sin (cot - 120) + E b sin {5 (cot - cp b ) - 240°) 

+ E 7 sin {7 (col - cp 7 ) - 120°} 
e 3 = E x sin (cot - 240) + N b sin {b(cot - cp B ) - 120°} 

+ E 7 sin {7 (cot - cp 7 ) - 240°} 

The sequence of the phas9 angles for the fundamental voltages in 
the three phases is 0°, 120°, and 240°. The sequence of the seventh 
harmonics is also 0°, 120°, and 240°, showing that the phase rotation 
of the seventh harmonics is the same as that of the fundamentals. 
On the other hand, the sequence of the phase angles for the fifth 
harmonic voltages in the three phases is 0°, 240°, and 120°. Hence, 
the phase rotation^of this harmonic is opposite to that of the funda- 
mental, and the seventh harmonic. The effect of this from the 
practical point of view has already been considered on page 347 in 
connection with the starting of squirrel-cage induction motors. 
Examples ok Chapter XXIII. 

(I) An alternating voltage given by 100 sin 314/ -f 10 sin 1,570/ fa applied 
to the terminals of a condenser having a capacity of 1 microfarad. Find the 
expression for the current flowing through the condenser. (C. and G.), 

Am . — 0314 cos 314f , -f *0157 cos 1,5701. 
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(2) Calculate the form factor of a triangular wave. If a sinusoidal voltage 
and then a triangular voltage wave are applied in turn to a transformer, the 
effective values and frequencies being the same, calculate the ratio of the 
hysteresis losses. 

Ana . — Form factor = 1*15. Hysteresis loss with triangular wave is 
' 0*94 of loss with sinusoidal wave. 

(3) An electromotive force, e — 2,000 sin cot + 400 sin 3a>f 4- 100 sin Scot, 
is applied to a circuit consisting of a resistance of 10 ohms, a variable 
inductance, and a capacity of 30 microfarads arrangod in series with a hot 
wire ammeter. Find the value of the inductance which will give resonance 
with the triple frequency component of the pressure ; and estimate the 
readings on the ammeter and on a hot wire voltmeter connected across the 
supply when resonant conditions exist, co *= 300. (London Univ., 1922.) 

Ana. — 041 henry ; 1,440 volts ; 31*6 amp. 

(4) A current of 50 frequency, containing first, third, and fifth harmonics 

of creslf values 100, 15, and 12 amp. respectively, is sent through an ammeter 
and an inductive coil of negligibly small losses. A voltmeter connected to 
the terminals shows 75 volts. What will be the current indicated on the 
ammeter, and what is the exact value of the inductance of the coil expressed 
in benryH ? (C. and G., 1918.) Ant. — 0027 henry ; 72 amp. 

(5) A condenser of 1*5 .microfarads capacity is supplied with a voltage 
having a wave form e == 1000 sin pt -f 350 sin 3 pt -f 270 sin 5 pt, the fre- 
quency being 80 per second. Calculate the current taken as measured on 
an ammeter. If energy is being taken from the supply circuit at the same 
time, how do the harmonics affect the power factor T (London Univ., 1911.) 

Ana . — 1*00 amp. 

(6) The wave-form of an alternator is found to differ from that of a pure 
sine function. Assuming this to remain unchanged, show how to calculate 
the wave-form of the current which the alternator would send (a) into*a 
condenser, (6) through a choking coil. (London Univ., 1908.) 

(7) A voltage represented by e = 600 sin co/ 10 sin 5 cot, is applied to a 

circuit containing 1 ohm, 1 henry, and microfarad in serios. Find the 
frequency for resonance with the 6th harmonic, and plot the voltage and 
current waves. Ana. — 159. 

(8) The connection between the magnetizing current and the flux for a 
particular alternating-current electromagnet is shown by the following table, 
which gives values for one-half of the magnetization loop, the complete loop 
showing the usual symmetry with respect to the axes — 

Flux (kilolinos) . . 0 30 75 120 150 179 176 165 138 102 60 0 

Magnetizing current 

(amp.) •. . . 5-5 6*25 8 10-5 14*25 20-5 13*5 6*8 0 -3 -4*5 -5-5 

Plot the loop on squared paper, a^d by its aid deduce and plot the wave- 
form of the magnetizing current when the flux follows a sine law, the ampli- 
tude of the flux being equal to the maximum value of the flux in the above 
magnetization loop. (London Univ., 1921.) 

(9) Estimate the R.M.S. value of an alternating current of irregular wave 
shape in terms of the magnitudes of the fundamental component and the 
harmonics. 

An alternating pressure is represented by v ~ 1,000 sin cot 4- 250 sin 3cot 
4- 200 sin 5 cot. Estimate the reading which will be given by an electrostatic 
voltmeter connected to the oircuit. (London Univ., 1924.) 

Ana . — 742 volts. 
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1. Thk power factors of the great majority of commercial loads 
are considerably less than unity. This is mainly because the 
induction motor is the most widely used of the various alternating- 
current motors, and this mbtor works at less than unity power 
factor, because of the wattless magnetizing current it draws from 
the line. Similarly, all transformers take a wattless magnetizing 
current. Electric lamps work practically at jinity power ‘factor, 
and therefore a system supplying a lighting load works at a much 
better power factor than one supplying power. 

Rough average values for power factors under different conditions 
are as follows — 

(а) System supplying lighting load only .... 0*9-0*96 

(б) System supplying lighting and power, with the former 

predominating ....... 0-8-0*86 

(c) System supplying lighting and power, with the latter 

predominating ....... 0*76 

(d) System supplying power only ..... 0*66-0*7 

(«) Single-phase system supplying power only . . . 0*4-0*6 

' 2. The Disadvantages of a Poor Power Factor. 

(а) The amount of true power is Ihss than the kVA capacity 
of the central station, with the result that, although the generators 
may be fully loaded from the point of view of current output, and 
therefore, of temperature rise, they will not be delivering their full 
load of true power. The same applies to the cables. Therefore, 
if the power factor can be increased, the earning capacity of the 
system will be increased, without installing any new plant. Thus, 
if the power factor is raised from 0-6 to 0*9, the earning capacity 
will be increased 50 per cent. 

(б) In addition to the earning capacity of the system being 
lowered by their presence, wattless kVA actually cost?' something 
to produce. From the examination of the data of running costs 
for a large number of Italian stations, Professor Arno has deduced 
the following expression for the running costs of a station — 

Cost = constant X J ^?-kW + — kVA 

H 

where t is the time. It will be seen that the cost has two com- 
ponents. One, the cost-of the true energy (kilowatt-hours) delivered, 
and the other, the cost of the kilovolt-ampere-hours. 
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(c) A poor power factor causes a large drop of volts in the alter- 
nators, partly because of the armature synchronous reactance, 
and partly because of the demagnetizing effect of armature reaction. 
As a result the excitation on low power factors has to be much 
greater than on high power factors, in order that the terminal 
voltage may be maintained at the proper value. This necessitates 
larger exciters. In some cases when the power factor of the 
system has been lower than anticipated when ordering the alter- 
nators, the necessary overloading of the exciters and consequent 
overheating of the alternator field have caused serious trouble, and 
this in spite of the fact that the alternators were not delivering 
their maximum possible load of true power. 

(d) The voltage regulation of the transmission line is also very 
bad, with the result that expensive appliances may have to be 
used in order to keep up the voltage at the far end of the line. 
This is specially important on circuits supplying induction motors, 
since the torque of these motors is proportional to the square of 
the applied voltage, and therefore, if there is a large sudden fall 
in voltage, the motors may fall out of step. 

3. Methods of Obtaining a Good Power Factor. The obvious 
method is to use, whenever possible, apparatus which has a good 
power factor. This is only possible with synchronous motors and 
rotary convertors in which any desired power factor can be obtained 
by adjustment of the excitation, or with compensated induction 
motors of the types described in Chapter XXII. 

A second method is to attempt to raise the power factor of the 
system as a whole by installing phase-advancing apparatus either 
at the power station or across the transmission line near the load 
centre. The latter is obviously the better place, since it relieves 
both generators and transmission line, whereas in the former only 
the generators are relieved. In such a case it is usual to use an 
over-excited synchronous motor for the phase advancer, in which 
capacity it is generally called a “ synchronous condenser/* It 
should be noted that the cost of these machines is so high that, as 
a rule, it is not possible to relieve a great amount of wattless 
kVA by this method, the main object of installing the motor 
being to improve the voltage regulation of the system. The motor 
can, of course, be used to do a certain amount of mechanical work, 
such as driving a D.C. generator in a sub-station, but in such a case 
it cannot be worked at such a low leading power factor as when 
it is running on no load. Hence, if the synchronous motor is to 
be of the greatest amount of benefit to the system, from the point 
of view of improving the power factor and voltage regulation, it 
must b^run idle. 

A method of keeping the voltage constant at the receiving end 
of 9 tr ansmissi on line is to connect an idle-running synchronous 
motor across the line at that end, and to have automatic regulation 
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of the excitation in such a way that with full load in the line the 
excitation is a maximum, and with the line unloaded, the excita- 
tion is a minimum. Hence, with the line fully loaded, the motor 
delivers the maximum kVA of leading current and thereby 
compensates for the lagging current taken by the load, this cur- 
rent being the main cause of the drop of voltage in an A.C. trans- 
mission lino. When the line is unloaded the motor draws wattless 
JaggingkVA from it, thus preventing the line voltage from rising. 

Synchronous motors used for power factor correction have a 
much smaller air gap than A.C. generators, in order to give the 
maximum kVA rating for 'a given-sized frame. These motors 
are not a commercial proposition for a small amount of kVA 
correction, so that they arc only used to improve the power factor 
of a system as a whole, or of a large capacity industrial installa- 
tion They are thus never used to correct the power factor of 
individual induction motors. 

A third method is to correct the power factor of individual 
motors. In such a case, large motors are usually supplied with 
their own phase advancer, whereas a group of small motors can be 
lookod after by installing a battery of static condensers across the 
supply terminals. Modern condensers used for this service are 
very efficient, the dielectric losses in them being less than 0*5 per 
cent of the kVA capacity of the condenser. Very little error is 
therefore made by assuming that they take a current which leads 
the applied voltage by exactly 90°. 

4. Use of Condensers. The wattless current of the motor per 
phase is 1 sin <p. Hence, if a bank of condensers is connected 
across the motor terminals, the capacities being such that they 
take from the line a current of I sin q> per phase, the line will work 
at unity power factor when the motor current per phase is /. 
For motor currents less than /, the lino will be*over-compensated. 

5. Advantage of Phase Advancers. In the plain induction 
motor the magnetizing current is taken in at the stator, and it is 
therefore of line frequency. Suppose the magnetizing current 
could be supplied through the rotor ; then it would be a slip fre- 
quency instead of a line frequency current, and the t necessary 
kVA would be very considerably reduced. 

For example, if a motor takes 20 kVA of wattless current 
when operating in the ordinary wly, it will, with a slip of, say, 
2 per cent, take only 0-4 kVA of wattless current when the 
magnetizing current is supplied through the rotor. The voltage 
required is also very small because of the low frequency.* 

6. The Kapp Vibrator. This consists essentially of three small 
motors whose fields are separately excited from an auxiliary D.C. 
supply, and whose armatures are connected in the rotor circuit of 

* Figs. 36$ and 371 refer to induction motors provided with external phase 
advancers of the expedor and susceptor type respectively. 
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the induction motor. The armatures thus carry the low-frequency 
currents induced in the rotor circuit, with the result that instead 
of rotating continuously they oscillate backwards and forwards 
with slip frequency. The rotor currents of largo induction motors 
are very large and therefore the vibrator commutators are very 
large compared with the size of the armatures. The current per 
commutator, and therefore the size of the commutator, is made as 
small as possible by mesh -connecting the armatures, since with 
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J)i4Uram of Connection for Kafp Vibrator 


this connection the armature current is l/\/3 of the current taken 
from each slip ring of the rotor. The scheme of connections is 
shown in Fig. 412. The vibrator is permanently in the rotor 
circuit, the motor being started up in the ordinary way by the 
three phase starter. 

Since the flux is constant and not alternating, the torque on a 
vibrator armature is proportional to the armature current and in 
phase with the current. The torque is thus an alternating one 
and, because of the inertia of the armature, the angular speed lags 
90° behind the torque, and therefore, 90° behind the current. The 
E.M.F. induced in the armature is also an alternating one, is zero 
when the speed is zero, and a maximum when the speed is a 
maximum. Actually, it is in phase opposition to the speed, that 
is, in quadrature, leading to the current. The reason is as follows. 
When the armature speed is increasing, power must be received 
by the vibrator in order to overcome the inertia. The vibrator 
can thus be regai ded as motoring during this period, so that the 
E.M.F. induced in it must be a back E.M.F., i.e. opposite to the 
current. This condition is only fulfilled when the induced E.M.F. 
wave leads the current wave, as can easily be seen by reference to 
Fig. 413. The vibrator thus injects a leading E.M.F. into the 
rotor Circuit, thus providing the necessary power factor correction. 
It will be seen that no mechanical power is supplied to the vibrator, 
add therefore, when the armatures are accelerating, electrical energy 
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is taken from the induction motor rotor, whereas when they are 
decelerating, electrical energy is returned to the rotor. The 
power curve is a sine function of twice the frequency of the current 
or E M.F., its average value being zero, exactly as in any electric 
circuit in which the current and E.M.F. are in quadrature. This 
shows that power is alternately taken from and returned to the 
rotor by the armatures of the vibrator. 

When a phase advancer is connected in the rotor circuit of an 
induction motor, there are slight modifications made in the per- 
formance characteristics of the motor. Thus, the rotor copper loss 
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Phase Relations Obtaining with Kapp Vibrator 
i - Current. v =- Speed. e — E.M.F. w ■*- Power output . 

is 'increased, but on the other hand the stator copper loss is reduced, 
because the stator no longer carries the magnetizing current 
There are also small losses in the phase advancer itself, the net 
result being a diminution in overall efficiency of perhaps 0*5 or 
1*0 per cent. An important advantage is that the pull-out torque 
is increased. The effect on the slip depends upon the type of 
advancer used. The vibrator type increases the slip somewhat, 


Load 

Power Factor. 

Without Vibrator. 

With Vibrator. 

i 

0*0 

0 90 

* 

0*77 

1*0 

i 

0*80 

1*0 

Full 

0*88 

1*0 

1 * 

0*80 

10 
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but as the slip of a large motor is exceptionally small, this is not 
very important. Certain advancers with rotating armatures can 
be arranged actually to reduce the slip. 

The improvement in power factor effected by phase advancing 
in illustrated by the data on previous page for a 330 h.p. motor 
equipped with a Kapp vibrator.* 

7. Economical Limit of Power Factor Correction. Although it is 
desirable to increase the power factor of a large motor or of the 
whole system to unity, from the point of view of the electrical 
operation of the system, it is not always a commercial proposition 
to do so. The maximum value to wj^ich the power factor can be 
economically raised depends upon the relative costs of generating 
and advancing plant. 

Consider a system supplying a current per phase of 1 ; let the 
original angle of lag be <p x and let this be reduced by the use of 
phase-advancing apparatus to (p 2 . The 
.vector diagram is shown in Fig. 414. 

Let the plant capacity in kVA bo P. 

Then by power factor correction the true 
power of the system is raised from P cos 
<p x to P cos <p 2 . 

Gain in true power = P (cos <p 2 
- cos q) x ) kW. 

The wattless kVA are reduced from 
P sin (p x to P sin cp 2i so that the kVA 
capacity of the phase-advancing plant 
must be equal to P(sin <p x -sin <p 2 ). 

If the true power of the system wore increased the same amount 
by installing extra generating plant, cables, etc., at a total cost 
of £a per kVA, the necessary expenditure would be 
£jaP(cos qj 2 - cos^)! ~ cosg^f 

If the true power wore increased by installing phase-advancing 
apparatus at £b per kVA, the necessary expenditure would be 
£{6P(sin - sin <p a )|t 

Hence, for economical correction, the value of the new angle of 
lag <p 2 is given by the expression** 

£{6P(sin (p x - sin g? 2 )J < £jaP(cosg> a - cos^^ -r- cos 
. b cos g? 2 -cos g> t 

a (sin gpj - sin q> 2 ) cos g> 2 

* For other types of phase advancer, see Walker, loc, cif., or Behrend, loc, cit. 

t Assuming that the extra plant would work at the original power factor 
of cos <pj. # 

J It is here assumed for simplicity that the whole of the kVA intake of 
the phase advancer is wattless leading, as for example in the case of oondensen. 

** See also Bolton, Electrical Engineering Economics. 
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8. In ordor to illustrate the method of calculating the necessary 
advancer capacity to bring about a given amount of power factor 
correction, or, conversely, the change in power factor and true 
power effected by installing a given advancer cajfacity, it is 
advisable to take a numerical example. 

Example. The load on the mains of a single-phase alternate-current supply 
system is 100 kVV, at a power factor of 0*71, the current lagging behind the 
voltage. If phase-advancing apparatus is available for parallel connection, 
taking leading current at a power factor of 0*1, what must be its load in 
kVA if the power factor of the whole system is to be raised to (a) 0*8, (b) 0*9 
and- (c) 0*95? (London Univ., 1915.) 


Since the methods of "calculation for all three parts are 
the same, consider only part (a) The vector diagram 
is shown in Fig. 415. Assume a line voltage, say, 1,000 
for convenience. The original cuirent I x 
supplied to the load is represented by 
OA, its magnitude being 

i, = i oo , qo°- = 141 

1,000 cos 

The angle <p t is very nearly 45°. The 
phase advancer will take a current OC 
leading E by an angle (p 2 , where cos (p 2 
= 01, i.e. (p 2 = 84° approx. The re- 
sultant of OA and OC, namely, OB, gives 
the total line current after installing 
Fia. 416 phase-advancing apparatus, and we know 

that the angle cp is given by cos <p = 0*8. 
Hence,' q> = 37° approx. We thus have for the angles at 0, A, 
and B of the triangle OAB, 8°, 51°, and 121° ; and we have 



AB __ sin 8° 
sin 121° 


Advancer current, OC ==• AB = 141 X '162 = 23 amp. approx. 
As we have assumed a line voltage of 1,000, the K.V.A. capacity 
of the advancer will be 


1,000 X 23 aa 

_ ijm 

Similarly for parts (6) and (c). 

9. In paragraph 7 the capacity of the phase-advancing plant was 
deduced on the basis of constant current in the line, this method 
being oalled the constant kVA method. If condensers are used and 
no additional load is put on the system, the line current / a after 
correction will be less than the line current I x before correction. 
But as both currents have the same component in phase with E the 
power is the same both before and after correction, the method thus 
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being called the constant power method. Referring to Fig. 416, 
the wattless current before correction is 

AD — /j sin 9 ?, 

and after correction is 

• BD = 1 2 sin <p 2 

Necessary wattless leading current to increase the power factor 
from cos <p x to cos (p 2> at constant power 

I e = AB = (/j sin tp x - I 2 sin <p 2 ) 



Again, / 2 cos q> 2 = l x cos <p x 

= j C 08 _^ 

COS (f 2 

I e — (I x sin tp x - I x cos <p j tan <p 2 ) 

The kVA of power- factor correcting plant is therefore given in this 
case by 

P( sin - cos <p j tan 90 ^) 

Examples on Chapter XXIV. 

(1) What are the disadvantages of a poor power factor in an alternating- 
current system T A single phase motor takes 20 amp. at 200 volts at a power 
factor of 0*8. Calculate the capacity of the condenser which, when shunted 
across the motor terminals, will bring the line current into phase with the 
voltage. Fsequenoy of supply, 50 . 

Arts. — 192 mi, 

(2) Explain clearly the action of the reactive component in a synchronous 

machine. A slow-speed alternator and a turbo-alternator working in parallel 
supply 2,500 kW at a power factor of 0*8. If the turbo-alternator gives 
1,000 kW at unity power factor, at what power factor must the slow-speed 
maohine be working 7 (C. and G., 1921.) 

At is.— —O’ 625. 

(3) Explain, by iheans of vectors, how an over -excited rotary convertor 
can compensate for a lagging power factor. A generating station supplies 

S ower for the following: Lighting .100 kW, induction motor of 400 h.p. 
aving a power factor of 0*8 and efficiency 0*93, a rotary convertor giving 
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1,000 amp. at 000 volt* at an efficiency of 0*94. What must be the powef 
factor of the rotary convertor in order that the power factor at the supply 
station may be unity ? (C. and G., 1921.) 

Ana. — p-91 leading 

(4) Define the term “ power factor ” as applied to alternating-current 
circuits. What power factor does one usually find for the following:' (a) A 
water resistance, (6) the primary current of an alternating-current trans- 
former when the secondary is unloaded, (c) a hand-feed alternating-current 
arc ? Illustrate each case by means of a rectangular co-ordinate diagram 
of wave forms. Assume the wave of the alternator electromotive force to 
be sinusoidal. 

(5) A central station of 1,000 kVA capacity supplies a load whose power 

factor is 0*8. How many wattless leading kVA must be supplied by 
phase-advancing apparatus in order to raise the power factor of the station 
to 0*95: (a) the true power supplied by the station remaining constant, 

(6) the kVA supplied by the station remaining constant? <■ 

Ans. — (o) 330; (6) 400 

(6) Describe a type of condenser ujed to compensate for lagging currents 

in a power supply system. A 2,000 volt, 50 cycle motor installation has a 
maximum load of 300 kVA at a power factor of 0*6. Calculate the 
capacity of a condenser to raise the power factor to 0*95 at maximum load. 
What will the power factor be when the load is halved ? (C. and G. t 1922.) 

Ana . — Assuming a three-phase system with the condensers delta- 

connected, capacity per phase = 48 mf. Power factor at half -load, 0*83 

leading. 

(7) Explain, by means of the vector diagram of the motor, why it is that 
an over-excited synchronous motor cannot supply so much wattless leading 
kVA when it is doing mechanical work as when it is running idle. 

(8) What methods would you recommend for the improvement of the 
power factor of (a) a central station and cable network, (b) a largo induction 
motor, (c) a group of small motors ? Give reasons for the various methods 
adopted. 

(9) A central station is working at a power factor of 0*7. Deduce an 
expression for the necessary reduction in wattless kVA to improve the 
power factor to any given value. Hence, plot a curve with values of the 
reduction as ordinates against the now power factor as abscissae. Draw 
conclusions from the shape of the curve. 
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CHAPTER XXV 

ELECTRICAL MEASURING INSTRUMENTS 

1. Classification. Measuring instruments are conveniently 
classified in terms of the principles upon which they work. 

(a) Electromagnetic moving-iron instruments. 

(b) Electromagnetic moving-coil instruments. 

(c) Electromagnetic dynamometer type instruments. 

(d) Hot-wire instruments. 

(e) Electrostatic instruments. 

In addition to these there are the shaded pole and rotating 
field instruments, the latter having been described previously, and 
which are suitable for alternating-current measurements only. The 
voltameter, which depends upon the chemical effect of the current, 
can hardly be regarded as a measuring instrument. 

Instruments can be sub-classified according to the nature of the 
control on the moving system. In deflectional instruments the 
usual forms of control are — 

(а) Gravity. 

(б) Torsion of a spiral spring. 

In ampere-hour and watt-hour meters, the moving system rotates 
at a speed proportional to the current or power respectively, and 
the control here takes the form of electromagnetic braking pro- 
duced by the rotation of an aluminium disc between the poles of a 
permanent magnet. 

The best deflectional instruments are very dead-beat, this pro- 
perty being obtained by the addition, if necessary, of a damping 
device. The methods adopted are — 

(a) Air friction. 

(b) Eddy currents. 

(c) Viscosity of liquids. 

2. Moving-Iron Instruments. A typical instrument of this type 
is illustrated in Fig. 417. It consists of a coil W wound on a brass 
bobbin B , inside which two strips of soft iron M and F are set 
axially. F is fixed, but M is attached to the spindle S , which also 
carries the pointer P. Gravity control is used, the instrument 
being set so that when no current is flowing through W the pointer 
is at the zero and the iron strips M and F are almost touching. 
On passjpg current through W the two strips are magnetized in 
the same direction and therefore repel each other. The torque 
set pp produces a deflection of the moving system and therefore 
brings into play a restoring torque due to gravity. The moving 
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system comes to rest in such a position that the deflecting and 
restoring torques are equal. With this class of instrument air 
damping is almost invariably used, being provided by thp movement 
of a piston P 9 in a cylindrical air chamber A. 

Ammeters of this type have a coil wound with wire or strip of 
cross section suitable to the current to be carried, while voltmeters 
are wound with a large number of turns of fine wire. The number 
of amporo-tums required to produce a full scale deflection is 
about 300. 



These instruments can be used for either direct or alternating- 
current 'measurements. They are liable to errors due to three 
different causes. 

(a) Hysteresis . 

(b) Stray magnetic fields. 

(c) Changes in resistance of the coil due to temperature changes. 

The effect of hysteresis is to make the readings with falling current 
higher than with rising current, and also, to produce a small deflec- 
tion when the current is again zero, because of retained magnetism. 

The instrument can be largely screened from the effect of stray 
fields by the use of a cast-iron case, but this must be arranged so 
that the minimum flux from the moving iron can pass through the 
case, otherwise the hysteresis effect will be considerably increased. 
The error due to the third cause, which only applies to voltmeters, 
could be eliminated by using wire of negligible temperature co- 
efficient, such as manganin, but such a coil would become very hot 
because of its high resistance and the small I'adiating surface. As 
a compromise, a coil of copper wire in series with a manganin series 
resistance is commonly used. 

Recently a new iron called mumetal has been adopted for the 
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construction of moving-iron instruments; its hysteresis loss is so 
very small that this type of instrument can now be manufactured 
in the form of a precision instrument. It is equally accurate on 
direct- and alternating- current circuits, and for many purposes is 
replacing the more expensive moving-coil type. 

In the instrument just described, the deflecting torque is pro- 
portional to the square of the flux density B t and if B were strictly 
proportional to the current the instrument would indicate the 
R.M.S. current (or voltage) on the scale used for direct current 
working. Actually, B is not proportional to /, and it is necessary 
to calibrate the scale if the instrument is to be used for both alter- 


{Jewel 


nating- and direct-current work. Again, in the case of a volt- 
meter, the impedance of the coil to an alternating current is greater 
than its ohmic resistance, so that ^ 

if correct with direct current, the 

instrument will read Jow with a Jf tir j ITPiece 

alternating current This error 

can be made very small by using %p|| |§|p Magnet 

a non-inductive series resistance || ^ H ^ 

of several times the resistance of HjH 

the> ooih 

The scales of these instruments y I > 

are uneven, being very crowded ph Jewel 

near the zero. Readings below 
of the maximum are therefore CSp?* 

very unreliable, in fact, according fPl 

to the specification of the (mr 

Engineering Standards Com- W I 

mittee, the useful range only || 

commences at J of the maximum. 

3. Moving-Coil Permanent Mag- 
net Instruments. These consist 
essentially of a permanent magnet Fiq 

with soft-iron pole pieces, between Movdjo . Coil PjSEHAN1[! , T 
which a cylindrical iron core is Magnet Instrument 

mounted. A rectangular coil of 

fine wire is suspended so that it can rotate in the two air gaps 
between the pole pieces and core, and current is led into and 
out of the coil through two phosphor-bronze hair springs, as shown 
in Fig. 418. These springs also provide the controlling torque. 
When the coil carries current a deflecting torque is set up, pro- 
portional to the product of the current and the strength of the 
magnetic field in the air gap. In ordinary instruments the total 
deflection is only about 60°, in order that the coil sides may be 
always in a field bf uniform strength. From this it follows that 
since the restoring torque due to the springs is proportional to the 
deflection, the deflection is strictly proportional to the current in 


Fig. 418 

Moving -Coil Permanent 
Magnet Instrument 


17— (T.5432) 
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Scale Instrument 


the coil. Hence, the scale is uniform. Damping is provided by 
winding the coil on a copper or aluminium frame. 

When used as a voltmeter the coil is connected in series with a 
series resistance, but when used as an ammeter it is connected 
across a shunt. 

In the Record instrument, modifications are made which enable 
a uniform scale of angular extent 270° to be obtained. It will be 
seen from Fig. 419 that the air gaps are magnetically in parallel 
instead of in series as 
in the ordinary con- 
struction, and that 
the coil is pivoted at 
one side, the working 
sides of the coil being 
horizontal. 

Moving-coil perma- 
nent magnet instru- 
ments can be used 
only for direct current 
measurements. 

4. Dynamometer Instruments. The classical examples of this 
type of instrument are the old Siemens dynamometer and the 
Kelvin ampere -balance. Except for standard instruments, such 
as the Kelvin balance, the dynamometer principle is confined 
mainly to wattmeters. The instrument consists of a fine wire 
moving coil which can rotate in the magnetic field produced by 
a second fixed coil. It is usual to divide the fixed coil into two 
halves as shown in Fig. 420. Since there is no iron, the field 

strength is proportional to the 
current in the fixed coil, and 
therefore, the deflecting torque is 
proportional to the product of 
the currents in the fixed and 
moving coils. When used as a 
wattmeter the fixed coil is the 
current coil, and the moving coil 
the pressure coil, the current in 
the latter being therefore propor- 
tional to the voltage applied. 
Hence, the deflecting torque is 
proportional to the product of 
voltage and current, i.e. the power. Also, the restoring torque, 
which is provided by spiral springs, is proportional to the deflec- 
tion, from which it follows that the deflection is proportional to 
the power. The theory of the instrument for alternating-current 
working is explained in Chapter XIV. 

Air damping is often provided, the device consisting of two light 



Fig. 420 

Arrangement of Dwamometeb 
Instrument 
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vanes mounted on the spindle and moving in a double sector- 
shaped box. 

When used as a wattmeter the dynamometer instrument has a 
uniform scale, but if used as an ammeter or a voltmeter the scale 
is not .uniform. This is because the field of the fixed coil is 
proportional to the current (or voltage) to be measured, the deflecting 
torque therefore being proportional to the square of current (or 
voltage). When used as an ammeter there is of necessity a much 
larger drop of volts in the instrument than in an ammeter of one of 
other types, and this is a disadvantage. The small ratio of torque 
to weight of moving part, as compared with instruments using iron, 
is also a disadvantage. 

5. Hot-Wire Instruments. These instruments depend upon the 
increase in length of a wire when traversed by a current due to the 
heating effect. Consider a wire of initial length I, and final length 
Z 9 traversed by a current I. Let its final radius bo r. Then rate 
of generation of heat in calories per second 

= PR x 0-24 = P x & X 0-24 (1) 

77T 2 

If t is the rise of temperature, and k the coefficient of emissivity, 
then rate of radiation of heat 

= Zirrljct (2) 

Expressions (I) and (2) are equal when the wire has attained its 
final temperature. Hence 

2-nrlJct = 1 ! x4 ! X 0-24 


< = r 0,2 


Again, if a is the coefficient of linear expansion the increase in 
length 

dl = al t t 

n = x 012 = AI* 

k nh* 

where A is. a constant. Thus, the increase in length of the wire 
is proportional to the square of the current. 

The mechanism for taking up this increase in length and thus 
indicating the current is illustrated in Fig. 421. The hot wire W, 
16 cm. of platinum-silver, is stretched between a fixed point A 
and a tension-adjusting screw B , and a second wire W x of phosphor- 
bronze is attached. to W and to a fixed point D. Any sag in W 
causes sl^ck in W l9 and this is taken up by a fibre C attached to a 
spring S. The fibre passes round a pulley E to which the pointer 
P if) attached, a very small extension of the wire W being thus 
greatly magnified and conveyed to the pointer. Eddy current 
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damping is provided by a light aluminium disc L % which moves 
between the poles of a permanent magnet M . 

These instruments can be used for direct- or alternating-current 
measurements, and they possess the advantage that the deflection 
depends only upon the R.M.S. value of the current through the 
wire. It is independent of wave-form and frequency. Their dis- 
advantages are that they are fragile ; the zero position often requires 
adjustment; and the power absorbed is high. Thus, to produce a 



full-scale deflection a current of 0*2 amp. is required. They are 
also very sluggish in action. 

6. Electrostatic Voltmeter. The principle of this instrument is 
the force of attraction between two bodies, between which a potential 
difference is maintained. In the Kelvin instrument the fixed 
system consists of a cellular structure composed of two sets of 
triangular metal plates F (Fig. 422) fixed to brass supports B. 
The moving system consists of a corresponding number of aluminium 
vanes M y mounted on a spindle and suspended by a phosphor- 
bronze wire W. The upper end of this wire is connected to an 
elliptical spring 8 which is mounted on a torsion head H , the 
object of which is to provide a zero adjustment. E is a safety 
sleeve which comes in contact with a stop G in the event of any 
sudden jerk which would otherwise tend to break the suspension. 
The controlling torque is supplied by the torsion in the wire W 
when the vanes are deflected from the zero position, and the 
damping is supplied by a vane V immersed*" in an oil bathi 0. 

The range of an electrostatic voltmeter can be increased by 
using a number of condensers in series as a potential slide «and 
connecting the voltmeter across one condenser. Thus, if three 




Fig. 423 

Muluplieb fob Electrostatic Voltmeter 
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equal condensers A, B , and C (Fig. 423) are connected across the 
points MM whose P.D is required, the voltage across one con- 
denser will be one-third the required P.D. A voltmeter V reading 
up to one-third the required P.D. can thus be used, since three 
times its reading will give the P.D. across MM . It is to be noticed 
that the voltmeter itself is a condenser, and therefore, the capacities 
of A, B, and C must be large compared with that of V . 

7. Integrating Instruments. These instruments, usually called 
“meters,” are of two classes : (a) Ampere-hour and (6) watt-hour 
meters. The former measure the quantity of electricity which has 
passed, but when used on constant potential circuits they can be 
calibrated to read directly in terms of energy. The watt-hour 
meters are true energy meters. 

The specifications of the Engineering Standards Committee for 
the maximum permissible errors in electricity meters are as follow — 

For meters up to 1-25 kW capacity, an error of ± 5 per cent 
at full load, and ± 2 per cent from full load down to ^ load. 
For meters above 1-25 kW capacity, an error of between + 2 per 
cent and - 5 per cent at 2 V full load, and ± 2 per cent from full 
load down to load. Also, the meter must begin to register when 
1 per cent of full-load current is flowing, provided that this is not 
less than 0*05 amp. 

8. The Ferranti Mercury Meter. This is a very commonly used 
ampere-hour meter. It is essentially a motor in which the mag- 
netic field is provided by two permanent magnets with mild steel 
pole pieces NS, NS, which are forced into brass plates A, A (Fig. 424). 
A fibre ring is placed bet ween these plates, the space between them 
containing mercury. The rotor, a copper disc, is placed in this 
mercury bath, the current flowing through it from periphery to 
centre. The current is led in by a contact C , and out through the 
supporting screw Z). Since the field is vertically upwards and the 
flow of current through the disc is radial, the disc will rotate as a 
motor under the influence of the right-hand magnet, and will act 
as a generator and have eddy currents induced in it by the left- 
hand magnet. This second magnet therefore provides the neces- 
sary controlling torque. With such an arrangement it is easily 
shown that the speed is proportional to the current. r 

If H l is the field strength of the right-hand magnet, and I the 
current, then 

Motoring torque oc H X I 

Power developed by motor oc H X IN , where N = speed. 

Let E be the E.M.F. acting round an eddy current path in the 
disc ; thon if R is the resistance, the power absorbed in this partic- 
ular path will be E 2 /R. Hence, for all the eddy current paths in 
the disc the Jptal power absorbed can be written £E 2 /R. Nose if 
H % is the field strength under the left-hand magnet, the E.M.F. 
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induced by generator action will be proportional to H t N , and 
therefore to N, since H 2 is constant. The power absorbed iri any 
eddy current path is thus proportional to N 2 , since R for any path 
is constant. Hence, the total power absorbed is proportional to 
N *. JJow constant speed is attained when the motoring power is 
equal to the power absorbed by generator action. Hence 

IN oc N 2 , H x being constant 
or N oc / 



Fig. 424 

Ferranti Mercury Meter 


The numbar of revolutions of the disc in any given time will there- 
fore be proportional to J Idt, that is, to the quantity of electricity. 

Owing to the fact that mercury friction is present, the speed 
would not be proportional to I but for a compensating device. 
This takes the form of an automatic strengthening of the motor 
field and a weakening of the generator field with increase of load, 
and is ejected by supdtposing a local magnetic flux, produced by a 
compensating coif E, on the main fluxes. 

TJhe weight of the moving system is adjusted sq^fchat it just 
sinks in the mercury, the friction on the lower (fearing being 
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therefore very small. This is necessary since no other provision 
is made for the compensation of bearing friction. 

9. The Elihu Thomson Meter. This is essentially a srnall ironless 
motor having a wound armature with a commutator. The mag- 
netic field is produced by the current coils B and B x (Fig, 425) 
in series with the line, while the armature A with its series resist- 
ance R carries a current proportional to the line voltage. Braking 
is effected by the rotation of an aluminium disc C between the 
polos of permanent magnets, as shown. 



Field strength due to coils B and B x oc 1 

Armature current oc E 

Torque oc IE 

and Motor power oc IEN 

The power absorbed in eddy current losses in the disc is propor- 
tional to N 2 as before, and therefore, when motion is uniform 
N 2 oc IEN 
N cc IE 
oc W 

where W = the power. Hence, the number of revolutions in a 
given time is proportional to J Wdt, that is, to the energy. 

The effect of friction is compensated for by means of a small 
compensating coil placed co-axial with the current coils and con- 
nected in series with the armature. The position of this coil is 
adjusted so that with zero line current the meter just does not 
rotate. * t . 

This type of meter is now mainly used for switchboard use, 
house servioe meters being almost invariably of the ampere-^our 
type. 
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10. A.C. Induction Type Instruments. Suppose that a copper 
or aluminium disc can rotate freely between the poles of two 
alternating current electromagnets, as shown in Fig. 426. The 
current in magnet A will produce an alternating field II X which 
will induce eddy currents in the disc. These currents will link 
with the lines of force of the field H 2 set up by magnet 77, so that 
under proper conditions a torque will lx? set up. 

(a) If the currents in the 
coils A and B are in phase, 
then the fields Hi and 77 a 
• will also be in phase. Now 
the induced currents I are 
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Fio. 426 

Principle op Induction Type 
Instrument 


Fio. 427 
Shaded Pole 


in quadrature with H x (see the transformer), and therefore, with 
H 2 , and in consequence there will be zero torque. Hence, the first 
condition is that there shall be a phase difference between the 
currents in coils A and B. 

(b) The two magnets must not be at opposite ends of a diameter, 
otherwise the force acting on the disc will be along a radius, thus 
producing no torque. 

AmmetSrs and voltmeters are obviously worked on one phase 
only, and therefore, an artificial method of obtaining the phase 
difference in the currents in the coils must be adopted. There are 
two ways. The first is “ splitting the phase.” The two magnets 
are connected in parallel, an inductive coil L in series with one, and 
a resistance R in series with the other, as in Fig. 426 (b). A phase 
difference of nearly 90° is thus obtained, the torque therefore being 
a maximum for given values of the fields Z7 1 and H 2 . The second 
method is to employ a single magnet with “ shaded ” pole, that 
is/ one of the poles surrounded by a heavy copper ring. (Fig. 
427). The field H x induces eddy currents in the shading ring 
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which, in turn, set up another magnetic field H\ almost opposite 
in phase to H v The total field, H z , is the resultant of H x and H' v 
and is therefore almost in exact quadrature with H v But H x and 
H % are in phase, and therefore H z and ll 2 are nearly in quadrature. 

Let a be the phase angle between H z and H 2 , and let H z induce 
a current I 1 in the disc. Then I x is set up by statical action irre- 
spective of the rotation of tjie disc and is proportional to H 3 . Also, 
I x lags 90° behind H z . But torque is set up by the interaction 
of I x and the field H 2 , and because the fields H z and H 9 are approx- 
imately in quadrature, the phase angle between I x and II 2 is 
(90 ± a). 



( Everett Edgcumbe and Co., Ltd.) 

Fig. 428 

Interior of Induction Type Ammeter 

/. Couple due to interaction of H 2 and I x is 
oc B t I x cos (90 ± a) 
oc H 2 H Z cos (90 ± a) 
oc H Z H Z sin a. 

Tn ammeters or voltmeters based on the above principle the 
fields H 2 and i/ 3 are proportional to the current through the magnet 
coil, and therefore, to th^current or the voltage to be measured. 
Now the torque produced by the interaction of H 2 and the current 
I x induced in the disc by H z , is proportional to the product H 2 I v 
and therefore to the product H Z H 2 , as we have just seen. But 
both fields are proportional to the current in the magnet coil, and 
therefore the torque is proportional to the square of the current or 
voltage to be measured. The instruments are provided with spiral 
control springs, the disc coming to rest when the deflecting torque 
and the restoring torque of the springs are equal. Since the torque 
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is proportional to the square of the current, the graduations are not 
equal, but they can be made nearly so over the major portion of the 
scale by cutting away some of the disc, as shown in Fig. 428. The 
figure also shows the per- 
manent magnet E , which 
is usdd for damping the 
motion of the disc D in 
the event of a sudden 
change in current. An 
important point in con- 
nection with these instru- 
ments is that they must 
be used only for the 
frequency for which they 
were •calibrated. They 
have the advantage of 
possessing a very long 
open scale. 

In alternating-current 
energy meters of this type 




Fig. 430 

Arrangement of A.C. Energy Meter 

the two magnetid fields are produced by the current and pressure coils. 
The field of the current coil is in phase with the current, while the 
field of the pressure coil lags one quarter period behind the pressure. 
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Damping by permanent magnet is provided as in direct current 
meters, and the uniform motion attained is that for which the 
deflecting torque is equal to the opposing torque set up by the 
eddy currents induced by the permanent magnet. » The two 
magnetic fields are produced, one by a current coil and the other 
by a pressure coil, as in Fig. 429, where separate electromagnets 
arc indicated for clearness. The field H x is proportional to the 
current /, while the field II 2 lags 90° behind the voltage E applied 
to magnet B , and is proportional to E. 

Hence, if cp is the angle of lag or lead of 1 behind E, the phase 
angle of the fields H 1 and H 2 is (90 ± (p). 

/. Torque oc II x ll 2 sin (9 (f ± tp) 
oc IE cos q? 

oc power W. = A . W, say. 

r 

Now the power wasted due to eddy currents is proportional to N 2 . 

Retarding torque 

oc , oc N, ~ BN, say. 

speed 

Uniform motion is attained when the deflecting and controlling 
torques are equal. 

When BN = A W, or N = 4 X W 

B 

Thus, the speed of the disc is proportional to the power, and the 
number of revolutions made by the disc in a given time, proportional 

to the expression J W . dt , that is, to the energy. 

The actual arrangement of the magnets and the current and 
pressure coils in a modern meter are shown in Fig. 430. The 
electromagnets are, of course, built up of thin stampings. Phase 
compensation, i.e. zero torque at zero power factor, and com- 
pensation for friction, are produced by adjustable shading rings, 
as shown.* 

11. Methods of Measuring Power in A.C. Circuit Without the Use 
of Wattmeters, (a) Three-voltmeter Method. The circuit, X , in 
which the power is required is connected in series with a non-inductive 
resistance R, and the three voltages E v E 2 , and E£ measured 
(Fig. 431). Let cos <p x be the power factor of the circuit X , then since 
the drop E 2 along R is in phase with the current, the vector diagram 
is as shown, and we have 

E 2 2 = E 2 -j- E 2 2 -f- 2E x E 2 cos (p x 
But E 2 = IR 

Ay = E 2 + E 2 2 + 2 (E X I COB Vl )R 
= E x 2 + E 2 2 + 2WR 

* Measuring instruments are discussed fully in Golding, loo. cti. t &nc} in 
Drysdale and Jolley, Electrical Measuring Instruments, 



ELECTRICAL MEASURING INSTRUMENTS 511 


where W is the power consumption of X 

2 R 

This method is a very valuable one for the determination of power 
in coils taking a small current and working at a low power factor ; 

X R 



Fig. 431. Three -voltmeter Method of Measuring Power 

for example, it can be used with success for the determination of the 
iron loss in an Epstein square, by the alternating-current method. 
Since the squares of the voltages have to be used it is necessary to 



Fig. 432. Three-ammeter Method of Measuring Power 


use accurate instruments, and the possibility of error will be reduced 
if only one voltmeter is used, a transfer switch connecting it to the 
points required. It is also desirable that the voltages E x and E % 
should be* as nearly equal as possible, for which reason the supply 
voltage must be in the neighbourhood of 100 per cent higher than 
the voltage to be applied to X . 

(6) Three-ammeter Method. In this method the circuit X in 
which the power is required is connected in parallel with a non- 
inductive resistance, and the total current / 3 , and the two branch 
currents I t and / 2 arq measured by means of three ammeters A x , A v 
and A% (Fig. 432). The current / a is in phase with the applied 
voltage E, so that the vector diagram is as shown. We have 
• /, 1 = / 1 l +/, l + 2/ 1 / l cos % 
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But /, = E/R 

= / x 2 + J g * + 2 \EI X cos q> x -fi 
= / x * + 7 a 2 + 2JF/B 

W = | (/,*-/,* -/■*). 

This method can be used when the current I 2 is too large for the 
three-voltmeter method to be applied. The greatest accuracy is 
obtained when the currents I x and / 2 are of the same order. 

(c) Electrostatic Voltmeter, or Electrometer Method. 
This method has been used fairly extensively for the measurement 
of small amounts of power at high voltages ; for example, the power 
absorbed by samples of dielectric. Fig. 433 shows one method of 



determining the power in a circuit X, ,by means of the quadrant 
electrometer. One pair of quadrants is connected to the end A , and 
the other pair to the end B of the circuit X. A non-inductive resis- 
tance R is placed in series with X , and readings are taken, first with 
the needle connected to B , and secondly with the needle connected 
to the far end G of R , as shown. 

Let F a , F„, and V v be the potentials of the pairs of quadrants 
A and B , and the needle N respectively. Then, the deflection of the 
needle is given by 

where K is a constant depending on the instrument. Let v ai v h9 v n , 
and v c be the instantaneous potentials of the points A, B, N, and C 
respectively, and let the deflections with the needle connected first 
to B t and then to C, be 0 X and 0 2 respectively. Then, since the steady 
deflection with alternating potentials will be the average value of 
the above expression, we have 

0i = K X av. of (v. - v t ) - Vm ^ ^ 

0 t = K X av. of ( v a - v b ) ^ v, - ^ ^ 
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(#1 - 0 t ) = K X av. of (v„ - v„) (v„ - v,) 

Now 

(v b - v e ) = Ri, where i is the instantaneous current 
0!— 0 2 = K X av. of \ (w a - v b )i\ x R 
oc av. of ( v a - v b )i 
cc power in A r . 
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CHAPTER XXVI 

ILLUMINATION 

1. Radiant Efficiency. When the temperature of a body is 
gradually increased, the body begins to radiate energy into space, 
the nature of the radiation depending on its temperature. Thus, 
when the temperature is low, heat energy will be radiated only, 
but when a certain temperature is reached, light will also be emitted 
and the body will now become luminous. At first the light radiated 
will consist of red waves only, but with increasing temperature 
more^md more of the shorter waves will be given off, until eventually 
the body is white hot. The heat waves still given off are identical 
in nature to the light waves, but as they produce no impression on 
the retina, it is obvious that from the point of view of light-giving, 
they represent so much wasted energy. The energy radiated as 
light, expressed as a percentage of the total energy radiated, is 
called the radiant efficiency of the body. As the temperature is 
increased above that kt which light waves are first given off, the 
radiant efficiency will increase, because the energy of the light 
waves will increase in greater proportion than the total radiated 
energy. When the light radiations include all the visiblo wave 
lengths from extreme red to extreme violet, then a further increase 
in temperature produces further radiations which are invisible, 
this time of wave lengths smaller than the extreme violet. The 
radiant efficiency now decreases. The temperature for maximum 
efficiency is about 6,000 °C. ; it is far above the temperature usually 
attained by sources of light. 

2. Definitions. The Flux of light emitted from a luminous 
body is the energy radiated per second in the form of light waves. 

The luminou8 intensity in any given direction is equal to the 
flux per unit solid angle . 

It is obvious that some standard must be used in order that the 
luminous intensity can be measured, or compared, experimentally. 
This unites derived from the candle, the unit of flux being that 
flux contained within unit solid angle from a source of 1 candle- 
power. This unit is called the Lumen . From this definition we 
see that the candle-power of a source of light in any direction is the 
number ' of lumens contained within unit solid angle in that 
direction. 

The candle-power of a source of light is always different in 
different directions, these differences being taken into account in 
the following definitions. The Mean Horizontal Candle-power 
(M^H.C.P.) is the mean of the candle-powers in all directions 
in the horizontal plane containing the source of light. 

617 
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The Mean Spherical Candle-power (M.S.C.P.) is the mean of the 
candle-powers in all directions in all planes. Hence, if a second 
source having equal intensity in all directions produced the same 
total flux as actual source of light, then the candle-power of this 
second source would be equal to the M.S.C.P. of the actual source. 
The Mean Hemispherical Candle-power (M.H.C.P.) is the 'mean 
of the candle-powers in all directions below the horizontal. 

The Reduction Factor is the ratio 

M.S.C.P. 

M.H.C.P. 

The degree of illumination of an illuminated surface is the luminous 
flux per unit area received by it. The British unit is the candle- 
foot, being the illumination of the inner surface of a sphere of 1 ft. 
radius at the centre of which there is a source of 1 candle-ptfwer. 

It is preferable to define the efficiency of a lamp as the ratio of 
the lumens per watt, instead of the ratio of watts per candle-power, 
which is really a measure of the inefficiency. The ratio lumens per 
watt is also called the specific output. The following relationships 
are important — 

Lumens per watt — r; L-v-g - ~ tt 
^ Watts per M.S.C.P. 


4n f 

Watts per M.H.C.P. 

when / is the reduction factor 


Watts per M.S.C.P. = 


4 n 

Lumens per watt 


Watts per M.H.C.P. 

7 


Watts per M.H.C.P. 


4 nf 

Lumens per watt 


= / X watts per M.S.C.P,, 

For a 100 watt, 200 volt, gas-filled lamp, representative figures 
for the performance are — 

Lumens — about 1,100. 

M.S.C.P. — about 90. 

Lumens per watt — about 11. 

Watts per M.S.C.P. — about !•!* 


* See Mearea and Neale, Lot . oil. 
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The illuminations required for indoor and outdoor lighting under 
different conditions naturally vary very considerably. For import- 
ant streets, representative values are ‘1 ft. -candle for the average, 
and *05 ft. -candle as a minimum. Half these values will do for 
unimportant streets. For ordinary interiors, e.g. living rooms, it 
may Vary between 1 and 6 or 7 ft.-candles, and for offices, from 
10 to 20. 

The degree of illumination is the flutf received by each unit area, 
the brightness is the flux emitted per unit area in a direction at 
right angles to the surface. This definition of brightness obviously 
applies to luminous sources themselves and also to bodies which 
are made visible through receiving light from a primary source, 
but not actually emitting any light of their own. 

The brightness in a given direction of a surface emitting light is 
the quotient of the intensity measured in that direction by the area 
of this surface projected on a plane perpendicular to the direction 
considered. The unit of brightness is the candle per unit area of 
surface. 

Consider an element dS of surface of a luminous position, let 1 
be the intensity, and 0 the angle between the normal to the surface 
at the element considered and the line of sight. Then 

Brightness = - ■ — - h 
® ds cos 0 

It follows from this that a luminous sphere has the appearance 
of a luminous disc.* • 

3. Laws of Illumination. The illumination of a surface receiving 
its flux from a source -whose distance is sufficiently great for its 
being regarded as a point source, is inversely proportional to the 
square of the distance between the surface and the source. 

The illumination of a surface at any point is proportional to the 
cosine of the angle between the normal at that point and the 
direction of the luminous flux. This is Lambert’s Cosine Law. Fig. 
434 represents a rectangular tube of flux F. 

F 

Intensity of surface A BCD = — — 

• ABGD 

Intensity of surface ABC'D' = 

• Intensity of A BCD __ 1 

Intensity *)f ABC'D' cos 0 

* See also Photometry , by Walsh, and Theory and Design of Engineering 
Illuminating Equipment , by Jolley, Waldram, and Wilson. 
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Example. Two aro lamps of 1,000 and 000 candle-power respectively 
(assumed the same in all directions) are suspended 40 ft. above the ground 



Fio. 434 


5 , _ S 2 



and are 100 ft. apart. Find the intensity of illumination at a point on the 
ground in line with the two lamps and 40 ft. from the base of the more 
powerful lamp. v 


From Fig. 435, we have 
Illumination at C due to 


1,000 

(S 1 C)* 


X cos 0, 


1,000 

(56-6)* 


X -707 


= 0-22 candle-foot. 


Illumination at C due to S t 


Total illumination at C 


500 

(W 
600 


X cos 0, 


x!2 

(72)* ' 72 

= 0 05 candle-foot 


= 0-22 + 005 
= 0*27 candle-foot 


4. Measurement of Candle Power. In order to determine the 
candle-power of a source of light it is necessary to compare it with 
a source of known candle-power. A standard lamp is therefore 
required. At one time the candle-power of a candle of pure sper- 
maceti wax, weighing Jib. and burning 120 grains per hr., was 
taken as the unit. More modern standards are the Harcourt 
pentane lamp, which burns a mixture of pentane vapour and air, 
and has a candle-power of about 10 ; the Heffner lamp, which burns 
amyl -acetate at a wick and has a candle-power of 1 ; and the 
Carcel lamp, which burns colza oil and has a candle-power of about 
10. In practice, it is not convenient to use such standards, a more 
satisfactory way being to determine the cafndle-power of an aged 
electric lamp by comparison with one of the above standards, and 
then to use this lamp as a secondary standard. It is usual to make 
periodic testa on a lamp which is to be used as such a standard, and 
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Source 1 


* - from 

< — Source 2. 


Te/esccpe 


when it is Consistent, to remove the filament from the old bulb 
and place it in a new cylindrical bulb. 

The most convenient form of photometer for general purposes 
is the Lummer-Brodhun Photometer. This consists essentially of 
a planter of Paris screen S. (Fig. 436), the two sides of which are 
illuminated by the stan- 
dard lamp and the lamp 
under tost, respectively 
The light is scattered at tromz: 
the two surfaces, and the 
rays which leave at an 
angle of 45° reach the 
right-angled prisms A 
and jJ, where they are 
totally reflected to two 
more prisms, C and D. 

In one form of photo- 
meter a portion of the 
base of C is ground away, 
so that the contact area 
between C and D is a 
circle. Rays from prism 
A entering this circle pasB 
through to the telescope, 
whereas those from B 
which enter the circle do 
not reach the telescope. 

On the other hand, of the rays which reach the face of D outside 
this circle, only those from B reach the telescope. Hence, 
the field consists of an innei; circle and an outer annular ring 
illuminated by the standard and the test lamp respectively. The 
position of the photometer is adjusted until the field is of uniform 
brightness and its distance from the two lamps read off. If CP X 
and CP i are the candle-powers of the standard and test lamp, and 
d t and d t their respective distances from the photometer, then, 
from the invorse square law 



Ordinary Contrast 
Appearance of Field. 

Fia. 436 


12B 

CP 




In the more modern form of Lummer-Brodhun Photometer, the 
are of contact between the two prisms C and D is so modified that 
the field of view consists of trapezoidal patches in semicircles. 
This pattern is more accurate and is called the contrast pattern. 

When the candle-power of very powerful lamps, such as large 
half-watt lamps, is being determined, the distance between the 
test* and standard lamps must be very large, otherwise the photo- 
meter will have to come so close to the standard that accurate 
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observations arc impossible. A photometer room is not large as 
a rule, so that, in order to obtain the required distance, the test 
lamp can be slung from the ceiling and the light froni it reflected 
by a mirror on to the photometer. 

5. The Illumination Photometer. To enable the intensity of illu- 
mination of surfaces to be measured, special portable photometers 

have been evolved. One 
of these, the Trotter Photo- 
meter, is illustrated in Fig. 
437. The photometer is 
placed on the surface 
whose illumination is re- 
quired, and a small screen 
8 X is viewed through slits 
in the case. The screen 
S x is illuminated by means 
of a small standard lamp 
L supplied from a port- 
able battery B. is then 
rotated until its intensity 
of illumination is judged 
to be equal to that of the 
top of the case, and its 
position on the scale read 
off by means of the pointer 
P. The scale is graduated 
directly in candle - feet. 
The instrument is very 
easily calibrated by pro- 
ducing known intensities 
of illumination on the top of the case, and finding the position 
of the pointer which gives equality of illuminations of S x 
and $ a . It is thus not necessary to know the candle-power 
of L, but the lamp must be aged before it can be used in the 
photometer. 

To measure the illumination of sloping surfaces, the caso is pivoted 
at 0 and is capable of rotation through an angle of 90°, the angle 
being indicated by a plumb-bob A , moving over a graduated 
scale. 

The above type of illumination photometer is now little used, since 
more convenient instruments incorporating photoelectric cell have 
been developed. The type of cell generally used is the barrier-layer 
type. The light falls on a very thin layer of gold (1), Fig. 438, which 
is sputtered on to a thin layer of selenium (2), the whole being sup- 
ported on an iron back plate (3). The gold layer is so thin that it is 
transparent, and light can therefore reach the gold-selenium bound- 
ary where it liberates electrons. These electrons pass from the gold 
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to the selenium with the result that if a micro-ammeter is connected 
to the cell as shown in the figure there will be an electron flow from 
the iron plate through t he instrument to the gold layer. The electron 
flow is (within limits) proportional to the light flux falling on the 
surface of the cell, and for a given external resistance is a function 
of the’ light flux. Thus the micro-ammeter can be calibrated directly 
in illuminations by means of a standard lamp. The commercial 
cell of 2 in. diameter gives about 450 micro-amps, per lumen. By 
the use of a special glass filter in front of the cell the sj>ectral sensi- 
tivity of the device approximates closely to that of the eye. It 


Go/d (V- 

Stlenium 
Layer (2) 

Iron Back 
Plate (3) 



Flu. 438. PRINCIPLE OF PjIOTItONIC Cell 


should be noted that the barrier-layer type of photoelectric cell is 
most suited for dealing with a steady light flux; other types are 
more useful for dealing with fluctuating light a s in television and 
talking fllm work. 

6 . Determination of M.H’C.P. and M.S.C.P. In order to determine 
the M.H.C.P., the candle-power is measured in a horizontal direction, 
the lamp being rotated through, say, 10 ° about a vertical axis for 
each observation. The resulting candle-powers plotted on a polar 
diagram give the horizontal curve of illumination. Such a curvu 
is, roughly, circular for most lamps. The M.H.C.P. is the mean of 
the observed values. If these values differ considerably, bo that 
the diagram departs from the circular form, it is preferable to plot 
candle-power against angle with rectangular co-ordinate axes. The 
base is then divided into an even number of steps of equal width, 
and the ordinates measured. There will be an odd number. 
Applying Simpson’s Rule, we have 


Area under curve 


h (3/1 + Vn + 2 (y 3 + y* + \h + 

3 ( + My 2 + 3/4 -f- y% + • • •) 




where y v y 2t y 31 etc., are the various ordinates and h is the 
horizontal distance between consecutive ordinates. By dividing 
the area by the base the mean ordinate is found, and this is 
the required M.H.C.P. Usually, 10 steps, i.e. 11 ordinates, will 
be sufficient. 

If the lamp is mounted so that it can be rotated in a vertical 
plane the resulting polar curve will exhibit two lobes, the cone of 
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shadow about the position 0° being due to the holder. The 
M.S.C.P. can be determined from this polar diagram by Rousseau’s 
construction. A circle is drawn on the diagram, as shown in Fig. 
439, and an axis X Y drawn parallel to the vertical diameter AB. 
Points on the semicircle with uniform angular displacement are 
projected on to X Y , and the lines produced past it by an amount 
equal to the candle-power corresponding to the angular position. 
Thus, GH is made equal to OF , and so on. The mean ordinate of 
the curve so obtained (CD being regarded as its base) gives the 



M.S.C.P. For, suppose the intensity at any angular position 6 is 7, 
then, if an element of angular width dO is taken and this element 
rotated about AB as axis, it will describe a zone of a sphere 
of area 


2tit cos 0 x rdO = 27 tt 2 cos 0 . dO 


The illumination of the inner surface of this zone is therefore 


2 ff/r 1 cos 0 . dO 

Hence, for the total spherical illumination, we have 



/, of course, being a function of 0. Now, r\Jos 0 . dO is the width 
of the shaded strip in the figure, and therefore, Jr cos 0 . id is the 
area of the shaded strip. The total area under the derived cuyve 
is therefore 
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r* 

I Ir co 

%/ 7t 
^ 2 


/r cos 0dfl 


___ Total spherical illumination 
2ttt t 


Now the base of this curve is of length 2 r. Hence, the length of the 
mean ordinate 

Total spherical illumination 

27 tt X~2r 

• = 8 P^ er i ca J illumination 

4rrr % 

__ Total spherical illumination 
47 T 


if the sphere has unit radius. But 47? is the total solid angle sub- 
tended by the surface, of a sphere, from which we see from the 
definition of M.S.C.P., that the moan ordinate of the derived curve 
is the required value. The M.H.S.C.P. can obviously be deter- 
mined by the same construction. 

Instead of determining the M.S.C.P. by the above somewhat 
laborious method, the measurement can be made directly by means 
of an integrating photometer. The Ulbricht photometer of this type 
consists of a large, hollow sphere with a smooth surface which is 
coated evenly with white paint. The diameter of the sphere should 
be large in comparison with the lamp to be tested, certainly not less 
than six times the diameter of the bulb of the lamp. When a lamp 
is placed inside the sphere the light is diffused in such a manner 
that the resulting illumination is uniform over the whole of the sur- 
face, the result of this being that, if a small window is arranged in 
the sphere, the illumination of this window is proportional to the 
M.S.C.P. of the lamp. 

Consider the lamp placed at any position S , in the sphere (Fig. 440). 
The flux from S reaching any small area A S produces a certain 
illumination. Light is reflected and diffused at the surface A S, which 
in consequence becomes a secondary source of light. Let aF be 
the flux reaching a S directly from the source, then the luminous 
intensity along the normal to A S is equal to K . A F, where K is a 
constant whose value is fixed by the nature of the interior surface 
of the sphere. Now ^consider any point P on the sphere. The 
illumination of a surface at P due to the reflected rays from A 5 is 
for normal incidence 


K . aF 
a? 


. cos 6 
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But as is shown in the figure, the normal to the surface at P makes 
an angle 0 with the incident rays, so that for the actual illumination 
at P, due to the light reflected from A $, we have 
K . aF 

. cos 6 . cos 0 



X 2 

K 

• A F 


X* 

K 

• A F 


ar 


4 r 2 


This is independent of x , proving that all small areas such as AS 
which receive an equal flux from the source S produce identical 
illuminations at the point P. Hence, since P is any point, we see 
that the illumination at any point due to light reflected fro'm the 
surface of the sphere is uniform. But by taking all the elementary 



surfaces A S we include the total flux of light from the source 8, 
and therefore the illumination at any point of the sphere due to 
reflected light is proportional to the M.S.C.P. 

The window where the observation is made must, therefore, be 
screened from direct rays as indicated in Fig. 441. The sphere 
is made in two halves, one of which is fixed and the other movable 
on rails so that different lamps can be easily inserted and the surface 
inspected periodically. 

The sphere photometer is naturally very expensive, < especially 
when very large, and therefore when very accurate results are not 
required a cubical box, as first suggested by Dr. Surapner, can be 
used instead. The box has to be perfectly white on the inside and 
the surface uniform, as in the case of the sphere photometer, and it 
is used in exactly the same way. It is found that the cube gives 
very good results when the lamps under t^st have similar light 
distributions. If it is necessary to compare lamps with distributions 
which are not similar, it is necessary to obtain a correction factor 
for each distribution, and when this is done the measurements fere 
of a high order of accuracy. 
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7. Incandescent Lamps* The bulbs of incandescent lamps are 
evacuated for two reasons, first to prevent the filament burning 
away, second to prevent the lowering of temperature of the filament 
through convection. 

There is a definite relationship between the diameter of a given 
filament and the current. Consider a filament working at a fixed 
temperature ; then the power intake of the filament will be equal to 
the rate of dissipation of heat, chiefly by radiation. 

Power intake = PR = Px -& 

where l and d are the length and diameter respectively. 

Now, the heat radiated per second 

= Surface area X K X F(t) 

where K is the emissivity of the filament. F(t) is a constant only so 
long as the temperature t is constant. 

Equating the intake to the rate of radiation of heat, we have 

/* X ^ x JT x F(t) 

7TO a 

P x L = A x dl 
a* 

where A is a constant. • 

/. d = B X VP or I = U X d l t 

where B and C are constant. Note that similar expressions hold 
for the fusing current of a wire of given material under stated 
conditions. 

Again, for filaments at the same temperature, the flux per unit 
area is the same. Hence 

Candle-power = D X surface area 
= Dx Id 

where D is another constant. 

The materials used for the filaments of incandescent lamps are 
carbon, tantalum, and tungsten, the latter now being the most 
important. Carbon vaporizes at 3,600° C., but the working tempera- 
ture is much lower than this, otherwise particles would be driven 
off at a very high rate ; the bulb would blacken and the life of the 
lamp would be short. Because of the comparatively low tempera- 
ture of the filament, a large electrical intake is required to produce 
a given^candle -power /or in other words, the commercial efficiency 
is low. This efficiency is usually expressed in watts per candle- 
power, that is, more strictly speaking, the inefficiency. For carbon 
filament lamps the value is about 3}. Carbon filament lamps have 
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a negative temperature coefficient, that is, their resistance decreases 
with increase of temperature. The resistance at working tempera- 
ture is about ? times the cold resistance. 

Tantalum has a melting point of 2,800° C. Its specific resistance 
cold is 16*5 microhms per cm. cube, and, at the working temperature, 
about 38 microhms per cm. cube. Its temperature coefficient is 
therefore positive, and has w a value of 0*00234. Tantalum lamps 
have an average efficiency of 1*6 to 1*7 watts per candle-power; 
they are now largely superseded by tungsten lamps. 

Tungsten has a melting point of 3,400° C., a specific resistance 
of 6 cold and 70 at the working temperature. Its temperature 
coefficient is 0*0051. These are average figures, as there are several 
processes of preparing tungsten filaments, and the electrical properties 
depend on the nature of the process. Tungsten is extremely hard 
and difficult to work, and the early filaments were very fragile and 
variable in performance. The most recent method of preparing the 
filament is as follows. Chemically pure tungsten oxide is reduced 
at red heat in an atmosphere of hydrogen to tungsten metal. 
The tungsten is obtained in the form of a grey powder, which is 
next pressed in steel moulds under hydraulic pressure into small 
bars. These bars, which are very fragile, are then heated to a 
temperature of 1,100° C., again in an atmosphere of hydrogen, and 
the particles “ sinter ” together, thereby imparting a certain 
amount of mechanical strength to the bars. They are next raised 
almost to the molting point by passing ‘an electric current through 
them, this process producing a mechanically strong bar. The 
metal is still of insufficient ductility to be drawn into filaments, 
but thia quality is imparted to it by hammering or rolling at red 
heat. The efficiency of a tungsten filament lamp is about 1*2, the 
superior operation being due to the possibility of a higher working 
temperature. 

8. Gas-filled Lamps. It was stated that the filaments of 
incandescent lamps are worked in a vacuum. Although this holds 
for lamps of ordinary construction, there is now in common use a 
44 gas-filled ” lamp. A metal filament worked in an evacuated 
bulb must not exceed a temperature of about 2,000° C., or the metal 
will volatilize quickly and blacken the bulb. For a high efficiency 
it is necessary to use a working temperature much greater than 
2,000° C., and to make such a temperature possible, it is necessary 
to keep down evaporation. This is done by filling the bulb with 
an inert gas, argon, with a small percentage of nitrogen. This latter 
gas is added to reduce the possibility of arcing. In some high wattage 
projector lamps in which the tungsten coils are very close together 
the gas is all nitrogen. The presence offgas molecules causes 
convection currents, but it is found that these can be reduced to a 
minimum by winding the filament into a very close spiral and 
suspending it horizontally. The bulb itself hangs vertically, and 
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in the large sizes is provided with a neck into which convection 
currents carry any particles from the filaments. Hence, blackening 
only takes place in the neck, and the candle-power in directions 
below the horizontal is unimpaired. The efficiency of these lamps 
is much higher than that 
of ordinary lamps, be- 
cause of their higher 
working temperature. 

An average value is 
0-6, hence the name 
“ half watt ” lamps.* 

9. Life of Incandes- 
cent Lamps. The life 
of a carbon filament 
lamp*is ended when its 
candle-power is reduced 
to 80 per cent of the 
original value, because it is then cheaper to replace the lamp than 
continue working with the old one. The average life of the carbon 
lamp is 800 hours. Lamps of all kinds experience an increase in 
candle-power during the first few hours of working, as shown by 
the curves in Fig. 442. This initial increase is due to consolidation 
of the filament, and after it has taken place there is a gradual 
deterioration in candle-power, due partly to slow vaporization of 
the filament, and partly tp the absorption of light by the black 
deposit formed on the inside of the bulb. The falling off in candle- 
power is slower for metal filament than for carbon filament lamf>s, 
and since the metal filament is more fragile, the life of these lamps 
is usually ended by breakage. 

The term “ smashing-point ” is used to denote the percentage of 
initial candle-power to which the lamp should be allowed to decline 
before it is replaced, the falling off in candle-power beyond this 
point causing the efficiency to be so poor that it is cheaper to take the 
lamp from service and buy a new one. The smashing-point is gener- 
ally taken as 80 per cent, although when tests have been made it has 
been found that lamps generally fail before this point is reached. 

10. Effect of Variations in Voltage on the Operation. The candle- 
power can«be expressed as a function of the voltage E in the form 

C.P. oc ET 1 

where n t is about 6 or 7 for a carbon filament and 4 or 5 for a 
metal filament. The difference in behaviour in the two types of 
lamp is due to the fact that the temperature coefficient of carbon 
is negative, so that if E increases the resistance decreases, and 
the percentage increase in current is therefore greater than the 

• In the “ ooiled-coil ” gas-filled lamp a single helix is coiled again on itself. 
Thit arrangement gives a slight increase in the candle-power per watt. 
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percentage increase in E . The temperature coefficient of metal 
filaments being positive, the percentage increase in current is less 
than the percentage increase in E. 

We also have the relationships 

c.p. oc r* 

where n a is about 5 for both carbon and metal filament lamps. 
And power W oc /" 3 where n 3 is about 2*5. 

Hence, dividing, we have 

Watts per C.P. oc /-*•» 

Hence, an increase in the current produces a very large decrease 

in the watts per candle- 
power, and therefore, an 
indrease in efficiency. The 
life of the lamp is consider- 
ably reduced by doing this 
because of the increased vap- 
orization of the filament, and 
it is therefore not commer- 
cially economical. 

11. Selective Emission. 
We have seen that incan- 
descent bodies emit radia- 
tions of very different wave- 
lengths and frequencies. 
From the point of view of 
light giving, the only useful 
radiations are those whose 
frequencies are comprised between the narrow limits of 4 X 10 14 
per sec. (red) and 8 X 10 14 (violet). All other radiations are 
outside the visible spectrum and therefore represent so much wasted 
energy. The theoretically ideal radiator, known as a “ black 
body,” is one which absorbs all the radiation which falls upon it. 
If such a body is radiating energy, then, for a given temperature, 
the energy radiated per unit area of surface is a function of the wave- 
length of the radiation as shown by Fig. 443. It is clear that if 
the body is emitting radiations up to the wavelength OA, the 
total energy of all the radiations emitted will be represented by the 
area under the curve bounded by the limits oo and A. If OM 
and ON are the extreme visible wavelengths, the whole of the 
visible spectrum being included in the band M N, then tlie total 
energy radiated as light will be represented by the shaded 
area. The radiant efficiency of a black body emitting ray§ of 



Fia. 443 



ILLUMINATION 


531 


all lengths up to OA will thus be equal to the ratio : Shaded area, 
divided by total area between the limits oo and A. With most 
bodies, the shape of the curve is identical to that for the black 
body, the lengths of ordinates to the two curves at different wave- 
lengths being in the same proportion. The curve for an ordinary 
body, or 44 grey ” body as it is called, is therefore as shown by the 
dotted curve, and the radiant efficiency will be the same as for a 
black body. There are certain bodies whose radiation charac- 
teristics differ considerably from that of a black body, the per- 
centage of energy radiated at Borne particular wavelengths being 
greater than the percentage of the $nergy radiated at the same 
wavelength by an ordinary body. Such a body is said to have 
44 selective emission.” If the selection occurs within the visible 
spectrum the characteristic will be similar to that represented by 
curve III. The radiant efficiency of such a body is obviously greater 



with the temperature. 

12. Requirements lor Filament Materials. The most important 
factor in determining the material of which to make the filament of 
a lamp, is the temperature at which the filament can be worked. 
Tungsten has the highest melting point of any of the materials so 
far used, and for this reason it is now used almost exclusively, 
especially as a satisfactory manufacturing process has at last been 
evolved. The working temperature is also determined by the 
amount of vaporization which takes place. Carbon actually has a 
higher melting point than tungsten, but its working temperature 
is limited to about 1,800° C. because of the rapid vaporization at 
temperatures greater Mian this. It thus appears that vaporization 
is even" more important than melting point. The gas-filled lamp 
has been introduced in order to keep down vaporization and to 
enable filaments to be worked at much higher temperatures than 

la— (T.5432) 24 pp. 
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are possible in vacuo. It can be stated in general that the ideal 
filament material is- one having a high melting point, a low 
vapour pressure, high specific resistance, ductility, and mechanical 
strength. 

13. Discharge Lamps. When dealing with filament lamps we 
saw that the efficiency of the lamp could be increased by raising 
the temperature of the filament. The obvious limit to the tempera- 
ture is the melting-point of the material; but the practical limit 
is appreciably below this, because a high temperature is associated 
with a short life. Again, even at high filament temperatures only 
a small portion of the energy emitted appears as visible light: 
a very little is given out in the ultra-violet region, but by far 
most of the energy is given out in the infra-red region, as is shown 
in P'ig. 443. Now, an ordinary incandescent lamp gives a continuous 
spectrum, i.e. there is present light of every colour, and there .are 
no gaps in which there is no radiation. This is due to the fact 
that with solids the atoms are so closely packed together that they 
are unable to radiate the frequency characteristic of their free 
state, as for example when the atoms are widely separated, as in a 
rarefied gas, and can therefore radiate without interference from 
one another. As a result of the continuous nature of the spectrum 
the ratio of the energy emitted as visible light to the total energy 
emitted is given by the ratio of the shaded portion to the tolal 
area under the curve. With a modern coiled-coil lamp this ratio 
is only about 10 per cent, showing that in order to obtain any 
appreciable gain in efficiency it is necessary to break away from the 
trkditional heated-filament lamp and adopt some other principle. 

This -principle is available in the discharge lamp, in which the 
light is obtained from a luminous column of rarefied gas or vapour. 
Furthermore, this luminous column is not heated to a high tempera- 
ture, but is excited electrically. In order to appreciate the meaning 
of this consider the nature of the electrical discharge through a 
rarefied gas or vapour. These phenomena are similar to those 
already studied in the case of the mercury-arc rectifier. Electrons 
travel from the cathode to the anode, and under the influence of 
the potential gradient they acquire a velocity, and therefore a 
kinetic energy, dependent upon the length of the mean free path. 
While in motion they will collide with gas or vapour atoms, and the 
result of the collision will depend on the kinetic energy of the electron 
just prior to the collision. One of three things can happen. Firstly, 
if the kinetic energy is small, the electron will bounce off the atom 
and there will be little result beyond a possible change of direction. 
Secondly, if the kinetic energy is sufficiently high, the impact will 
be sufficiently great to displace one of the ‘electrons of the atom 
from its normal orbit to another orbit round the positive nucleus. 
The atom is then said to be in an excited state and light of a certain 
wavelength will be emitted, the wavelength depending on the 
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change in the orbits of the electrons round the nucleus. The lowest 
kinetic energy to produce excitation raises the atom to what is 
called the first excited state, and if the colliding electron has this 
amount of energy it will leave the atom with zero velocity. If the 
energy before collision is greater than this, then the electron will 
leave* the atom with a velocity corresponding to the excess. energy, 
or, if the excess energy is sufficiently great, the atom will be raised 
to what is called its second excited state and light of another colour 
will be emitted. Hence the emission of light corresponds to the 
absorption by the atom of definite amounts of energy from the 



colliding electron; therefor^ the spectrum, instead of being contin- 
uous, as with an incandescent solid, will he a line spectrum, each 
line corresponding to one of the excited states of the atom. • 

Thirdly, if the velocity of the colliding electron is sufficiently 
high, it will remove an electron from the atom of gas or vapour so 
that an additional free electron is produced and also the atom 
becomes preponderating^ positive : in other words it becomes an 
ion. This process is called ionization. Since 1 , with each collision the 
number of electrons is increased, the process is cumulative and as a 
result it is characterized by the passage of heavy currents, unless 
there is some limiting device such as a resistance or a choke. In 
the case of sodium the atomic energy necessary for ionization is 
just over 5 clcctron-volts. 

Let an electron having an initial velocity of zero travel between 
two points having a P.D. of 1 volt. Then it will acquire a definite 
kinetic energy which is defined as the electron-volt. In the case of 
sodium vapour an energy of 2*1 electron-volts in the colliding 
electron will be just sufficient to raise the atom to its first excited 
state, and light of wavelength 5,800 Angstrom units* is emitted. 
This gives the characteristic yellow light of sodium vapour. If the 
electrort has a kinetic energy of 3- 18 electron-volts, then the atom 
is raised to its second excited state, and there is an additional 

* • The Angstrom unit is one ten -millionth of a millimetre. 
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emission corresponding to a wavelength of 11,404 Angstrom units. 
This is not within the visible spectrum and is therefore of no value 
from the point of view of light-production. 

In the case of mercury vapour, light is emitted at 'several fre- 
quencies in the visible range, the general colour being bluish-green 
or bluish- white, according to the vaClue of the vapour pressure. 
The spectrum of mercury vapour is given in Fig. 445, the lengths 
of the lines representing the energy at each wavelength. The 
point to notice is that the energy emitted in the visible region is a 
greater proportion of the whole than in the case of a filament 
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lamp, and in consequence a mercury-discharge lamp is more efficient 
than an incandescent lamp. Thus a mercury-discharge lamp of 
400-watt size will have an initial efficiency of 45 lumens per watt, 
while a gas-filled lamp of the same lumen output will have an effi- 
ciency of about 18 lumens per watt. In the case of the sodium lamp 
the efficiency is even better, the 150- watt size having an initial effi- 
ciency of 64 lumens per watt. 

The relative intensities of the radiation at the characteristic 
wavelengths depend on the pressure. In the case of sodium there 
is a very strong yellow line at low pressure, but if the pressure is 
increased the radiations in the invisible regions increase while the 
visible yellow decreases. Thus the sodium-discharge lamp is, of 
necessity, a low-pressure lamp. With mercury, on the other hand, 
a rise in pressure causes a greater proportion of the total radiation 
to take place in the visible spectrum, so that increased pressure is 
accompanied by increased efficiency. Thus, for industrial ‘and street- 
lighting purposes the mercury-discharge lamp operates at a pressure 
of about one atmosphere. 

An examination of the mercury-vapour spectrum shows that 
there is a very strong line at a wavelength of 3,650, and therefore 
just within the ultra-violet region. The wavelength is thus too 
short for visibility. There are some materials which have the 
property of fluorescence, that is, they can absorb radiatibn of a 
certain wavelength and re-emit energy at a longer, and visible, 
wavelength. By coating the lamp container with such a material 
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invisible radiation is converted into visible radiation with corre- 
sponding gain in the efficiency. Also, by a suitable choice of fluores- 
cent material, based on the colour of the light emitted by this 
material, it is possible to correct the colour of the mercury-discharge 
lamp yi such a way as to reduce the predominance of the blue. 

One form of mercury-discharge lamp consists of a hard-glass 
tube containing argon at low pressure and a little mercury. There 
is an electrode at each end and also an’auxiliary starting electrode 
at one end. This tube is supported centrally in an outer glass tube, 
the space between the two tubes being exhausted so as to prevent 
inadvertent condensation of mercury^ due to the formation of cool 
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places on the inner tube. This construction is shown in Fig. 446. 
When the lamp switch is closed, the full voltage is applied between 
the auxiliary electrode and the adjacent main electrode. This is 
sufficient to break down the small gap, and an argon discharge takes 
place. This discharge sets up sufficient ionization for the discharge 
to spread between the two main electrodes, after which there is 
sufficient ^heat production to vaporize the mercury and so permit 
the required mercury-vapour discharge. In order to limit the 
current at the starting electrode a high resistance of about 50,000 
ohms is placed in series with it. Since the discharge is in the nature 
of an arc, the lamp has a negative temperature coefficient and it is 
therefore necessary to use a series resistance or reactance, the latter 
being usual because of the energy loss in a resistance. In the G.E.C. 
“Osir^” lamp there 16 no starting electrode, the full supply voltage, 
which is applied to the electrodes at the moment of starting, being 
sufficient to cause the discharge in the rare-gas filling. There is an 
initial switching surge which lasts for a few cycles only, after which 



636 ELECT RICA L TECHNOLOG Y 

the current in the cold lamp will be of the order of twicfe the normal 
current, this current being attained after a few minutes. The 
connection diagram is shown in Fig. 447. The condenser is included 
in the circuit for the purpose of improving the power factor. 

The mercury lamp is a cold- cathode lamp, since the cathode is 
maintained in an incandescent state l>y ionic bombardment, as in 
the case of the mercury-arc rectifier. In the case of the sodium 
lamp this is not possible, find therefore the lamp must be of the 
hot-cathode type. The circuit therefore includes a step-down 
transformer for cathode heating, in addition to the stabilizing 
choke. In order that the larnp may be self-starting, the sodium 
lamp also has a filling of neon or argon, and, after switching on, the 
discharge takes a few minutes completely to change over to the 
sodium discharge. The essential connections are shown in Fig. 448. 

The starting characteristics of a discharge lamp are, in some 
ways, analogous to those of a D.C. motor. At the moment of switch- 
ing on, the back voltage of the arc is not established and the current 
is limited bv the series choke. As ionization proceeds, the are voltage 
rises and the current falls. Thus in the ease of a 230 volt, 400 watt 
mercury-vapour lamp the starting current is 5-5 amperes and the 
arc voltage 1 5. After about seven minutes the lamp has settled down 



to steady state conditions, and the current has fallen to 3 amperes 
while the arc voltage has risen to 145. 

As with all A.C. arcs an approximately sinusoidal current gives 
rise to a flat-topped arc voltage, but so far as the expression can be 
applied to two quantities of different wave forms, the arc voltage 
is in phase with the current/ The drop across the choke is in quad- 
rature with the current, and therefore the voltage triangle whose 
sides represent the applied voltage F, arc vditage F c , and choker 
drop V x , will be right-angled, having V as the hypotenuse. The 
vector diagram for starting and running conditions for the aboye 
400 watt lamp will therefore be as shown in Fig. 449. 
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Examples ov Chapter XXV. 

( 1 ) A lamp gives 30 c.p. in overy direction. Draw a curve showing the illum- 
ination produced on the floor of a room if the lamp is 8 ft. above the floor. 

(2) What considerations determine the best height of suspension when a 
number of similar arc lamps aro to be used for street lighting and open spaces T 
A single arc lamp is such that, when suspended with the light source 22 ft. 
above the ground, it produces afi illumination / on the ground, which varies 
with the distance d , reckoned from the foot of the lamp as follows — 

If d is 0, 10, 20, and 30 ft., the corresponding values of 1 aro 1-8, 1*7, 1*5, 
and 1*2 foot-candles, while for values of d from 40 to 100, the values of I may 
be assumed given by the equation / — 1-4* 0-0 Id. 

Draw a curve for the above illumination, ami another curve for it when the 
lamp is raised 8 ft. (London Univ., 1913.) 

(3) Define (a) illumination, (6) luminous flux, and (r) brightness of a 
luminous surface. State the units in terms of which these quantities are 
expressed. In what respect does the reflecting action of a diffusing surfaie 
differ from that of a mirror ? 

A lArge area is illuminated by a number of lamps each placed 12 ft. above 
the ground on posts erected all over tho area, so as to stand at the corners of 
squares of f>0 ft. side. The candle-power of each lamp is 300 and may be 
'assumed uniform. Calculate the illumination of the ground (a) at the baHe 
of each lamp, (b) at the centre of oaeh square, and (c) as an average for the 
whole area. (London Univ., 1914.) 

An*. — (a) 2-20; (&) 0-36; (r) -75 candle-feet. 

(4) A metal -filament lamp has tho following light, distribution in a vertical 
plane, angles being reckoned from the vortical — 

Anglo - - 0 15 30 45 GO 75 90 105 120 135 150 165 

U.-p. 8 10 26 35 44 52 49 46 40 30 14 0 

Deduce its moan spherical candle-power and moan hemispherical candle- 
power for directions below tho horizontal. If the candle-power for all 
directions in the horizontal plane through tho lamp is constant at 49, find 
also its reduction factor. 

(6) Define carefully tho terms: mean horizontal candle-power, rftoan 
hemispherical candle-power, lumen, and luminous flux. Describe, with tho 
help of a sketch, tho method you would employ to determine the polar curve 
of illumination due to a large source of light, such as a “ half-watt ’* lamp, 
with its reflector, tho position of which is to remain fixed during your test. 
How would you find the moan spherical candle-power of tho light from tho 
readings taken T .(London Univ., 1915.) 

(6) If the filament of a 32 c. -p., 100 volt lamp has a length l and diameter d , 

calculate the length and diameter of the filament of a 16 c.p., 200 volt lamp, 
assuming that the two lamps are run at the same intrinsic brilliancy. 
(London Univ., 1916.) Am. — 1-25/; 0*4 d. 

(7) Describe recent improvements in the manufacture of metallic filament 
lamps. Find an expression connecting current and diameter of filament 
for a givefi maximum temperature. (London Univ., 1912.) 

(8) Describe the half-watt gas-filled metal filament lamp. What conditions 
affect the efficiency of such a lamp, and how may the efficiency in candle-power 
per watt be determined ? (London Univ., 1922.) 

(9) Compare the effects of variable pressure of supply on glow lamps with 
carbon filaments, and on those with filaments of metal such as tungsten, as 
regards (a) fluctuations in light ; (6) probable influence on the life ; (r) fluc- 
tuations in the current flowing through. (London Univ., 1908.) 

(101 Find the fieight*at which a light having uniform spherical distribution 
should be placed over a floor in order that the intensity of horizontal illumina- 
tion at a given distance from its vertical centre line may be the greatest. 
(London Univ., 1911.) 

Ana . — h = *707 2, where l — distance from vertical centre line. 
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Inductance of a pair of parallel conductors 
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3. Capacitance— 
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Electrical Oscillations - 

E.M.F. equation of an oscillatory circuit having an E.M.F. impressed on it, 
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For the discharge of a condonser. 
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(c) if 
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Rise of voltage at a condenser charged through a resistance 
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Formulae for self induction of an armature coil under different 
conditions. 
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Spaed of ahunt motor for any armature ourrent /, 
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Time required to attain full s£eed, 

/ 20 tc A \ Km 

x p) x ~ 

8. Direct Current Distribution — 

K 

Efficiency of transmission =» ~ 

Losses in feeder =- 21*11 

Differences in voltages on two sides of a tliree wire system with 
, balancer, E 2 -E l = HJ,Ii-l t ) . . . . .163 

Total annual financial loss 


, =£(V« + !) 168 

Drop in distributor fed from one end * 

- £(ilt) 172 

Drop in uniformly loaded distributor fed from one end 

= ±TR . . . . . . . .177 

Drop in uniformly loaded distributor fed at both ends 

= IIR 177 


136 


159 

159 


9. Testing of D.C. Machines — 

n 




dm 

W — Im X *37 X 10' 7 watts 
at 

— 0*0109 watts 

at 


179 

186 

186 


10. Electrolysis — 

w — tit 


Efficiencies of on accumulator. 


Quantity effic. 
Energy effio. 


Discharge ourrent x time * 

Charging current X time 
Discharge ourrent X volt-hours of discharge 
Charge current X volt-hours of oharge 


198 

202 

402 
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11. Alternating Quantities : Laws of Alternating Current Circuits — 


T 


' - W" "* y . 

= ‘ un 

Form Factor = ^effl^av ..... 

Inductance Reactance — Lo) ...... 

(Impedance) 1 = (Resistance)* -f (Reactance)* 

Power, W' = 727 cos tp ..... . 

Power factor *= cos 97 . T 

Capacity reactance = IfCa) ...... 

In ft circuit with resistance, inductance, and capacity in series, 

X ««= Lw - ~ ...... 

Cw 


Power factor 


aA” *- 


Frequency for resonance, 

. _L /X 

7 2n / v lc 

For a circuit consisting of parallel brandies, 

-= — — + ... (vector sum) 

or Y ** A x + A t + A 9 + . . . (vector sum) 

H 

Conductance, g = -^-mhos. .... 

ij* 

Susceptance, 6 =*= -=z mhos. ..... 

• 0 — 0i + 9t + </• + 

b = &i + 4- &i + • • • 

Y «. Vfi~+U 

Total .current, 1 ^ E X Y 

Power in balanced two-phase circuit, IF ■* 21£/ cos <p 

Power in balanced three-phase circuit, W » V3EI cos 9 ? 

Powtr factor of balanced three-phase load = cos <p, where 

W. - W t 

tun w “ ^3 ^ + W t .... 


Susceptance, 
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12. Static Transformers— 


PAGE 

Transformation ratio 



= E t fE l . • a . . 

0 • 

263 

- 4-44 <t> m „ NJ x 10 * . 

. 

263 

A, = 4-44® maae iV 1 /x 10* . 

. 

263 

Component of primarj' no load current 1 0 , 



E x lx> 10* 

" “ 87tMJV,V 

. 

264 

, _ + M'. 

E x ' 

. 

264 

W h = X 10 T watts . 

. 

264 

W', « 13-6 x watts 

. 

266 

„ /, 2V. 

Current ratio, -=* =* ~ approx. 

I , N t 

• • t, 

267 

Drop of secondary volts on load 



« { {K t Ii l + Ii t ) cos (p + (K*X x + X t ) sin tp } 7 a . 

266 

Equivalent resistances and reactances, 



*• - *■ + • • • 

• * 4 

270 

*■- *■ + (!;)[*■ • ■ ■ 

. 

270 

. R, - II, + . . . 

• • e 

270 

- x. + (*)■*, . ■ . . 

• • • 

270 

Percentage regulation 



~ X 100 . . ’ . 

o E t 

. 

272 

Output in kilowatt hours 

All -day effio. - T — — p- — -r 

Intake in kilowatt hours 

• • 

276 

Ordinary effio. = ^r-= fr, 

cos y 4" R|^i 4" 11 < 

. 

277 

For maximum effic., Rj/t 1 =* W\ 

Heating- time curve, 

. 

277 

ir - 

0 ** gr -f A . « n . 

« 

289 

flm “ B * (1°), 

• 

290 

• 

i 

290 

Weight of copper on auto- transformer ^ ^ 

Weight of oopper on ordinary transformer 

• • « 

203 
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18. The Alternator 


Np 

1 " 120 


+ (y. 


Percentage regulation 


Bin *»| 

Breadth factor, A:. = 

m sin ^ 

E e = 2k l k i <pZf X 10 1 . 

14. Synchronous Motor— 

AT _ 1ST 
P 

Frequency of oscillations of phase swing. 


i. /El 

- 2tt x ViirzJ 


15. Induction Motor- 

Absolute slip - 


— COj - o», 
_ £l>! - U) a 


Fractional slip = 

O' i 

Percentage slip = — — X 100 


Rotor copper loss ... 

Percentage slip = jfajH X 00 

r oc 

1 R t * + o'XS 

R t 

Starting torque OC i ' Ij. 

Slip of main motor when working in cascade with a second motor, 
”P» 


"Pi + Pi 


16. Rotary Convertor- 

A.C. volts a 
D.C. volts 


. sec w 

m * 


PR los3 when acting as rota ry 
I 9 R loss as a plain D.C. machine 


i 16 , 8 . 
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17. Motor Convertor 
O 


Ni 


N x + Nt 

18. Mercury Arc Rectifier - 


X (O a 


E 


m Tc 

. - - . sin - 

x m 


vo = V* n, 

Ir.m.8. — 1 D o 

Vm 

E' 

With grid control , D0 = 
^dv 


10. Single Phase Series Motor— 

Cos tp 




20. Complex Wave Forms - 

General expression. 

e «« K x sin cut -f E % sin(3 wt 4* tp a ) -f E a sin (6 wt -f- q> b ) f* 

= ^E x tt1 x + E { 


*•// 


nil 


1 + Fj nu x + 


or 0-707 Ve x * 4- A’ a * + V 4- 
Effeotive reactance of a purely inductive circuit 


Leu 


I Ay + g,« + Ay + . . . 

V*, + ^ + f + .7. 


Effective reactance of a condenser 


Condition for selective resonance with the nth harmonic. 
1 


nZ/co = 


nCa> 


416 

427 

428 
433 

449 


465 

466 
466 

466 


_L V J E ' + V + K' + ■ ■ ■ ... 

Cui V + 9A’ t * + 26 &’,» + . . . ' ' 


Power factor 


V E X % cos Vi + cos*^, -f- T^ 1 cos 1 ^* 4- . • 

e?-+es 4 . mt+t: t 


Frequency of tooth ripples, 

(2a 4- l)/ and (2a - 1)/ 

(.. 1 




r 


h ^ V^orm factor/ 

21. Economical Limit of Power Factor Correction — 

cos tp % - cos <p x 


b 

a (sin <p x - sin <p 9 ) cos tp x 


467 

469 

475 

476 

491 


22. Correcting Factor of Wattmeter Working in an Alternating Current Circuit— 

True readin g cos 0 1 , 

Actual reading cos q> cos (0 - ip) 

1 4- tan 1 <p 
*"l4- tan 0 tan tp 
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FA OB 

28. Measurement of Power by Three Voltmeter and Three Ammeter Methods — 


w « | (/,* - V - /,*) 512 

24. Illumination — 

d = B X x//« 527 

J c X cf l-i 627 

Candle-power — D x Id . . . . 627 

Candle-power oc i’" 1 . . . • • 629 

Candjp -power OC i"* 630 

W oc J n * 530 

Watts ppr p.p. oc /'*•* ........ 530 




INDEX 


Accumulators, lead acid, 109 

, alkaline, 204 

, efficiency of, 202 

, testing of, 20 1 

Admittance, 226 
Ageing of magnets, 22 
Air gap, 79 

Alternating quantity, 209 

- — , graphical representation, 

212 

Alternator, polyphase, 2 12 

- , simple, 209 

, single phase, 20 5 

Alternators, parallol operation of, 
329 

Ammeter, induction type,. r 4)7 

, moving coil, 499 

, iron, 497 

Ampere, xi 

turns, 6 

Anions, 197 
Anode, 1 96 
Armature, 80 

reaction, in D.C. generators, 99 

, , motors, 124 

, in alternafors, 21 .7 

windings, direct current, 84 

, single- phase, 306 

, polyphase, 309 

, lap, 84 

1 wave, 84 

Asynchronous generator, 390 
Auto -transformer, 294 
Automatio voltage regulators, 33 8 
Average value of a sinusoidal wave, 
211 

Back E.M.t., 120 
Balancer, 164 
Ballistic method, 18 
Battery booster, 167 
Baur’s Law, ix 
Behn -Esc hen berg, 314 
Bohr theory, 44 
Booster, 165 

, making, 170 

, synchronous, 413 

Bojicherot, 373 
Branched circuit, 228 
Breadth factor, 321 


Bridgo network, A.C., 240 
Brightness, 519 
Brush gear, 82 
Brushes, carbon, 82, 103 
— position of, 84, 86, 98 

Candle - power, mean hemispherical, 
5 1 9 

, horizontal, 518 

, spherical, 519 

, measurement of, 520 

Capacitance, xn, 52 

circuit, 219 

Carcei lamp, 52«» 

Cascade control, 366 

, with commutator motor, 

369 , 

— rotary convertor, 368 

Cathode, 196 

• ray oscillograph, {79 

Cations, 197 

Characteristic, mechanical, 126 
Characteristics of D.C. generators, 
109, 110, 111, 112, 1J3, 
114 

of D.C motors, 126 

of accumulators, 202 

of alternators, 316 

of induction motor, 349 

Chemical equivalent, 19S 

Circle diagram, determination of, 38 1 

of induction motor, 377 # 

of single - phase series 

motor, 390 
Commutation, 100 

, linear, 100, 103 

, over, 100, 10 1 

, selective, 92 

, under, 100, 101 

Commutator, 82 
Compensating winding, 1 02 
Compensation of A.C. commutator 
motors, 4 44, 419, 453 
Complox waves, 465 

, effective value of, 465 

, power conveyed by, 468 

Compound wound generator, 114 

motor, 130 

Condenser, charge and discharge of, 
67 


549 
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Condensers, 488 

systems of, 61 

Conductors, systems of, 39 
Conductance, 226 
Controller, 135 
Convertors, motor, 416 

, rotary, 395 

Core, armature, 80 
discs, 80 

Correction of wattmeter, 245 
Coulomb’s law, 47 

theorem, 51 

Crawling, 356 

Critical resistance, 110, 112 
Current unit, xi 

, rise of, in inductive circuit, 30 

, decay of, in inductive circuit, 3 1 

Cycle, 209 

Dampers, 344, 408 
Demagnetizing force, 22 
Dielectric, 72 

strength, xiv, 74 

D.C. machines, testing of, 181 
Discharge lamps, 532 
Disruptive strength, xiv 
Dispersion coefficient, 378 
Distribution, direct current, 159 
Distributors,* volt drop in, 175 
Doubly fed motor, 453 
Drop of volts, If) l 

, in three-phase line, 257 

D&ddell oscillograph, 478 
Dynamometer instruments, 501 

Eddy currents, 80, 264 
Effective value, 211, 465 
Efficiency of D.C. machines, 116 

of transmission, 160 

, radiant, 518 

— — of incandescent lamps, 527 

of accumulators, 202 

of transformer, 277 

, all -day, 276 

Electric fields, 44 r 

oscillations, 69 

Electrical resonance, 224, 229, 467 
Electro-chemical equivalent, 200 
Electrode, 196 
Electrolysis, 167, 196 

, laws of, 197 

Eleotromagnet, lifting power, 10 
Electromotive force, production of, 26 

, dynamically induced, 26 

, mutually induced, 29 

, self induced, 28 

, statically induced, 27 


Electromotive force, unit of, xi 
Electron-volt, 533 
Electrostatics, 44 
Electrostatic voltmeter, 503 
Elihu Thomson meter, 507 
Elliptical magnetic field, 452, 
E.M.F., dynamically induced, 26 

equation, of D.C. machine, 93 

, of alternator, 320 

, of transformer, 262 

self-induced, 28 

statically induced, 27 

Energy of oloctric field, 66 

, of magnetic field, 16 

Entz booster, 168 
Epstein’s iron testing apparatus, 285 
Equalizer connections, 90 t 
Expedor, 457 

Farad, xii 

Ferranti meter, 505 

Field control of D.C. motor, 141 

magnet, 78 

, calculation* of, 79 

Field’s test, 193 
Filament, carbon, 527 

, tantalum, 527 

, tungsten, 527 

materials, requirements for, 530 

Fleming’s hand rule, 26 
Flux, electric, 46 

, magnetic, 6 

, of light, 518 

Form factor, 212 

, influence on iron loss, 475 

Frequency, 209, 305 
Full-wave rectifier, 420, 436, 440 

GAS-filled lamps; 528 
Gauss’s theorem, 51 
Generator and battery, 156 

, induction, 390 

Generators, direct current, 78 

in series and in parallel, 

149 et aeq. 

Grid control, of rectifier! 428 

Half- wave rectifier, 420, 437, 441 
Harcourt pentane lamp, 521 
Heating, time ourve, 288 
Heffner lamp, 521 
Hobart's rule, 101 
Hopkinson «test, 188 
Hot-cathode rectifier, 435 

wire instruments, 502 

Hunting, 330 
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Hysteresis, J4 

coefficient, 16 

loops, 14, 18 

loss, 17 

[lliovici permeamoter, 21 
Illuminhtion, 518 
Impedance, 218 

.synchronous, 314 

Incandescent lamps. 527 

, life of. 529 

Inductance, of a pair of parallel 
conductors, 35 
Inductive circuit, 216 
Induction density, 6 

motor, 347 

, circle diagram of, 377 

• — , magnetic leakage in, 383 

, methods of starting, 358 

, run as synchronous motor, 

374 

, speed control of, 364 

, torque of, 349 

•, mutual, 28 

regulator, 411 

, self, 28 

Instruments, electrical measuring, 4 98 
Insulators, xv 

Interpoles. on D.C. machinos, 102, 
126 

, on A.C. commutator r^otors, 

449 

Irreversible battery booster, 1 69 

Kapp regulation diagram/ 272 

vibrator, 488 

Kelvin's Economy Law, 168 
KirehhofTs laws, 39 
Kramer method of speed control, 369 
• 

Lambert’s Cosine Law, 520 
Lamps, discharge, 532 

, incandescent, 527 

, mercury -discharge, 534 

, sodium-discharge, 533, 536 

Leakage factor, 8, 79 
, magfJbtic, 8 

— - , *in induction motors, 383 

, , in transformers, 267 

Lenz’s Law, 28, 347 
Lifting power of magnet, 10 
Linkage, 28, 36 
Load equalizer, 145, 369 
Locking, magnetic, 358 
Logariyimio decrement? 72 
Lumen, 518 

Luminous intensity, 518 


Magnetic circuit, 6 

of circular conductor, 3 

of parallel conductors, 5 

of solenoid, 4 

field of straight conductor, 1 

strength, xi 

flux, 6 

leakage, 8 

1 locking, 358 

pole unit, xi 

Magnetism, cycles of, 14 
Magnetization curves, 13 

, determination of, 18 

Magnetomotive force, 6 
Magnets, permanent, 22 
Measuring instruments, 497 
Mechanical characteristic, 123 
Mercury arc rectifier, 407 

discharge lamp, 523 

Mesh connection, 241 
Meters, 494 
Microfarad, xi i 

Moment of inertia of armature, 
determination of, 183 
Motor convertor, 405 
Motors, direct current, 119 

, induction, 350 1 

, polyphase commutator, 370, 

455 

, single-phase comihutator, 444 

•, synchronous, 323 

Moving coil instruments, 500 
Moving- iron instruments, 498 
Mutual inductance circuit, 231 * 

induction. 28, 231 

, coefficient of, 29 

Ockenden, 304 
One-wattmeter method, 248 
Oscillations, electric, 69 

, free and forced, 70 

Oscillograph, Duddell, 479 
, cathode ray, 480 

Parallel operation of alternators, 
339, 476 

of rotary convertors, 415 

of transformers, 278 

Periodic time, 209 
Permanent magnets, 22 
Permeability, 6 
Permcameter, Illiovici, 21 
Phase, 212 

Phase advancers, 455, 486 

swinging, 330 

Photometer, Lummer Brodhun, 522 
, Trotter, 623 
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Pitch, winding, 83 
Polarization, 198, 20G 
Pole changing, 366 
Polyphase commutator motor, 464 

currents, 243 

, transformers, 296 

vector diagrams, 263 

Potential difference, unit, xi 

gradient, 64, 62 

Potier, 334 
Power, xi 

factor, 2 1 8 

correction, 486 

, economical limit«of, 

490 

, disadvantages of a poor, 

486 

meter, 303 

measurement, in polyphase cir- 
cuits, 247 
Primary cells, 206 

Radiant efficiency, 518 
Reactance, 216 
Reactance voltage, 100 
Rectifier, full-wave, 421, 437, 440 

-, grid control, 428 

, half-wave, 410, 437. 441 

— t~, hot cathode, 433 

, inverted operation, 431 

, mercury arc, 418 

, solid contact, 440 

, voltage and current relation- 
ships, 427 

Reduction -factor, 619 
Regenerative mothods of testing, 189, 
194, 286 

Regulation of alternators, 333 ct seq, 

of singlo - phase al tomato r, 

316 

Reluctanco, 7 
Repulsion motor, 460 

, compensated, 453 

, vector diagram of, 454 

Resistance of conductors, xiii 

, specific, xiii 

— , unit, xi 
Resistivity, xiii 

Resonance, electrical, 224, 22!), 467 
Retardation test, 185 
Rheostatic control, of D.C. motors, 
137 

, of induction motors, 364 

Rotary convertor, 395 

, armature heating, 402 

■ , inverted, 414 

— , — . 9 methods of starting, 408 I 


( Rotary convertor, parallel operation 
of, 415 

, si x- phase, 406 

- — , split pole, 4W 

, voltage and current ratios, 

396 

•. f regulation, 412 

Rotating fields, 300 
Rothort, 333 

Rousseau’s construction, 523 
“ Running down ” test, 185 

Sandwich windings, 262 
Sch rage motor, 463 
Scott transformation, 291 
Selective emission, 530 

resonance, 467 

Self excitation, 112 « 

induction, 28 

, coefficient of, 28 

Separately excited generator, 109 
| Separation of losses, 183 
! Series motor, 126 

j , testing of, 1 93 

' parallel control, 1 45 

repulsion motor, 453 

- - — wound generator, 109 
Shaded pole, 508 

Shell typo transformers, 263 
Short chord winding, 105 

cjrcuit, period of, 102 

Shunt motor, 128 

wound generator, 111 

Single-phase alternator, 305 

— commutator motors, 434 

induction motor, 391 

— series motor, 444 

1 circle diagram 

of, 444, 447 

* - , conditions neces- 
sary for good power 
factor, 448 

synchronous motor, 323 

transformer, 263 

Six -phase working, 406 

Skew coil, 309 

Slip, 347 • 

motor, Drysdale’s, 387 

Sodium-discharge lump, 533, 536 
Solid contact roctifior, 4 40 
Speed control, of D.C. Motors, 139 

, of induction motors, 364 . 

Split pole convertor, 413 
Squirrel -cage rotor, 348 
Star connection, 245 

point, 246 

Starters, for D.C. motors, 131 
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Starters, calculation of, 133 

, for squirrel -cage motors, 358 

Starting torque, of induction motor. 

354. 363, 373 
Stroboscope, 387 

test, 286 

Suseeptaoce, 226 
Susceptor, 460 
Swinburne test, 182 
Symbolic method, 233 
Synchronous booster, 413 

- condenser, 487 

impedance, 314 

induction motor, 374 

motor, 323 

Synchronizing bars, 346 
Synchroscopes, 345 
• 

Tantalum lamp, o27 
Taylor, 47 1 

Hcsting, of D.C. machines, 171) 
Throe-ammeter method, 512 
— -phase working, 245 

-voltmeter method, 512 

-wattmeter method, 247 

wire system, 160 

Thy nitron, 4*37 

, applications of, 439 

Tirrill regulator, 338 
Tooth ripples, 474 
Torque, of D.C. motor, 120 

, of induction motor, 349 

Transformation, from throo- to two- 
phase, 294 

ratio, 262 

, three-phase, 295 

Transformer, as a mutually inductive 
circuit, 282 
— , auto, 292 

, Berry typo, 263 

, core typo. 263 

, equivalent circuit of, 273 

, heating, time curve, 292 

, magnetizing current, 263 

, polyphase, 295 

, shell type, 263 

, smgle^hase, 263 


Transformer, voltage regulation, 267 

in parallel, 278 

■ — — , methods of cooling, 288 

, testing of, 284, 296 

, used with instruments, 293 

Trotter photometer, 523 
Two-phase working, 244 
- — -wattmeter method, 248 
Tungsten lamp, 528 
•• 

Unbalanced three-phase circuit, 26* 

“ V '* CHARACTERISTICS, 327 
Voltmeter, electrostatic, 503 

, induction type, 508 

— - — , moving coil, 500 

, iron, 498 

Voltage regulation, of alternators 
314, 333 

f of rotary convertors, 4 1 2 

, of transformer, 267, 273 

477 

regulators, automatic, 338 

Wall, Dr., 373 
I Ward Leonard control, 144 

[ Jlgnor control, 145 

# \Vutt. xj 

hour motor, 507, ,510 

Wattmeter, 501 

— — , correction of, 278 

Wave -form, ^termination of, 478 

1 0 f an alternator, 471 

Wheatstone network, D.C., 41 

A.U . 239 

Wien bridge, 239 

Winding, armature, polyphase, 309 

, single-phase, 306 

— D.C. armature, 82 

elemont, 83 

, lap, 83 

pitch, 83 

, squirrel -cage, 348 

wave, 85 

Windings, cylindrical, 262 
, single and multi -turn, 87 









